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ABSTRACT 



This paper is divided into two parts. In the first part, we develop a general method for expressing 
ranks of matrix expressions that involve Moorc-Pcnrose inverses, group inverses, Drazin inverses, as well 
as weighted Moore-Penrose inverses of matrices. Through this method we establish a variety of valuable 
rank equalities related to generalized inverses of matrices mentioned above. Using them, we characterize 
many matrix equalities in the theory of generalized inverses of matrices and their applications. 

In the second part, we consider maximal and minimal possible ranks of matrix expressions that involve 
variant matrices, the fundamental work is concerning extreme ranks of the two linear matrix expressions 
A — BXC and A — BiXiCi — 62X202- As applications, we present a wide range of their consequences 
and applications in matrix theory. 

AMS subject classifications: 15A03, 15A09, 15A24. 

Key words: Rank, inner inverse, Moore-Penrose inverse, group inverse, Drazin inverse, reverse order 
law, EP matrix, block matrix, Schur complement, matrix expression, matrix equation, solution. 
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Chapter 1 

Introduction and preliminaries 



This is a comprehensive work on ranks of matrix expressions involving Moore-Penrose inverses, group 
inverses, Drazin inverses, as well as weighted Moore-Penrose inverses. In the theory of generalized inverses 
of matrices and their applications, there are numerous matrix expressions and equalities that involve these 
three kinds of generalized inverses of matrices. Now we propose such a problem: Let p{A\, • • • , Aj^ ) and 
g( • • • , Bj ) he two matrix expressions involving Moore-Penrose inverses of matrices. Then determine 
necessary and sufficient conditions such that p{A[, • • • , AI ) — q{Bl, • • • , bJ ) holds. A seemingly trivial 
condition for this equality to hold is apparently 

rank[p(4, 4)-g(i?I, b})]=0. (1.1) 

However, if we can reasonably find a formula for expressing the rank of the left-hand side of (1-1), then 
we can derive immediately from (1.1) nontrivial conditions for 

p{Al Al)^q{Bl Bj) 

to hold. This work has a far-reaching influence to many problems in the theory of generalized inverses of 
matrices and their applications. This consideration motivates us to make a thorough investigation to this 
work. In fact, the author has successfully used this idea to establish necessary and sufficient conditions 
such that (ASC)t = Ct^t^t, (ABC)t = (BC)tB(AB)t, and {A1A2 ■ ■ ■ Ak^ = AI ■ ■ ■ AIa\ (cf. (l3|. 



135 ). But the methods used in those papers are somewhat restricted and not applicable to various kinds 
of matrix expressions. In this paper, we shall develop a general and complete method for establishing 
rank equalities for matrix expressions involving Moore-Penrose inverses, group inverses, Drazin inverses, 
as well as weighted Moore-Penrose inverses of matrices. Using these rank formulas, we shall characterize 
various equalities for generalized inverses of matrices, and then present their applications in the theory of 
generalized inverses of matrices. 

The matrices considered in the this paper are mainly over the complex number field C. Let A G C™^". 
We use A*, r{A) and R{A) to stand for the conjugate transpose, the rank and the range (column space) 
of A, respectively. 

It is well known that the Moore-Penrose inverse of matrix A is defined to be the unique solution X of 
the following four Penrose equations 

(1) AX A = A, (2) XAX = X, (3) {AX)* = AX, (4) (XA)* = XA, 

and is often denoted by X = At. In addition, a matrix X that satisfies the first equation above is called 
an inner inverse of A, and often denoted by A~ . A matrix X that satisfies the second equation above is 
called an outer inverse of A, and often denoted by A'^^K For simplicity, we use Ea and Fa to stand for 
the two projectors 

Ea = I- AA^ and Fa ^ I - A^ A 
induced by A. As to various basic properties concerning Moore-Penrose inverses of matrices, see, e.g.. 



Ben-Israel and Greville [pj (1980), CampbeU and Meyer plj (1991), Rao and Mitra 111?] (1971 
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Let A G be given with IndA = k, the smallest positive integer such that r(^'^+-^) = r{A''). The 

Drazin inverse of matrix A is defined to be the unique solution X of the following three equations 

(1) A'^XA^A'', (2) XAX = X, (3) AX = XA, 

and is often denoted hy X = A^ . In particular, when IndA = 1, the Drazin inverse of matrix A is call 
the group inverse of A, and is often denoted by A"^. 

Let A e C™^". The weighted Moore-Penrose inverse oi A ^ Qmxn -^^rith respect to the two positive 
definite matrices M G Qm-xm ^-^^ j\j ^ ^nxn defined to be the unique solution of the following four 
matrix equations 

(1) AXA^A, (2) XAX = X, (3) (MAX)* = MAX,, (4) {NXA)* ^ NXA, 

and this X is often denoted hy X = A\f j^. In particular, when M = /,„ and N = 1^, ^1/ w 
conventional Moore-Penrose inverse A^ of A. Various basic properties concerning Drazin inverses, group 
inverses and Weighted Moore-Penrose inverses of matrices can be found in Ben-Israel and Greville n&. 



Campbell and Meyer Rao and Mitra p8 |. 

It is well known that generalized inverses of matrices are a powerful tool for establishing various rank 
equalities for matrices. Two seminal references are the paper |^ by Marsaglia and Styan (1974) and the 
paper |^ by Meyer (1973). In those two papers, some fundamental rank equalities and inequalities related 
to generalized inverses of block matrices were established and a variety of consequences and applications 
of these rank equalities and inequalities were considered. Since then, the main results in those two papers 
have widely been applied to dealing with various problems in the theory of generalized inverses of matrices 
and its applications. To some extent, this paper could be regarded as a summary and extension of all work 
related to those two remarkable papers. 

We next list some key results in those papers, which will be intensively applied in this monograph. 



Lemma 1.1 (Marsagha and Styan ||2[, Meyer [|5|). Let A e C' 

Then 



B eC 



mxk 



C e C'^" and Dec 



Ixk 



r[A, B] =r{A)+r{B- AA'fB) = r{B) + r{A - BB'^ A), 

A 
C 

A B 



C 

A B 

C D 

A B 

C D 



r{A) + r( C - CA'^A ) = r{C) +r{A~ AC^C), 

-- r{B) + r{C) + HEbAFc) = r{B) + r{C) + r[ ( /„ - BB^ )A{ /„ ~C^C)], 



r{A) + r 



A 
C 



EaB 
CFa Sa 



iA, B]-r{A)+r[J{D)], 



(1.2) 
(1.3) 

(1.4) 

(1.5) 

(1.6) 



where Sa = D — CA^B is the Schur complement of A in M 



A B 
C D 



and 



J[D) = [I-[CFa){CFa)^Sa[I-{EaB)\EaB)], 
called the rank complement of D in M. In particular, if R{B) C R{A) and R{C*) C R[A*), then 



A B 
C D 



= r{A)+r{D-CA'^B). 



(1.7) 



The six rank equalities in (1.2) — (1.7) are also true when replacing A'^ hy any inner inverse A of A. 

Lemma 1.2[||. Let A e C"^", B e C"^'', C G C'^" and D e C'^'=. Then 

(a) r[A, B]^ r{A) + r{B) ^ R{A) n R{B) = {0} ^ R[{EaB)*] = R{B*) R[{EbA)*] = R{A*) 



(b) r 



A 
C 



^ r{A) + r{C) ^ R{A*) D R{C*) = {0} ^ R{CFa) = R{C) ^ R{AFc) = R{A). 
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(c) r[A, B]= r{A) ^ R{B) C R{A) ^ EaB = 0. 

^ =r(v4)^i?(C*)Ci?(yl*)4^C^A=0. 



(d) r 

(e) r 

(f) r 



C 

A B 

C 

A B 

C D 



r{A) + r{B) + r(C) ^ n R{B) = {0} anrf n R{C*) = {0}. 

r(A) ^ C anrf R(C*) C and D = C^t^. 



Lemma 1.3|8|(i?a7ifc cancellation rules). Let A e C™^", B e C™^'' and C G C'^" &e given, and suppose 
that 



R{AQ) = R{A) and R[{PA)*] ^ R{A*). 



Then 

r[AQ, B]=r[A, B], 
In particular, 

r[AA*, B] = r[A, B], 





■ PA ' 




■ A ' 


r 


C 


= r 


C 





■ A*A ' 




■ A ' 


r 


C 


= r 


C 



(1.8) 
(1.9) 



Lemma 1.4||8 

(a) r{A±B)>r 



Let A, B e C™^". Then 
A 



B 



[A, B] -r{A) -r{B). 



(b) IJ R{A)r\R{B) = {Q}, thenr{A + B) = 



A 
B 



(c) IfR{A*)r\R{B*) = {Q},thenr{A + B) = r[A, B]. 

(d) r{A + B) = r{A) + r{B) <^ r{A- B) = r{A) + r{B) R{A)r\R{B) = {Q}, and R{A*)nR{B*) = 
{0}. 

In addition, we shall also use in the sequel the following several basic rank formulas, which are either 
well known or easy to prove. 



Lemma 1.5. Let A e C"^", B e C"^™ and N e C 



Then 



r{A- ABA ) = r{A) +r{In-BA)-n = r{A) + r{ /,„ -AB)-m, 
r( iV ± iV'^+i ) = r{N) + r( /„ ± N'' ) - m, for all k>l, 
r{Ira'N^)=riI„,+N) + riIra-N)-m. 



Lemma 1.6. Let A, B e C'"''". Then 

= r{A + B)+r{A- B] 



A B 
B A 



(1.10) 
(1.11) 
(1.12) 



(1.13) 



Proof. Follows from the following decomposition 



1 




Ira 


' A 


B ' 






In 




' A + B 





2 




lyn 


B 


A 




. ^" 


-In . 







A-B 


Lemma 1.7. Let A e C"^" 


Then 


















r( A - ) = r( A 


+ A^^) 


+ r{A 


-A^ 


— r 


[A) = 


r{A) + 


r{Ira+A''-^ 


)+r{Irn 



In particular (Anderson and Sty an ^) 

r{A- A^) ^r{A + A^)+r{A-A^)- r{A) = r{A) +r{I„,+A)+r{ /,„ - A) - 2m. 



(1.15) 



Proof. Replace B in (1.13) by A'^ and simplify to yield (1.14). □ 
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Lemma 1.8. Let A e and Ai, A2, • • • , € C with A, ^ Xj for i j. Then for any positive integer 

ti,t2, ■ ■ ■ ,tk, the following rank equality 

r[ (All - AY^ (A2/ - AY- ■ ■ ■ (Afe/ - AY" ] 

= r[{XiI-A Y'] + r[{ All - A Y'] + ■ ■ ■ + r[{XkI - AY' ] - {k - l)m. (1.16) 

always holds. This result can also alternatively be stated that for any two polynomials p{x) and q{x) without 
common roots, there is 

r[p{A)q{A) ] = r[p{A) ] + r[q{A) ] - m. (1.17) 
This paper is divided into two parts with 31 chapters. They organize as follows. 

In Chapter 2, we establish several universal rank formulas for matrix expressions that involve Moore- 
Penrose inverses of matrices. These rank formulas will serve as a basic tool for developing the content in 
the subsequent chapters. 

In Chapter 3, we present a set of rank formulas related to sums, differences and products of idempotent 
matrices. Based on them, we shall reveal a series of new and nontrivial properties for idempotent matrices. 

In Chapter 4, we extend the results in Chapter 3 to some matrix expressions that involve both idem- 
potent matrices and general matrices. In addition, we shall also establish a group of new rank formulas 
related to involutory matrices and then consider their consequences. 

In Chapter 5, we establish a set of rank formulas related to outer inverses of a matrix. Some of them 
will be applied in the subsequent chapters. 

In Chapter 6, we examine various relationships between a matrix and its Moore-Penrose inverse using 
the rank equalities obtained in the preceding chapters. We also consider in the chapter how characterize 
some special types of matrices, such as, EP matrix, conjugate EP matrix, bi-EP matrix, star-dagger matrix, 
power-EP matrix, and so on. 

In Chapter 7, we discuss various rank equalities for matrix expressions that involve two or more Moore- 
Pcnrosc inverses, and then use them to characterize various matrix equalities that involve Moore-Penrose 
inverses. 

In Chapter 8, we investigate various kind of reverse order laws for Moore-Penrose inverses of products 
of two or three matrices using the rank equalities established in the preceding chapters. 

In Chapter 9, we investigate Moore-Penrose inverses of 2 x 2 block matrices, as well as n x n block 
matrices using the rank equalities established in the preceding chapters. 

In Chapter 10, wc investigate Moore-Penrose inverses of sums of matrices using the rank equalities 
established in the preceding chapters. 

In Chapter 11, we study the relationships between Moore-Penrose inverses of block circulant matrices 
and sums of matrices. Based on them and the results in Chapter 9, we shall present a group of expressions 
for Moore-Penrose inverses of sums of matrices. 

In Chapter 12, wc present a group of formulas for expressing ranks of submatrices in the Moore-Penrose 
inverse of a matrix. 

In Chapters 13 — 17, our work is concerned with rank equalities for Drazin inverses, group inverses, and 
weighted Moore-Penrose inverses of matrices and their applications. Various kinds of problems examined 
in Chapters 6 — 12 for Moore-Penrose inverses of matrices are almost considered in these five chapters for 
Drazin inverses, group inverses, and weighted Moore-Penrose inverses of matrices. 

In Chapter 18, we present maximal and minimal ranks of the matrix expression A — BXC with respect 
to the variant matrix X , and then consider rank and range invariance oi A — BXC with respect to the 
variant matrix X. In addition, we also consider shorted matrices of a matrix relative to a given matrix 
set. 

In Chapter 19, we determine maximal and minimal ranks of the matrix expression A — BiXiCi — 
B2X2C2 with respect to the variant matrices Xi and X2 under the conditions R{Bi) C i?(i?2) and 

R{CI) c R{Cl). 

In Chapter 20, we determine maximal and minimal ranks of the matrix expression Ai — BiXCi subject 
to a consistent matrix equation B2XC2 = A2, and consider some related topics. 

In Chapters 21 — 23, wc present maximal and minimal ranks of the Schur complement D — CA^B with 
respect to A~ and then consider various related topics, including some problems on generalized inverses 
of sums and products of matrices. 
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In Chapters 24 — 26, we determine extreme ranks of submatrices in solutions of the matrix equation 
BXC = A, and extreme ranks of two real matrices Xq and Xi in solutions to the complex matrix equation 
B{ Xq + X\)C = A, as well as extreme ranks of solutions of the matrix equation B\XC\ + B2YC2 = A. 

In Chapters 27 — 31, we consider extreme ranks of some general matrix expressions. The basic work is 
concerning extreme ranks of ^ — BiXiCi — B2X2C2 with respect to the two independent variant matrices 
Xi and X2. The work is partially extended to some linear matrices expressions with more than two 
independent variant matrices. Quite a lot of consequences are derived from these results, including extreme 
ranks of Ai — BiXC\ subject to a pair of consistent matrix equations B2XC2 = A2 and B^XCj, = A3; 
extreme ranks oi A — BX — XC subject to a consistent matrix equations BXC = D; extreme ranks of a 
quadratic matrix expression yl— ( Ai — BiXiCi )D( A2 — -62-^2(^2 ) with respect to Xi andX2. In addition, 
we also present many rank formulas for matrix expressions involving generalized inverses of matrices in 
these chapters. 



Chapter 2 



Basic rank formulas for 
Moore-Penrose inverses 



The first and most fundamental rank formula used in the sequel is given below. 

Theorem 2.1. Let A e C"^", B e C'^x'^, C E C'^" and D e C'^'^' be given. Then the rank of the Schur 
complement Sa = D — CA^ B satisfies the equality 

r{D-CA^B)^r^^l^f ^*j^^-r{A). (2.1) 

Proof. It is obvious that 

R{A*B)<ZR{A*)^R{A*AA*), and R{AC*) <Z R{A) = R{AA* A). 
Then it follows by (1.7) and a well-known basic property A*{A*AA*yA* = At(see |ll|l pp. 69) that 

= r{A*AA*) +r[A- C A* {A* AA*)'^ A* B] = r{A) +r{D~ CA^B ), 



A*AA* A*B 
CA* D 



establishing (2.1). □ 

The significance of (2.1) is in that the rank of the Schur complement Sa — D — CA^B can be evaluated 
by a block matrix formed by A, B, C and D in it, where no restrictions are imposed on Sa and no 
Moore-Penrose inverses appear in the right-hand side of (2.1). Thus (2.1) in fact provides us a powerful 
tool to express ranks of matrix expressions that involve Moore-Penrose inverses of matrices. 

Eq. (2.1) can be extended to various general formulas. We next present some of them, which will widely 
be used in the sequel. 

Theorem 2.2. Let Ai, A2, Bi, B2, C'l, C2 and D are matrices such that expression D - CiA\Bi - 
C2A2B2 is defined. Then 



r{D-CiA\Bi-C2AlB2) 



AlAiAl AlBi ' 

A*2A2A*2 AIB2 -r(Ai)-r{A2). 

CiAl C2AI D 

Inparticular, if 

R{Bi) C R{Ai), i?(Ci) C R{Al), R{B2) C R{A2) and R{C;) C i?(A^), 

then 

' Ai Bi 

A2 B2 -~r{Ai) -r{A2). 

Ci C2 D 



(2.2) 



r{D~CiA\Bi~C2AlB2) 



(2.3) 



Let 



C — [Ci, C2 ], B — 



Bi 
B2 



and 



A = 



Ai 
A2 
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Then (2.1) can be written as (2.2), and (2.3) follows from (1.6). □ 

If the matrices in (2.2) satisfy certain conditions, the block matrix in (2.2) can easily be reduced to 

some simpler forms. Below are some of them. 

Corollary 2.3. Let A G C™^", B e C™^*^, C e C'^" and N € C*^^' be given. Then 



r{N^ -CA^B) =r 



AA*A - A{BNC)*A AC* 
B*A N 

NO 



r{A)-riN). 



In particular, ifR{B*A) C R{N) and R{CA*) C R{N*), then 

riN"! - CA^B) = r[AA*A- A{BNC)*A]+r{N) -r{A). 
IfR{B*A) C R{N), R{CA*) C R{N*), R{BN) C R{A) and R[{NC)*] C R{A*), then 
r( N^ - CA'^B )=r{A- BNC ) + r{N) - r{A). 



(2.4) 



(2.5) 



(2.6) 



Theorem 2.4. Let At, Bt, Bt, Ct{t = 1, 2, ■ ■ ■ , k) and D are matrices such that expression D-CiA\Bi- 
■ ■ ■ — CkA^^Bk is defined. Then 



r{D-CiA{B, CkAlBk) 



A* A A* A*B 
CA* D 



-r{A), 



(2.7) 



where A = diag( Ai, A2, ■ ■ ■ , Ak ), B* = [B^, B^, ■ ■ ■ , Bl] and C = [Ci, C2, ■ ■ ■ , Ck]. 

Theorem 2.5. Let A, B, C, D, P and Q are matrices such that expression D — CP^AQ^B is defined. 
Then 



r{D-CP^AQ''B) 



P*AQ* P*PP* 
Q*QQ* Q*B -r{P)-r{Q). 
CP* -D 

In particular, if 

R{A) C R{P), R{A*) C R{Q*), R{B) C R{Q) and R{C*) C R{P*), 

then 



(2.8 



riD-CP^AQ'iB) = 

Proof. Note that 

r(£>-CPUQt5) = 



A 


p 





Q 





B 





c 





r{P)-r{Q). 



(2.9) 



A AQ'^B 
CP^A D 



-r{A) 



' A 







■ A 


■ 







p ' 


t 


■ A 


" 





D 


+ 





C 




. Q 










B 



r{A). 



Applying (2.1) to it and then simplifying yields (2.8). Eq.(2.9) is derived from (2.8) by the rank cancellation 
law (1.8). □ 

Theorem 2.6. Suppose that the matrix expression S = D- CiPIAiQ\Bi - C2PIA2Q\B2 is defined. 
Then 



r{S) = r 



















PiA2Ql 





p^P2Pi 





QiQiQi 











QlBi 





Q2Q2Q2 








Q2B2 










C2P2* 


-D 



d, 



(2.10) 
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where d = r{Pi) + r{P2) + r{Qi) + r{Q2)- In particular, if 

R{Ai) C R{Pi), R{A*) C R{Q*), R{Bi) C R{Qi) and R{C*) C R{P*),i = 1, 2, 



then 



r{S)='. 



Pi 

^2 Pa 

Oi 

ga 

Ci C2 






Pi 

P2 

-D 



-r{Pi)-r{Qi)-r{P2)-r{Q2). 



(2.11) 



D*DD* 



D* 





P*AQ* 
Q*QQ* 






p*pp* 



CP* 



D* 


Q*B 




-r{P)-r{Q)-r{D). 



(2.12) 



" Pi 





t 


' Ai ■ 




' Qi ■ 


t 







^2 . 




A2 




Q2 . 




. ^2 . 



Moreover, 

r{D'^ -CP'^AQ'^B) =r 

Proof. Writing S as 

S = D-[Cu €2] 



and then applying (2.8) to it produce (2.10). Eq. (2.11) is derived from (2.10) by the rank cancellation law 
(1.8). Eq. (2.12) is a special case of (2.10). □ 

It is easy to see that a general rank formula for 

D - CiPIa,Q\b, - C2PIA2Q\B2 CkP^AkQlBk 

can also be established by the similar method for deriving (2.10). As to some other general matrix 
expressions, such as 

Sk = AoPlAiP^A2---P^kAk 

and their linear combinations, the formulas for expressing their ranks can also be established. However 
they are quite tedious in form, we do not intend to give them here. 



Chapter 3 

Rank equalities for idempotent 
matrices 



A square matrix A is said to be idempotent if = A. If we consider it as a matrix equation A"^ = A, 
then its general solution can be written as ^ = V{V^)^V, where V is an arbitrary square complex matrix. 
This assertion can easily be verified. In fact, A = V{V^yV, apparently satisfies = A. Now for any 
matrix A with = A, we let V = A. Then V{V^)'iV = A{A'^)^A = AA^ A = A. Thus A = V(y^)^V 
is indeed the general solution the idempotent equation = A. This fact clearly implies that any matrix 
expression that involves idempotent matrices could be regarded as a conventional matrix expression that 
involves Moore-Penrose inverses of matrices. Thus the formulas in Chapter 2 are all applicable to determine 
ranks of matrix expressions that involve idempotent matrices. However because of speciality of idempotent 
matrices, the rank equalities related to idempotent matrices can also be deduced by various elementary 
methods. The results in the chapter are originally derived by the rank formulas in Chapter 2, we later 
also find some elementary methods to establish them. So we only show these results in these elementary 
methods inn this chapter. 



Theorem 3.1. 

rank equalities 



Let P,Q&r' 



r{P-Q) 



P 



he two idempotent matrices. Then the 



r[P, Q]-r{P)-r{Q), 



P — Q satisfies the 



(3.1) 



riP - Q) = r{P ~ PQ) + r{PQ - Q), 
r{P-Q)=r{P-QP) + r{QP-Q). 



(3.2) 
(3.3) 



Proof. Let M = 

that 

r(M) = r 



-POP 
Q Q 
P Q 



Then it is easy to see by block elementary operations of matrices 



-P 



P-Q 



= r{P)+r{Q)+r{P-Q). 



On the other hand, note that P^ = P and = Q. It is also easy to find by block elementary operations 
of matrices that 



r(M) 



-POP 

-QP Q 
P Q 



OOP 

Q 
P Q 



P 

Q 



+ r[P, Q]. 



Combining the above two equalities yields (3.1). Consequently applying (1.2) and (1.3) to [P, Q] and 
P 1 

„ in (3.1) respectively yields 



r[P, Q] = r{P)+riQ-PQ), 



(3.4) 
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r[P, Q]=r{Q)+r{P-QP), 
P 



P 

Q 



r{P)+r{Q-QP), 



= r{Q)+r{P- PQ). 



Putting (3.4) and (3.7) in (3.1) produces (3.2), putting (3.5) and (3.6) in (3.1) produces (3.3). 



(3.5) 
(3.6) 

(3.7) 

□ 



Corollary 3.2. Let P, Q ^ Qmxm idempotent matrices. Then 

(a) R{P~ PQ)nR{PQ-Q) = {0} and R[{P - PQ)*] n R[{PQ ~ Q)*] = {0}. 

(b) R{P - QP) n R{QP - Q) = {0} and R[{P - QP)*] n R[{QP - Q)*] ={0}. 

(c) IfPQ ^0 orQP = Q, thenr{P-Q) = r{P) + r{Q), i.e., R{P)nR{Q) = {0} and R{P*)nR{Q*) = 
{0}. 

(d) // both P and Q are Hermitian idempotent, then r{ P — Q ) = 2r[P, Q] — r{P) — r{Q). 

Proof. Parts (a) and (b) follows from applying Lemma 1.4(d) to (3.2) and (3.3). Part (c) is a direct 
consequence of (3.2) and (3.3). Part (d) follows from (3.1). □ 

On the basis of (3.1), we can easily deduce the following known result due to Hartwig and Styan ||6^ 
on the rank subtractivity two idempotent matrices. 

Corollary 3.3. Let P, Q Cz C™^™ be two idempotent matrices. Then the following statements are 
equivalent: 

(a) r{P-Q)=r{P)-r{Q),i.c.,Q<rsP. 

(b) r ^ =r[P, Q]^r{P). 

(c) R{Q) C R{P) and R{Q*) C R{P*). 

(d) PQ^QP = Q. 

(e) PQP = Q. 

Proof. The equivalence of Parts (a) and (b) follows immediately from applying (3.1). The equivalence of 
Parts (b), (c), (d) and (e) can trivially be verified by (1.2) and (1.3). □ 

Corollary 3.4. Let P, Q £ Qrnxm idempotent matrices. Then the following statements are 

equivalent: 

(a) The difference P — Q is nonsingular. 

(b) r ^ ^ r[P, Q] ^ r{P) + r{Q) = m. 

(c) R{P) ® R{Q) ^ R{P*) ® R{Q*) ^ . 
Proof. Follows directly from (3.1). □ 



Notice that if a matrix P is idempotent, the /, 
Lm — P, we get the following. 



Theorem 3.5. Let P, Q e 

equalities 



P is also idempotent. Thus replacing P in (3.1) by 
be two idempotent matrices. Then the rank of /,„ — P — Q satisfies the 



r{L„,-P-Q)= r{PQ) + r{QP) - r{P) - r{Q) + m, 
r{Lra-P-Q)=r{Lra-P-Q + PQ)+r{PQ), 
r{L^-P-Q)=r{L„,-P-Q + QP)+r{QP). 



Proof. Replacing P in (3.1) by /,„ — P yields 



r(/™-P-Q) = 



T — P 

Q 



[Inr-P, Q]-r{L„,-P)-r{Q). 



(3.8) 
(3.9) 
(3.10) 



(3.11) 
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It follows by (1.2) and (1.3) that 
r[Im-P, Q]=r{I, 

and 

~ Im-P 
Q 



P)+r[Q-{Im-P)Q]=m-r{P)+r{PQ), 
= r{Im-P)+r[Q-Q{Im-P)]=m-r{P)+r{QP). 



Putting them in (3.11) produces (3.8). On the other hand, replacing P in (3.2) and (3.3) hy Im — P 
produces 



and 



r[{I^-P)-Q] 



r[{Im-P)-Q] 



= r[{Im-P)-{In.-P)Q]+r[iIm-P)Q-Q] 

= r{Im-P-Q + PQ)+r{PQ), 

= r[{I^-P)-Q{I^-P)]+r[Q{I^-P)-Q] 



r(/„ 



both of which are exactly (3.9) and (3.10). 



-P-Q + QP)+r{QP), 
□ 



Corollary 3.6. Let P, Q G C™^"* be two idempotent matrices. Then 

(a) R{Im-P-Q + PQ)n R{PQ) = {0} and R[{I„^ - P - Q + PQ)*] D R[{PQ)*] = {0}. 

(b) R{lra~P-Q + QP)r\ R{QP) = {0} and R[{Im - P - Q + QPY]r\ R[{QP)*] = {0}. 

(c) P + Q = I^ ^ PQ = QP = OandR{P)(BR{Q)=R{P*)(BR{Q*)=C"'. 

(d) IfPQ = QP = 0, thenr{Im-P-Q) = m-r{P)-r{Q). 

(e) Im ~ P ~ Q is nonsingular if and, only if r{PQ) = r{QP) = r{P) = r{Q). 

(f) // both P and Q are Hermitian idem,potent, then r{ — P — Q) = 2r{PQ) — r{P) — r{Q) + m. 

Proof. Parts (a) and (b) follow from applying Lemma 1.4(d) to (3.9) and (3.10). Note from (3.8) — (3.10) 
that P + Q = Im is equivalent to PQ = QP = and r{P) + r{Q) = m. This assertion is also equivalent to 
PQ = QP = Q and R{P) ® R{Q) = R{P*) ® R{Q*) = C™, which is Part (c). Parts (d), (e) and (f) follow 
from (3.8). □ 

As for the rank of sum of two idempotent matrices, we have the following several results. 

Theorem 3.7. Let P, Q G C"»x™ 5e two idempotent matrices. Then the sum P + Q satisfies the rank 
equalities 

^]-r(Q)^r\^ ^ 
Q J [ P 

r{P + Q) = r{P - PQ - QP + QPQ) + r{Q), (3.13) 

r{P + Q) =r{Q- PQ-QP + PQP)+riP). (3.14) 



r(P + 0) 



r{P), 



(3.12) 



Proof. Let M 



r{M) 



p 





p 





Q 


Q 


p 


Q 







' p 





r 





Q 











. Then it is easy to see by block elementary operations of matrices that 






-P-Q 



riP)+r{Q)+riP + Q). 



On the other hand, note that P"^ = P and Q"^ = Q. It is also easy to find by block elementary operations 
of matrices that 



r(M) = r 



and 



r{M) = r 




P 



P 


p ' 




' 2P 





p ' 




" 2P 










QP 


Q 


= r 








Q 


= r 








Q 


= r 


P Q 







P 


Q 










Q 


ip 




-PQ 


p ' 










p ' 










p 




Q 


Q 


— r 





2Q 


Q 


= r 





2Q 





= r 


Q 







p 


Q 







P 










P Q 
Q 



Q P 
P 



r(P), 



-r{Q). 
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The combination of the above three rank equahties yields the two equahties in (3.12). Consequently 
applying (1.4) to the two block matrices in (3.12) yields (3.13) and (3.14), respectively. □ 



Corollary 3.8. Let P, Q e C 

(a) II PQ = QP, then 



be two idempotent matrices. 



riP + Q)=r[P, Q]=' 



P 

Q 



(3.15) 
(3.16) 



orequivalently, 

R{Q)QR{P + Q) and R{Q*) C R{P* + Q*). 

(b) IfR{Q) C R{P) orR{Q*) C R{P*), then r{P + Q) = r{P). 
Proof. If PQ = QP, then (3.13) and (3.14) reduce to 

r{P + Q) = r{P - PQ) + r{Q) = r{Q - PQ) + r{P). 

Combining them with (3.4) and (3.7) yields (3.15). The equivalence of (3.15) and (3.16) follows from a 
simple fact that 



P + Q 



and r[P, Q]=r[P + Q, Q], 



as well as Lemma 1.2(c) and (d). The result in Part (b) follows immediately from (3.12). □ 

Corollary 3.9. Let P, Q £ Qmxm idempotent matrices. Then the following five statements are 

equivalent: 

(a) The sum P + Q is nonsingular. 



(b) r 



= m and R 



(c) r[P, Q]=m and R 



(d) r 



= m and R 



(e) r[Q, P]=m and R 



P 

Q 

p* 
Q* 

Q 
p 

Q' 



ni? 

ni? 
ni? 
ni? 



Q 



Q* 


P ' 


■ p 





= {0}. 

= {0}. 
= {0}. 
= {0}. 



Proof. In light of (3.12), the sum P + Q is nonsingular if and only if 

= riQ) + m, 



or equivalently 



Observe that 



p 


Q 


Q 





Q 


p 


p 





p 


Q 


Q 





p 


Q 


Q 





Q 


p 


p 





Q 


p 


p 






r(P) + m. 



(3.17) 

(3.18) 



< r 



< r 



" p ■ 




■ Q ' 


. Q . 


+ r 





P, Q 


]+r[Q, 


' Q ' 




■ p " 


p 


+ r 






< m + r(Q), 



< m + r(P), 



<r[Q, P]+r[P, 0]<m + r(P). 

Combining them with (3.17) and (3.18) yields the equivalence of Parts (a) — (e). 
Theorem 3.10. Let P, Q & C"*^™ be two idempotent matrices. Then 



□ 
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(a) The rank of Im + P — Q satisfies the equality 

r{Im + P-Q)=r{QPQ)-r{Q)+m. (3.19) 

(b) The rank of 27^ — P — Q satisfies the two equalities 

r{21^ - P - Q) = r{Q - QPQ) - r{Q) + m, (3.20) 
r{2Im-P-Q)=r{P- PQP ) - r(P) + m. (3.21) 

Proof. Replacing Q in (3.12) by the idempotent matrix Im — Q and applying (1.4) to it yields 



r{Im+P-Q) 



im-Q 

= r{I,n-Q) + r[{Iyn-{I„ 
= m-r{Q)+r{QPQ), 

establishing (3.19). Further, replacing P and Q in (3.12) by /„ 



rilm-Q) 

,-Q))P{Im-{Im-Q))\ 

— P and Im — Q, we also by (1.4) find that 



r{2Im-P-Q) 



Im-Q 
r{Im-Q)+r[{Im-{Ir, 

m-r{Q)+r{Q-QPQ) 
□ 



r{Im-Q) 

.-Q)){Im 



P){Im-{Im-Q))'. 



establishing (3.20). Similarly, we can show (3.21). 

Corollary 3.11. Let P, Q E f,g idempotent matrices. 

(a) If R{P) C R{Q) and R{P*) C R{Q*), then P and Q satisfy the two rank equalities 

r{Im + P-Q) = m + r{P)~r{Q), 
r(2Im - P - Q) ^ m + r{Q - P ) ~ r{Q). 



(3.22) 
(3.23) 



(b) Im + P — Q is nonsingular <^ r{QPQ) = r{Q). 

(c) 2Im-P-Q IS nonsingular ^ r{P - PQP ) = r{P) ^ r{Q - QPQ ) 

(d) Q-P = Im^ r{QPQ) + r{Q) = m. 



Proof. The two conditions i?(P) C R{Q) and R{P*) C R{Q*) are equivalent to QP = P - 
case, (3.19) reduces to (3.22), (3.20) and (3.21) reduce to (3.23). The results in Parts (a)- 
consequenccs of (3.19). □ 

we next consider the rank of PQ — QP for two idempotent matrices P and Q. 

Theorem 3.12. Let P, Q E C'"^™ be two idempotent matrices. Then the difference PQ 
the five rank equalities 

r{PQ-QP)=r{P-Q) + r{Im-P-Q)-m, 
r{PQ-QP)=r{P-Q) + r{PQ) + r{QP) - r{P) - r{Q), 

r{PQ-QP)=r ^ + r[P, Q] + r(PQ) + r(QP) - 2r(P) - 2r(Q), 

r{PQ-QP)=riP-PQ) + riPQ-Q)+ r{PQ) + r{QP) - r{P) - r(Q), 
r{PQ - QP) = r{P - QP) + r{QP - Q) + r{PQ) + r{QP) - r{P) - r{Q). 

In particular, if both P and Q are Hermitian idempotent, then 

r{PQ-QP) = 2r[P, Q] + 2r{PQ) - 2r{P) - 2r{Q). 

{P' 



-- PQ. In that 
-(c) are direct 



QP satisfies 

(3.24) 
(3.25) 

(3.26) 

(3.27) 
(3.28) 

(3.29) 



Proof. It is easy to verify that that PQ — QP - 
can be expressed as 

r{PQ-QP)=r[{P-Q){P + Q-Im)] 



P-Q 



)iP + Q - Im)- Thus the rank of PQ - QP 
- m. (3.30) 



P + Q-I„ 
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On the other hand, it is easy to verify the factorization 



Hence 



P ^ Q Irn 

P-Q 

-^m P ~\~ Q In 

P-Q 



2P-I„ 



P + Q-I„ 
P-Q 



2Q 



r{P-Q)+r{Im-P-Q). 



Putting it in (3.30) yields (3.24). Consequently putting (3.8) in (3.24) yields (3.25); putting (3.1) in (3.25) 
yields (3.26); putting (3.2) and (3.3) respectively in (3.25) yields (3.27) and (3.28). □ 

Corollary 3.13. Let P, Q G C™^™ idempotent matrices. Then the following five statements are 
equivalent: 

(a) PQ = QP. 

(b) r{P-Q) + r{Im-P-Q) = m. 

(e) r{P-Q) = r{P) + r{Q) - r{PQ) - r{QP) . 

(d) r{P-PQ)^r{P)-r{PQ) and r{Q - PQ) ^ r{Q) ^ r{PQ), i.e., PQ <rs P and PQ <rs Q. 

(e) r{P -QP) = r{P)-r{QP) and r{Q ^ QP) = r{Q) - r{QP), i.e., QP <rs P and QP <rs Q. 

^ =r{P)+r{Q)-r{PQ) and r[P, Q] = r{P) + r{Q) - r{QP). 



(f) r 

(g) r 



Q 
p 



= r{P) + r{Q) - r{QP) and r[P, Q] = r{P) + r{Q) - r{PQ). 



Proof. Follows immediately from (3.24) — (3.28). □ 

Corollary 3.14. Let P, Q <E C™^™ be two idempotent matrices. Then the following three statements are 
equivalent: 

(a) r{PQ-QP)=r{P -Q). 

(b) Im — P — Q is nonsingular. 

(c) r{PQ) = r{QP) = r{P) = r{Q). 

Proof. The equivalence of Parts (a) and (b) follows from (3.24). The equivalence of Parts (b) and (c) 
follows from Corollary 3.6(e). □ 

Corollary 3.15. Let P, Q G C™^™ be two idempotent matrices. Then the following three statements are 
equivalent: 

(a) PQ — QP is nonsingular. 

(b) P-Q and 1^ — P — Q are nonsingular. 

(c) R{P) ® B{Q) = R{P*) ® R{Q*) ^ C" and r(PQ) = r{QP) = r{P) = r{Q) hold. 

Proof. The equivalence of Parts (a) and (b) follows from (3.24). The equivalence of Parts (b) and (c) 
follows from Corollaries 3.4(e) and 3.6(e). □ 

A group of analogous rank equalities can also be derived for PQ + QP, where P and Q are two 
idempotent matrices P and Q. 



Theorem 3.16. LetP, Q&C 



be two idempotent matrices. Then PQ+QP satisfies the rank equalities 



r{PQ + QP) = r{P + Q) + r{Im - P - Q) - m, 

r{PQ + QP) = r{P + Q) + r{PQ) + r{QP) - r{P) - r{Q), 

r{PQ + QP) = r{ P - PQ - QP + QPQ ) + r{PQ) + r{QP) - r{P), 

r{PQ + QP) = r{Q - PQ - QP + PQP ) + r{PQ) + r{QP) - r{Q). 



(3.31) 
(3.32) 
(3.33) 
(3.34) 



Proof. Note that PQ + QP = {P + Q)^ - {P + Q). Then applying (1.11) to it, we directly obtain 
(3.31). Consequently, putting (3.8) in (3.21) yields (3.32), putting (3.13) and (3.14) respectively in (3.32) 
yields (3.33) and (3.34). □ 



Corollary 3.17. Let P, Q e C" 

equivalent: 



be two idempotent matrices. Then the following four statements are 
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(a) r{PQ + QP)=r{P + Q). 

(b) Im — P — Q is nonsingular. 

(c) r{PQ)=r{QP)^r{P)^r{Q). 

(d) r{PQ-QP) = r{P -Q). 

Proof. The equivalence of Parts (a) and (b) follows from ( 3.31), and the equivalence of Parts (b) — (d) 
comes from Corollary 3.14. □ 

Corollary 3.18. Let P, Q £ C'"^™ be two idempotent matrices. Then the following two statements are 
equivalent: 

(a) PQ + QP is nonsingular. 

(b) P + Q and 1^ — P — Q are nonsingular. 

Proof. Follows directly from (3.31). □ 

Combining the two rank equalities in (3.24) and (3.31), we obtain the following. 

Corollary 3.19. Let P, Q C™^™ he two idempotent matrices. Then both of them satisfy the following 
rank identity 

r{P + Q) + r{PQ-QP)=r{P-Q) + r{PQ + QP). (3.35) 

Thoerem 3.20. Let P, Q E C"X"» two idempotent matrices. Then 

r[{P^Qf-{P-Q)]^r{Ira-P + Q) + r{P-Q)-m. (3.36) 
r[[P ~ Qf - {P - Q)] ^ r{PQP) - r{P) + r{P - Q). (3.37) 

Proof. Eq. (3.36) is derived from (1.11). According to (3.19), we have r(/,„ - P + Q) = r{PQP) - 
r{P) + TO. Putting it in (3.36) yields (3.37). □ 

Corollary 3.21 (Hartwig and Styan |^). Let P, Q E C™^™ be two idempotent matrices. Then the 
following five statements are equivalent 

(a) P — Q is idempotent. 

(b) r{I,„~P + Q) = m-r{P-Q). 

(c) r{P-Q) = r{P)-riQ),i.e.,Q<rsP. 

(d) R{Q) C R{P) and R{Q*) C R{P*). 

(e) PQP = Q. 

Proof. The equivalence of Parts (a) and (b) follows immediately from (3.36), and the equivalence of Parts 
(c), (d) and (e) is from Corollary 3.3(d). The equivalence of Parts (a) and (e) follows from a direct matrix 
computation. □ 

In Chapter 4, we shall also establish a rank formula for [P — QY — {P — Q) and consider tripotency 
of P — Q, where P, Q are two idempotent matrices. 

Theorem 3.22. Let P, Q E C™^™ be two idempotent matrices. Then Im^PQ satisfies the rank equalities 
r(/,n-PQ)-r(2/„-P-Q) -r[(/„-P) + (/„~g )]. (3.38) 
Proof. According to (1.10) we have 

r{ Irn -PQ) = r{Q- QPQ ) - r{Q) + to. 

Consequently putting (3.20) in it yields (3.38). □ 

Corollary 3.23. Let P, Q E C™^™ be two idempotent matrices. Then the sum P + Q satisfies the rank 
identities 

r{P + Q) = r[P + Q - PQ) = r{P + Q - QP). (3.39) 
In particular, if PQ = QP, then 

r{P + Q)=r{P)+r{Q)~r{PQ). (3.40) 
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Proof. Replacing P and Q in (3.38) by two idcmpotent matrices /„ 
(3.39). If PQ = QP, then we know by (3.13) and (3.14) that 



P and Im — Q immediately yields 

(3.41) 



r{P + Q) = ri P ~ PQ) + r{Q) = r{Q - QP) + r{P), 
and by Corollary 3.13 we also know that 

r{P-PQ) = r{P)-r{PQ) and r{Q - QP) = r{Q) - r{QP). 
Putting (3.42) in (3.41) yields (3.40). □ 

Corollary 3.24. Let P, Q G C™^™ be two idempotent matrices. Then 

r[PQ - {PQ)^ ]=r{Im- PQ)+ r{PQ) - m = r{2Im - P - Q) + r{PQ) - m 



(3.42) 



(3.43) 



In particular, the following statements are equivalent: 

(a) PQ is idempotent. 

(b) r{I^-PQ) = m-r{PQ). 

(c) r{2Im- P-Q) = m-r{PQ). 

Proof. Applying (1.11) to PQ — {PQ)"^ gives the first equality in (3.43). The second one follows from 
(3.38). □ 

Corollary 3.25. Let P, Q E C"*^"* be two idempotent matrices. Then 

r{Im- P-Q + PQ)=m- r{P) - r{Q) + r{QP). 
Proof. This follows from replacing A in (1.4) by □ 

Notice that if a matrix A is idempotent, then A* is also idempotent. Thus we can easily find the 

following. 

Corollciry 3.26. Let P G c™x"» an idempotent matrix. Then 

(a) r{P-P*)=2r[P, P*]-2r{P). 

(b) r{I^-P-P*) = r{I,n + P-P*)^rn. 

(c) r{P + P*)=r{PP* +P*P)=r[P, P*], i.e., R{P) CR{P + P*) and R{P*) CR{P + P*). 

(d) r{PP* - P*P) = r{P - P*). 

Proof. Part (a) follows from (3.1). Part (b) follows from (3.8) and (3.22). Part (c) follows from (3.31). 
Part (d) follows from (3.24) and Part (b). □ 

The results in the preceding theorems and corollaries can easily be extended to matrices with properties 
= XP and = /xQ, where X and /x 7^ 0. In fact, observe that 



-P 



1 

A2 



p2 



-P. 



-Q 



1 

7 



1 

— I 



-Q. 



Thus both P/X and Q/fj, are idempotent. In that case, applying the results in the previous theorems and 
corollaries, one may establish a variety of rank equalities and their consequences related to such kind of 
matrices. For example. 



r{iJ.P - XQ) =r 
r{iiP + XQ)=r 



■r[P, Q]-r{P)-r{Q), 



r{Q) 



Q P 
P 



r(P), 



P 

Q 

P Q 
Q 

r( XfjLim -nP-XQ)= r{PQ) + r{QP) - r{P) - r{Q) + m, 
r{PQ - QP) = r{nP - XQ) + r( A/i/„ -fiP-XQ)- m, 
r{PQ + QP) = r{ iiP + XQ) + r{X^dm - iMP - XQ) - m, 
r{ X^xlm -PQ)^r{ 2XixIm - fiP - XQ ), 



and so on. We do not intend to present them in details. 



Chapter 4 

More on rank equalities for 
idempotent matrices 



The rank equalities in Chapter 3 can partially be extended to matrix expressions that involve idempotent 
matrices and general matrices. In addition, they can also be applied to establish rank equalities related to 
involutory matrices. The corresponding results are presented in this chapter. 



Theorem 4.1. Let A G C™^" he given, P G C™^™ and Q G C"' 
difference PA — AQ satisfies the two rank equalities 



r{PA- AQ) =r 



PA 

Q 



+ r[AQ, P]-r{P)-r{Q), 



be two idempotent matrices. Then the 

(4.1) 
(4.2) 





" -P 





PA 


Proof. Let M = 





Q 


Q 




P 


AQ 





matrices that 










" -P 








r(M) = r 





Q 






r{PA-AQ) = r{ PA - PAQ ) + r( PAQ - AQ). 

Then it is easy to see by the block elementary operations of 



r{P)+r{Q)+r{PA- AQ). (4.3) 
= Q. It is also easy to find by block elementary operations 







On the other hand, note that P^ 
of matrices that 



PA- AQ _ 
P and 0^ 



r(M) 





P 



PAQ PA 
Q Q 
AQ 





P 



PA 
Q 
AQ 



PA 
Q 



■r[AQ, P]. 



(4.4) 

PA 
Q 



Combining (4.3) and (4.4) yields (4.1). Consequently applying (1.2) and (1.3) to [AQ, P] and 
in (4.1) respectively yields (4.2). □ 

Corollary 4.2. Let A e C™^" be given, P e C™^" and Q G C"^" be two idempotent mMrices. Then 

(a) R{ PA - PAQ ) n R{ PAQ - AQ) ^ {0} and R[{ PA - PAQ )*] n R[{ PAQ - AQ )*] = {0}. 

(b) // PAQ = 0, then r{PA- AQ) = r{PA) + r{AQ), or, equivalently R{PA) n R{AQ) = {0} and 

R[iPA)*]nR[iAQ)*]^{0}. 

(c) PA = AQ^ PA{ I -Q) = and {I - P )AQ = 0^ R{AQ) C R{P) and R[{PA)*] C R{Q*). 

Proof. Part (a) follows from applying Lemma 1.4(d) to (4.2). Parts (b) and (c) are direct consequences 
of (4.2). □ 

Corollary 4.3. Let A, P, Q G C™^"* be given with P, Q being two idempotent matrices. Then the 
following three statements are equivalent: 
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(a) PA — AQ is nonsingular. 
PA 



(b) r ^ =r[AQ, P]^r{P)+r{Q)=m. 

(c) r{PA) = r{P), r{AQ) = r{Q) and R{AQ) R{P) ^ R[{PA)*] ® R{Q*) = C". 
Proof. Follows from (4.1). □ 

Based on Corollary 4.2(c), we find an interesting result on the general solution of a matrix equation. 

Corollary 4.4. Let P e Qmy-m q g ^nxn idempotent matrices. Then the general solution of 

the matrix equation PX = XQ can be written in the two forms 



X = PUQ+iIrn-P)V{I„ 

X = PW + WQ - 2PWQ, 



q: 



(4.5) 
(4.6) 



where U, V, W e C 



are arbitrary. 



Proof. According to Corollary 4.2(c), the matrix equation PX = XQ is equivalent to the pair of matrix 
equations 



PX{I -Q) = and {I-P)XQ = 0. 



(4.7) 



Solving the pair of equations, we can find that both (4.5) and (4.6) are the general solutions of PX — XQ. 
The process is somewhat tedious. Instead, we give here a direct verification. Putting (4.5) in PX and 
XQ, we get 

PX = PUQ and XQ = PUQ. 

Thus (4.5) is solution of PX — XQ. On the other hand, suppose that Xq is a solution of PX = XQ and 
\etU = V = Xo in (4.5). Then (4.5) becomes 

X = PXoQ + ( Ira ~P)Xo{Im~Q)^ PXqQ + - PXq - X^Q + PXqQ - , 

which implies that any solution of PX = XQ can be expressed by (4.5). Hence (4.5) is indeed the 
general solution of the equation PX — XQ. Similarly we can verify that (4.6) is also a general solution to 
PX = XQ. □ 

As one of the basic linear matrix equation, AX = XB was examined (see, e.g., Hartwig Horn 
and Johnson |^, Parker |112|, Slavova et al |125]). In general cases, solutions of AX = XB can only be 
determined through canonical forms of A and B. The result in Corollary 4.4 manifests that for idempotent 
matrices A and B, the general solution of AX = XB can directly be written in A and B. Obviously, the 
result in Corollary 4.4 is also valid for an operator equation of the form AX = XB when both A and B 
are idempotent operators. 



Theorem 4.5. Let A e C"^" be given, P e 
sum PA + AQ satisfies the rank equalities 



id Q G C"^" be two idempotent matrices. Then the 



r{PA + AQ) 
riPA + AQ) 



PA AQ 
Q 

AQ - PAQ 
PA 



r{Q) 



AQ P 
PA 



r(P), 



(4.8) 
(4.9) 



Proof. Let M = 
that 

r(M) 



P Q PA 
Q Q 
P AQ 



-^r[PA- PAQ, AQ]. 
Then it is easy to see by block elementary operations of matrices 



P 
Q 
PA^AQ 



r{P)+T{Q)+r{PA + AQ). 
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On the other hand, note that = P and = Q. We also obtain by block elementary operations of 
matrices that 



r(M) 



p 


-PAQ 








p 


AQ 


2P 











P 


AQ 



Q 





PA 

Q 





2P 










Q 


= r{P) + r 





AQ -^PA 





PA AQ 
Q 



and 



r(M) 



~PAQ PA 
Q Q 
AQ 

PA 
2Q Q 





P 




P AQ 









PA 







2Q 





= r{Q)+r 


p 





-UQ _ 





Combining the above three rank equalities for M yields (4. 
the two block matrices in (4.8) yields (4.9). □ 



AQ P 
PA 



Consequently applying (1.2) and (1.3) to 



Corollary 4.6. Let A e C™^" be given, P e C™^"' and Q e C"^" be two idempotent matrices. 

(a) If PAQ = 0, then r{PA + AQ) = r{PA) + r{AQ), or equivalently R{PA) n R{AQ) = {0} and 
R[{PA)*]r]R[{AQ)*] = {0}. 

(b) PA + = ^ PA = and AQ = 0. 

(c) The general solution of the matrix equation PX + XQ = is X = {I — P)U{I — Q), where 
U £ is arbitrary. 

Proof. If PAQ = 0, then r( PA- AQ) = r{PA)+r{AQ) by Theorem 4.1(b). Consequently r( PA+AQ ) = 
r(PA) + r(AQ) by Lemma 1.4(d). The result in Part (b) follows from (4.9). According to (b), the 
equation PX + XQ = is equivalent to the pair of matrix equations PX = and XQ = 0. According 
to Rao and Mitra ]11^ , and Mitra |101| , the common general solution of the pair of equation is exactly 
X = (/ - P )[/(/- Q ), where U e C™''" is arbitrary. □ 



Corollary 4.7. Let A, P, Q e C"^™ 
following five statements are equivalent: 
(a) The sum PA + AQ is nonsingular. 
PA AQ 
Q 
AQ P 



be given with P, Q being two idempotent matrices. Then the 



(b) r 

(c) r 



PA 



= m + r(Q). 
: m + r(P). 



(d) r[PA, AQ]=m and R 



(e) 



AQ 
PA 



= TO an 



d R 



(PA) 
(AQ) 

AQ 

PA 



nR 



nR 

' p 





Q* 




= {0}. 



Proof. Follows from (4.8). 



□ 



Theorem 4.8. Let A e C"^" be given, P e 
rank of A — PA — AQ satisfies the equalities 



= {0}. 



and Q & C"^" be two idempotent matrices. Then the 



'■{A-PA-AQ) = r 



A P 
Q 



r{PAQ) - r{P) - r{Q) =r{A- PA- AQ + PAQ ) + r{PAQ). (4.10) 



In particular, 

(a) PA + AQ = A^ {I - P)A{I -Q) = and PAQ = 0. 
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(b) The general solution of the matrix equation PX + XQ = X is X = {I — P)UQ + V{I — Q), where 

U, V G C"ix" are arbitrary. 



{I-P)A 

Q 



+ r[AQ, I-P]-r{I-P)-r{Q). 



Proof. According to (4.1), we first find that 

r{A-PA-AQ)=r[{I-P)A-AQ]=r 
According to (1.2) and (1.3), we also get 

-r(P), and r[AQ, I - P]= r{PAQ) + r{I - P). 



- {I-P)A ■ 




' A P' 


Q 


= r 


Q 



Combining the above three yields the first equality in (4.10). Consequently applying (1.4) to the block 
matrix in it yields the second equality in (4.10). Part (a) is a direct consequence of (4.10), Part (a) follows 
from Corollary 4.4. □ 

If replacing P and Q in Theorem 4.5 by — P and Im — Q, we can also obtain two rank equalities 
for 2A — PA — AQ. For simplicity we omit them here. 



Theorem 4.9. Let A e C"^" be given, P e C 

rank of A — PAQ satisfies the equality 



and Q G C"^" be two idempotent matrices. Then the 



r{A-PAQ) 



A AQ P 

PA 
Q 



- r(P) - r{Q) = r 



{I-P)A{I-Q) {I-P)AQ 
PA{I-Q) 



(4.11) 



0, (/-P)^Q = and PA{I -Q) = PA = A and AQ = 



In particular, 

(a) PAQ = A<^{I-P)A{I- 
A. 

(b) The general solution of the matrix equation PXQ = X is X = PUQ, where U G C™^" is arbitrary. 
Proof. Note that P^ = P and Q^ ^ Q. It is easy to find that 

A AQ P 
PA 
Q 



A 


P " 




-PAQ 


-P 




Q -Q 







A 


P 




-PAQ 


-P 




-Q 







A- PAQ 











- 


-P 





Q 






r{A- PAQ)+r{P)+r{Q), 



as required for the first equality in (4.11). Consequently applying (1.4) to its left side yields the second 
one in (4.11). Part (a) is a direct consequence of (4.11), Part (b) can trivially be verified. □ 

Applying (4.1) to powers of difference of two idempotent matrices, we also find following several results. 

Theorem 4.10. Let P, Q G C"^™ be two idempotent matrices. Then 
(a) ( P — Q )^ satisfies the two rank equalities 



r[{P-Qf] 



P-PQP 



+ r[Q-QPQ, P]-r{P)-r{Q), 



r[{P-Qf]=r[P- PQP - PQ + {PQf ]+r[Q- QPQ - PQ + {PQf ]. 



(4.12) 
(4.13) 



In particular, 

(b) // (PQ)2 = PQ, then 



r[{P - Qf] = r{P - PQP) + r{QPQ - Q). 



(4.14) 
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(c) r[{P-Qf] =r{P-Q), i.e., Ind(P-Q) < 1, if and only if 



' P - PQP ■ 




■ P ' 


Q 


= r 





or, equivalently, 
R 



P-PQP 
Q 



R 



, and r[Q-QPQ, P] =r[Q, P], 



P 

Q 



(4.15) 



(d) (P-g)3 = o<^r 



P-PQP 
Q 

and R[{ P - PQP )*] C R{Q*). 

Proof. Since P"^ = P and Q^ = Q, it is easy to verify that 

i P - Qf ^ P{Im - QP) - {Irn - QP)Q- 



, and R[Q-QPQ, P]=R[Q, P]. (4.16) 
= r(Q) andr[Q-QPQ, P] = r(P) <^ R{Q - QPQ) C R{P) 



(4.17) 



Letting A = 1^ - QP and applying (4.1) and (4.2) to (4.17) immediately yields (4.12) and (4.13). The 
results in Parts (b) — (d) are natural consequences of (4.13). □ 



Corollary 4.11. Let P, Q G C™^™ be two idempotent matrices. Then 



r[{P-Qf-{P-Q)]=r 



PQP 
Q 



+ r[QPQ, P]-r{P)-r{Q). 



(4.18) 



In particular, 

(a) P-Q IS tnpotent R(QPQ) C i?(P) and P[(PQP)*] C R{Q*). 

(b) // PQ = QP, then P - Q is tripotent. 

Proof. Observe from (4.17) that 

{P - Qf - {P - Q) = -PQP + QPQ. 

Applying (4.1) to it immediately yields (4.18). The results in Parts (b) and (c) are natural consequences 
of (4.18). □ 

Corollary 4.12. A matrix A G C™^™ is tripotent if and only if it can factor as A = P — Q, where P and 

Q are two idempotent matrices with PQ = QP. 

Proof. The "if" part comes from Corollary 4.11(b). The " only if" part follows from a decomposition of 
A 

A=iiA^ + A)-i{A'-A), 

where P = ^{A^ + A) and Q = ^{A"^ - A) are two idempotent matrices with PQ = QP. □ 

The rank equality (4.12) can be extended to the matrix (P — Q)^, where both P and Q are idempotent. 
In fact, it is easy to verify 

{P-Qf = P{Im- QPf -{Im- QPfQ. 

Hence by (4.1) it follows that 



r[{P-Qf 



P{Im-QPf 

Q 



r[{Im-QPfQ, P]-r{P)-r{Q). 



Moreover, the above work can also be extended to [P — Q )2fe+i ( = 3^ 4^ . . .)j where both P and Q are 

idempotent. 

Applying (4.1) to PQ — QP, where both P and Q axe idempotent, we also obtain the following. 
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Corollary 4.13. Let P, Q e C 



r[PQ- 


QP) 


r{PQ~ 


QP) 


r[PQ- 


QP) 


r[PQ- 


QP) 



PQ 
P 

QP 
Q 



he two idempotent matrices. Then 
r[QP, P]-2r(P), 

-r[PQ, Q]-2r(Q), 



In particular, if both P and Q are Hermitian idempotent, then 

r[PQ-QP) = 2r{ PQ - PQP ) = 2r( PQ - QPQ ). 



The rank equality (4.23) was proved by Berube, Hartwig and Styan |17 
Corollary 4.14. Let P, Q £ c™^"^ be two idempotent matrices. Then 

r[{P ~ PQ) + \{PQ - Q)] ^ r{P - Q) 
holds for all X Cz C with A 7^ 0. In particular, 

r{P + Q- 2PQ ) = r{P + Q- 2QP 
Proof. Observe that 

(P-PQ) + A(PO-0 
Thus it follows by (4.1) that 



r(P- 
P(P + AQ) - (P 



XQ)Q. 



(4.19) 

(4.20) 

(4.21) 
(4.22) 

(4.23) 

(4.24) 
(4.25) 



i(P-PQ) + A(PQ-Q)] = 



P{P + XQ 



P 

Q 
p 
Q 



-r[{P + XQ)Q, P]-r{P)-r{Q) 
r[XQ, P]-r{P)-r{Q) 
r[P, Q]-r{P)-riQ). 



Contrasting it with (3.1) yields (4.24). Setting A = -1 we have (4.25). □ 

Replacing P by /,„ — P in (4.24), we also obtain the following. 
Corollary 4.15. Let P, Q E &e two idempotent matrices. Then 

r{I,n-P-Q + \PQ)=r{Irn-P-Q) 

holds for all X E C with A 7^ 1 . 

In the remainder of this chapter, we apply the results in Chapter 3 to establish various rank equalities 
related to involutory matrices. A matrix A is said to be involutory if its square is identity, i.e., A^ — I. 
As two special types of matrices, involutory matrices and idempotent matrices are closely linked. As a 
matter of fact, for any involutory matrix A, the two corresponding matrices {I + A)/2 and [I — A)/2 
are idempotent. Conversely, for any idempotent matrix A, the two corresponding matrices ±(/ — 2A) are 
involutory. Based on the basic fact, all the results in Chapter 3 and this chapter on idempotent matrices 
can dually be extended to involutory matrices. We next list some of them. 



Theorem 4.16. Let A, B e C 

satisfy the equalities 



be two involutory matrices. Then the ranks of A + B and A — B 



r{A + B) 
r{A + B) 
r{A-B) 
r{A-B) 



I + A 

I -B 

r[iI + A)iI 

I + A 
I + B 

i{I + A){I-B)] 



r[I - 
^B)\ 
r[I - 



A, I-B]~r{I + A] 
f r[(/-A)(/-P)], 
A, I + B]-r{I + A] 
f r[(/-A)(/ + P)]. 



r{I -B), 



r{I + B), 



(4.26) 
(4.27) 
(4.28) 
(4.29) 
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Proof. Notice that both P = (7+A)/2andQ = ( /—.B )/2 are idempotent when ^ and i? are involutory. 

In that case, 



r{P-Q)=r 



and 



P 
Q 



+ r[P, Q]-r{P)-r{Q)=r 



= t{A + B), 

+ r[I + A, I-B]-r{I + A)-r{I-B). 



I + A 
I-B 



Putting them in (3.1) produces (4.26). Furthermore we have 



r{P-PQ)=r 

r{PQ-Q) = r 



'I + A){I-\{I-B) 



l]{I-B) 



= t[{I + A){I + B)], 
r[{I - A){I - B)]. 



Putting them in (3.2) yields (4.27). moreover, if B is invohitory, then —B is also involutory. Thus replacing 
B by -B in (4.26) and (4.27) yields (4.28) and (4.29). □ 

Corollary 4.17. Let A, B £ Qmy.m involutory matrices. 

{a)If{I + A){I-B)=Qor{I-B){I + A)=Q, then 



r{A + B)=r{I + A)+r{I-B). 
(b) //(/ + A)(/ + B) =0 or (/ + S)(/ + A) =0, then 
r{A- B) =r{I + A) + r{I + B). 



(4.30) 



(4.31) 



Proof. The condition {I + A){I - B) = is equivalent to I + A = B + BA and I-B = AB-A.In that 
case, {I + A){I + B) = I + A + B + AB = 2{I + A). and {I - A){I - B) = I - B - A + AB = 2{I - B). 
Thus (4.27) reduces to (4.30). Similarly we show that imdcr (I - B){I + A) = 0, the rank equality (4.30) 
also holds. The result in Part (b) is obtained by replacing B in Part (a) by —5. □ 

Corollary 4.18. Let A, B £ Qmxm involutory matrices. Then 

(a) The sum A + B is nonsingular if and only if 

R{I + A)nR{I-B) = {0}, R{I + A*)nR{I-B*) = {0}, and r{I + A) + r{I - B) = m. 

(b) The difference A — B is nonsingular if and only if 

R{I + A)r\RiI + B) = {0}, R{I + A*)nR{I + B*) = {0}, and r{I + A) + r{I + B) = m. 
Proof. Follows immediately from (4.26) and (4.27). □ 

Theorem 4.19. Let A, B G C^x™ two involutory matrices. Then A + B and A — B satisfy the rank 
equalities 

r{A + B)=r[{I + A){I + B)]+r[{I + B){I + A)]-riI + A)-riI + B)+m, (4.32) 
r{A - B) = r[{I + A){I - B)] + r[{I - B){I + A)] - r{I + A) - r{I - B) +m. (4.33) 

Proof. Putting P = ( 7 + A )/2 and Q = ( / + B )/2 in (3.8) and simphfying yields (4.32) . Replacing B 
by -B in (4.32) yields (4.33). □ 

The combination of (4.27) with (4.32) produces the following rank equality 

r[{I + B){I + A)] = r{I + B) + r{I + A) - m + r[{I - A){I - B)]. (4.34) 

Theorem 4.20. Let A, B G c™x"» i)e two involutory matrices. Then 

r{AB-BA)=r{A + B)+r{A-B)-m. (4.35) 
Inparticular, 

AB = BA^r{A + B)+r{A- B) =m. (4.36) 
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Proof. Putting P = ( / + A )/2 and Q = ( / - B )/2 in (3.24) and simplifying yields (4.35). □ 

Putting the formulas (4.26) — (4.29), (4.32) and (4.33) in (4.35) may yield some other rank equalities 
for AB — BA. We leave them to the reader. 



Theorem 4.21. Let A, B e C" 



be two involutory matrices. Then 



(a) r 

(b) r 



A+S\2 _ A+b ' 
2 ) 2 

A-B 



■ r{I - A- B)+r{A + B)-m. 
--r{I- A + B)+r{A-B)-m. 



In particular, 

(c) ^{A + B) is idempotent r{I - A - B) + r{A + B) = m ^ r{A + B) ^ r{I + A) - r( I - B). 

(d) ^{A-B) is idempotent ^ r{I - A + B)+r( A- B) ^ m<=> r{A- B) ^ r( I + A) -r{I + B). 

Proof. Putting P = {I + A )/2 and Q = {I — B )/2 in (3.32) and simplifying yields Part (a). Replacing 
B by —B we get Part (b). Part (c) and (d) follow from Parts (a) and (b), and Corollary 3.21(c). □ 

Theorem 4.22. Let A, B G C"*^'" be two involutory matrices. Then 

r{31 - A- B - AB) = r{21 - A- B). (4.39) 
Proof. Putting P = ( / + ^ )/2 and Q = ( / + B )/2 in (3.34) and simphfying yields (4.39). □ 

Theorem 4.23. Let A G C^x™ an involutory matrix. Then 

(a) r{A- A*) :^2r[I + A, I + A* ] - 2r{I + A) = r[I - A, I - A*] - 2r{I - A). 

(b) r{A + A* ) = m. 

(c) r{AA* -A*A) = r{A-A*). 

Proof. Putting P = ( 7 ± ^ )/2 and Q = ( / ± A* )/2 in CoroUary 3.26 and simphfying yields the desired 
results. □ 

be two involutory matrices, and X e C"^™. Then 



Theorem 4.24. Let A e C"^" and B e C"^" 
AX — XB satisfies the rank equalities 



r{AX - XB) = r 



+ r[X{In + B), I^+A]-r{Im+A)-r{In + B), 



iIm+A)X 

In + B 

r{AX - XB) = r[{Im + A)X{Ir, - B)]+r[{Im - A)X{In + B)]. 
In particular, 

AX = XB<^{Irr,+A)X{In-B)=0 and (/„ - y4)X(7„ + B) = 0. 



(4.40) 
(4.41) 

(4.42) 



Proof. Putting P = (/„ + ^)/2 and Q = (/„ + B)/2 in (4.1) and (4.2) yields (4.40) and (4.41). The 
equivalence in (4.42) follows from (4.41). □ 

Theorem 4.25. Let A e C"^™ and B £ C^^^ be two involutory matrices. Then the general solution of 
the matrix equation AX = XB is 

X = V + AVB, (4.43) 

where V G C"^" is arbitrary. 

Proof. We only give the verification. Obviously the matrix X in (4.43) satisfies AX — AV + VB and 
XB = VB + AV. Thus X is a solution of AX = XB. On the other hand, for any solution Xq of 
AX = XB, let V = Xo/2 in (4.43). Then we get V = AXqB = Xq, that is, Xq can be represented by 
(4.43). Thus (4.43) is the general solution of the matrix equation AX = XB. □ 



Theorem 4.26. Let A E C™x™ 5e an involutory matrix, 
(a) AX — XA satisfies the rank equalities 



XeC™^™. Then 



r{AX -XA) = r 



{I + A)X 
I + A 



+ r[X{I + A), I + A]-2r{I + A), 



r{AX - XA) = r[{I + A)X{I - A)]+r[{I - A)X{I + A)], 



In particular, 



AX = XA-^{I + A)X{I-A)=0 and {I - A)X{I + A) = 0. 
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(b) The general solution of the matrix equation AX = XA is 
X = V + AVA, 
where V G C™^"* is arbitrary. 



Chapter 5 

Rank equalities for outer inverses of 
matrices 



An outer inverse of a matrix A is the solution to the matrix equation XAX = X, and is often denoted by 
X — A'^'^'^ . The collection of all outer inverses of A is often denoted by ^{2}. Obviously, the Moore-Penrose 
inverse, the Drazin inverse, the group inverse, and the weighted Moore-Penrose inverse of a matrix are 
naturally outer inverses of the matrix. If outer inverse of a matrix is also an inner inverse the matrix, it 
is called a reflexive inner inverse of the matrix, and is often denoted by A~ . The collection of all reflexive 
inner inverses of a matrix A is denoted by A{1, 2}. As one of important kinds of generalized inverses of 
matrices, outer inverses of matrices and their applications have well been examined in the literature (see, 
e.g., jl^, 108, 147, 14? I). In this chapter, we shall establish several basic rank equalities related 

to differences and sums of outer inverses of a matrix, and then consider their various consequences. The 
results obtained in this chapter will also be applied in the subsequent chapters. 

be given, and Xi, X2 G ^{2}. Then the difference Xi — X2 satisfies the 



Theorem 5.1. Lef A e C"^" 
following three rank equalities 

X2 

= r{Xi-XiAX2 
= r{Xi-X2AXi 



r{Xi~X2[ 

r{Xi-X2[ 
r{Xi-X2[ 



+ r[Xi, X2]-r{Xi)-r{X2), 

r{XiAX2-X2), 
r{X2AXi- X2). 



(5.1) 

(5.2) 
(5.3) 



Proof. Let M 





Ai 



that 



r{M) 





X2 
X2 

-Ai 





Ai 
A2 




A2 




Then it is easy to see by block elementary operations of matrices 






Ai — A2 



r(Ai)+r(X2)+r(Ai -A2). 



(5.4) 



On the other hand, note that AiAAi = Ai and A2AA2 = A2. Thus 













which implies that 
r{M) - 



XiA 




Ai 
A2 



-Ai 


Ai 





A2 
A2 



Ai 
A2 




















Ai " 


















A2 





-AX2 






Ai 


A2 






r[Ai, A2]. 



(5.5) 



Combining (5.4) and (5.5) yields (5.1). Consequently applying (1.2) and (1.3) to the two block matrices 
in (5.1) respectively and noticing that A e Ai{2} and A e A2{2}, we can write (5.1) as (5.2) and (5.3). 
□ 
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It is obvious that if A — /,„ in Theorem 5.1, then Xi, X2 G /m{2} are actually two idempotent 
matrices. In that case, (5.1) — (5.3) reduce to the results in Theorem 3.1. 

Corollary 5.2. Let A e C™^" be given, and Xi, X2 G A{2}. Then 

(a) R{Xi - XxAX-2 ) n i?(XiAX2 - X2 ) = {0} and R\{Xx - X^AX^ )*] n i?[(XiAX2 - X2 )*] = {0}. 

(b) R{ Xi - X2AX1 ) n R{ X2AX1 - X2 ) = {0} and R[{ Xi - X2AX1 )*] n i?[( ^2^1X1 - X2 )*] = {0}. 

(c) IfXiAX2 = or X2AX1 = 0, then r(Xi - ) = r{Xi) + r{X2). 

Proof. The results in Parts (a) and (b) follow immediately from applying Lemma 1.4(d) to (5.2) and 
(5.3). Parts (c) is a direct consequence of (5.2) and (5.3). □ 

Corollary 5.3. Let A e C"*^" be given, and Xi, X2 G ^{2}. Then the following five statements are 

equivalent: 

(a) r{X,-X2)=riXi)-r{X2), i.e., X2 <rs X^. 



(b) r 



Xo 



r[X,, X2]=r{X,). 



(c) R{X2) C R{Xi) and R{X*) C R{X*). 

(d) X1AX2 = X2 and X2AX1 = X2. 

(e) XiAX2AXi=X2. 

Proof. The equivalence of Parts (a) and (b) follows directly from (5.1). The equivalence of Parts (b), (c) 
and (d) follows directly from Lemma 1.2(c) and (d). Combining the two equalities in Part (d) yields the 
equality in Part (e). Conversely, suppose that X1AX2AX1 = X2 holds. Pre- and post-multiplying XiA 
and AXi to it yields X1AX2AX1 = X1AX2 = X2AX1. Combining it with X1AX2AX1 = X2 yields the 

two rank equalities in Part (d). □ 

Corollary 5.4. Let A G cmxm giyen, and Xi, X2 G ^{2}. Then the following three statements are 
equivalent: 

(a) The difference Xi — X2 is nonsingular. 

(b) r =r[X,, X2]=r{X,)+r{X2)=m. 

(c) R{Xi) e R{X2) = R{X^) e R{Xi) = c™. 
Proof. A trivial consequence of (5.1). □ 

Corollary 5.5. Let A e C™^" be given, and X e A{2}. Then 

r{A- AXA) = r{A) -r{AXA), i.e., AXA<rsA. (5.6) 
In particular, 

AXA = A, i.e., X e A{1, 2} <^ r{A) = r{X). (5.7) 
Proof. It is easy to verify that both A and AXA are outer inverses of A^. Thus by (5.1) we obtain 



r{A-AXA) 



A 
AXA 



[A, AXA] - r{A) - r{AXA) = r{A) - r{AXA), 



the desired in (5.6). □ 

Corollary 5.6. Let A e C™^" be given, and X e A{2}. Then 



r{AX -XA) 

Inparticular, 



X 
XA 



r[X, AX]- 2r{X) =r{XA- XJ^X ) + r( XJ^X -AX). (5.8) 



AX = XA^ R{AX) = R{X) and R[{AX)*] = R{X*). 



(5.9) 



Proof. It is easy to verify that both AX and XA are idempotent when X e ^{2}. Thus we find by 
(3.1), (1.2) and (1.3) that 



r{AX-XA) = 



AX 
XA 



-[AX, XA] - r{AX) - r{XA) 



28 



YONGGE TIAN 



+r[X, AX]- riAX) - r{XA) 

= r{XA- XA'^X) + r{XA'^X - AX), 

as required for (5.8). Eq. (5.9) is a direct consequence of (5.8). □ 
Corollary 5.7. Let A G C™^" be given, and Xi, X2 S A{2}. Then 



r{AXiA-AX2A)=r 



XiA 
X2A 



r[AXi, AX2]-r{X,)-r{X2). 



In particular, 

AXyA = AX2A <^ X1AX2AX1 = Xi and X2AX1AX2 = X2. 



(5.10) 



(5.11) 



Proof. Notice that Both AXiA and AX2A are outer inverses of A^ when Xi, X2 G A{2}. Moreover, 
observe that r{AXiA) = r{AXi) = r{XiA) = r{Xi), and r{AX2A) = r{AX2) = r{X2A) = r{X2). Thus 
it follows from (5.1) that 



r{AXiA- AX2A) = r 



= r 



AX I A 
AX2A 

XiA 
X2A 



- r[AXiA, AX2A] - r{AXiA) - r{AX2A) 
+ r[AX,, AX2]-r{Xi)-r{X2), 



as required for (5.10). The verification of (5.11) is trivial, hence is omitted. □ 

Corollary 5.8. Let A e C"*^" be given, and Xi, X2 S ^{2}. Then the following five statements are 
equivalent: 

(a) r( AXiA - AX2A ) = r{AXiA) - r{AX2A), i.e., AX2A <rs AX^A. 
XiA 



(b) 



X2A 



= r[AXi, AX2]^r{Xi). 



(c) R{AX2) C R{AXi) and R[{X2Ay] C R[{XiA)*]. 

(d) AX1AX2A = AX2A and AX2AX1A = AX2A. 

(e) AXiAX2AXiA = AX2A. 

Proof. Follows form Corollary 5.3 by noticing that Both AX\A and ^4X2^4 are outer inverses of when 
Xi, X2 e A{2}. □ 



Theorem 5.9. iei e C™^" 
equalities 

r{X^+X2) = r 



be given, and Xi, X2 & ^{2}. Then the sum X\ + X2 satisfies the rank 



Xi X2 
X2 



r{X2) 



X2 Xi 
Xi 



r{X^), 



r{X,+X2) = r[{In- X2A )Xi{Im -AX2)]+ r{X2), 
r{X,+X2) = r[{In- XiA )X2{Im -AX,)]+ r{X,). 



(5.11) 

(5.12) 
(5.13) 



Proof. Let M = 



r{M) 



Xi Xi 

X2 X2 
Xi X2 



Then it is easy to see by block elementary operations that 



Xi 
X2 
-{X1+X2) 



r{Xi) + r{X2)+r{Xi+X2). 



(5.14) 



On the other hand, note that XiAXi = Xi and X2AX2 = X2. Thus 



/„ XiA 
/„ 
/„ 



Xi Xi 
X2 X2 
Xi X2 





-AX2 Im 



2X1 Xi 
X2 
Xi X2 
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which implies that 

r(M) = r 



2Xi Xi 
X2 
Xi X2 



2X1 







X2 

X2 —iXi 



Xi X2 
X2 



r(Xi). 



(5.15) 



be given, and Xi, X2 € ^{2}. 
(a) // X1AX2 = X2AX1 , then r{ Xi + X2) " 



Xo 



r[X,, X2]. 



Combining (5.14) and (5.15) yields the first equality in (5.11). By symmetry, we have the second equality 
in (5.15). Applying (1.3) to the two block matrices in (5.11), respectively, and noticing that A S {X]~} 
and A E {^2^}, wc then can write (5.11) as (5.12) and (5.13). □ 

Corollary 5.10. Let A e C 

(b) IfXiAX2 = X2AX1 0, then r(Xi + X2 ) = r{Xi) + r{X2). 
Proof. Under X1AX2 = X2AX1, we find from (5.12) and (5.13) that 

r{Xi+X2) = r{Xi - X1AX2 ) + r{X2) = r(Xi) + r{XiAX2 - X2 ). 
Note by (1.2) and (1.3) that 



X2 



r{Xi-XiAX2)+r{X2), and r[Xi, X2] = r{Xi) + riXiAX2 - X2). 



Thus we have the results in Part (a). Part (b) follows immediately from (5.12). □ 

be given, and Xi, X2 G ^{2}. Then the following five statements are 



Corollary 5.11. ief A e C™^™ 

equivalent: 

(a) The sum Xi + X2 is nonsingular. 



(b) r 



X2 



m and R 



(c) r[Xi, X2] = m, and R 



(d) 



X2 
Xi 



m and R 



Xi 
X2 

■ XI 
X* 

X2 ' 

Xi 

■ x^ 

XI 



nR 

nR 
nR 

r\R 



X2 


" X* 


'Xi 






= {0}. 

= {0}. 
{0}. 
= {0}. 



(5.16) 



(c) r[X2, Xi]—m, and R 

Proof. Follows immediately from (5.11). □ 
Corollary 5.12. Let A e C""^" be given, and X e A{2}. Then 

r{A + AXA) = r{A). 
holds for allX e A{2}. 

Proof. Notice that Both A and AX2A are outer inverses of A^ when X G ^{2}. Thus (5.16) follows from 
(5.11). □ 

Theorem 5.13. Let A e C"^" 
rank equalities 



be given, and Xi, X2 £ ^{2}. Then the difference Xi — X2 satisfies the 



r[{Xi-X2)A{Xi-X2)-{Xi-X2)]=r{I^-AXi+AX2)+r{Xi-X2)-m, (5.17) 

r[ ( Xi - X2 )A( Xi - X2 ) - ( Xi - X2 ) ] = r{XiAX2AXi ) - r(Xi) + r( Xi - X2 ). (5.18) 

Proof. Letting X = Xi — X2 and applying (1.10) yields 

r( XAX - X) =r{Im- AX )+ r(X) - m, 

which is (5.17). Note that AXi and ^4X2 arc idcmpotcnt. It turns out by (3.19) that 

r( Im - AXi + AX2 ) = r(AXi AX2AX1) - r{AXi) +m = r(Xi AX2AX1) - r(Xi) + m. 
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Putting it in (5.17) yields (5.18). □ 

Corollary 5.14. Let A e C"*^" be given, and Xi, X2 e ^{2}. Then the following five statements are 
equivalent: 

(a) Xi-X2GA{2}. 

(b) r{I,n-AXi+AX2)=m-riXi-X2). 

(c) r{Xi-X2)=r{Xi)-r{X2), i.e., X2 <rs X^. 

(d) R{X2) C R{Xi) and R{X^) C R{X^). 

(e) XiAX2AXi=X2. 

Proof. The equivalence of Parts (a) and (b) follows immediately from (5.17). The equivalence of Parts 

(c) , (d) and (e) is from Corollary 5.3. We next show the equivalence of Parts (a) and (e). It is easy to 
verify that 

{Xi ~ X2 )A{Xi - X2 ) - {Xi - X2) = -X1AX2 - X2AX1 + 2X2, 
Thus Xi - e ^{2} holds if and only if 

X1AX2 + X2AX1 = 2X2. (5.19) 
Pre- and post-multiplying XiA and AXi to it, we get 

X1AX2AX1 = X1AX2 and X1AX2AX1 = X2AX1. (5.20) 

Putting them in (5.19) yields Part (e). Conversely, if Part (e) holds, then (5.20) holds. Combining Part 
(e) with (5.20) leads to (5.19), which is equivalent to Xi- X2& A{2}. □ 

The problem considered in Corollary 5.14 could be regarded as an cxtcinsion of the; work in Corollary 
3.21, which was examined by Getson and Hsuan citeGH. In that monograph, they only gave a sufficient 
condition for Xi — X2 G A{2} to hold when Xi, X2 G ^{2}. Our result in Corollary 5.14 is a complete 
conclusion on this problem. 

Theorem 5.15. Let A G C"»x" ftg given, and Xi, X2 S ^{2}. Then the sum Xi + X2 satisfies the two 
rank equalities 

r[{Xi + X2)A{Xi + X2) - {Xi + X2)] ^ r{ /„, - AX^ ~ AX2) + r{Xi + X2) - m, (5.21) 
r[{Xi+X2)A{Xi+X2)-iXi+X2)]= r{XiAX2 ) + r{X2AXi ) + r( Xi + X2 ) - r{Xi) - r(X2).(5.22) 

Proof. Letting X = Xi + X2 and applying (1.10) to XAX - X yields (5.21). Note that AXi and AX2 
are idempotent. It turns out by (3.8) that 

r( - AXi -AX2)= r{XiAX2 ) + r{X2AXi ) - r(Xi) - r{X2) + m. 

Putting it in (5.21) yields (5.22). □ 

Corollary 5.16. Let A G C™^" be given, and Xi, X2 G ^{2}. Then the following four statements are 
equivalent: 

(a) Xi+X2GA{2}. 

(b) X1AX2+X2AX1 =0. 

(c) r{Im-AXi-AX2)=m-r{Xi+X2). 

(d) X1AX2 = 0, and X2AX1 = 0. 

Proof. The equivalence of Parts (a) and (b) follows immediately from expanding {Xi + X2)A{Xi + 
X2 ) — {Xi + X2 ). The equivalence of (a) and (c) is from (5.21). We next show the equivalence of (b) and 

(d) . Pre- and post-multiplying XiA and AXi to X1AX2 + X2AX1 = 0, we get 

X1AX2 + X1AX2AX1 = 0, and X1AX2AX1 + X2AX1 = 0, 

which implies that X1AX2 = X2AX1. Putting them in Part (b) yields (d). Conversely, if Part (d) holds, 
then Part (b) naturally holds. □ 



Chapter 6 



Rank equalities for a matrix and its 
Moore-Penrose inverse 



In this chapter, we shall establish a variety of rank equalities related to a matrix and its Moore-Penrose 
inverse, and then use them to characterize various specified matrices, such as, EP matrices, conjugate EP 
matrices, bi-EP matrices, star-dagger matrices, and so on. 

A matrix A is said to be EP (or Range-Hermitian) if R{A) — R{A*). EP matrices have some nice 
properties, meanwhile they are quite inclusive. Hcrmitian matrices, normal matrices, as well as nonsingular 
matrices are special cases of EP matrices. As a class of important matrices, EP matrices and their 
applications have well be examined in the literature. One of the basic and nice properties related to an EP 
matrix A is AA^ = A^ A, see, e.g., Ben-Israel and Greville Campbell and Meyer |2l|. This equality 
motivates us to consider the rank of AA^ — A^ A, as well as its various extensions. 



Theorem 6.1. Let A G ftg given. Then the rank of AA^ ^A^A satisfies the following rank equalities 

r{ AA^ - A^A ) = 2r[ A, A*]- 2r{A) = 2r( A 



A'^A'') = 2r{A-A^A^). 



(6.1) 



In particular, 

(a) AA^ ^ ^r[A, A*]= r{A) ^ A = A^A^ ^A^ A^ A^ ^ R{A) = R(A*), i.e., A is EP. 

(b) AA^ - A'^A is nonsingular ^ r[A, A*]^ 2r{A) = m <4> R{A) © R{A*) = C". 

Proof. Note that AA'^ and A'^ A are idempotent matrices. Then applying (3.1), we first obtain 



riAA'^ ~A^A ) = 



AA'^ 
A^A 



Observe that r{AA^) = r{A^ A) = r(A), and 





■ AA"^ ' 




■ ■ 




■ ^* - 


r 


A^A 


= r 


A 


— r 


A 



"[AA\ A'^A]~r{AA'^)-r{A'^A). (6.2) 



r[AA\ A^A]^r[A, A'^]=r[A, A*]. 



Thus (6.2) reduces to the first rank equality in (6.1). Consequently applying (1.2) to [A, A*] in (6.1) 
yields the other two rank equalities in (6.1). The equivalence in Part (a) are well-known results on a EP 
matrix, which now is a direct consequence of (6.1). It remains to show Part (b). If r[ylyl^^ — ^^^4] = m, 
then r[A, A*] = r[^^^ A"^ A] = r[^^t - A"^ A, A^ A] = m. Putting it in (6.1), we obtain 2r{A) = m. 
Conversely, if r[A, A* ] ~ 2r{A) = m, then we immediately have r( AA"^ — A'^A ) — m hy (6.1). Hence the 
first equivalence in Part (b) is true. The second equivalence is obvious. □ 

Another group of rank equalities related to EP matrix is given below, which is motivated by a work of 
CampbeU and Meyer ||2§. 

Theorem 6.2. Let A e C™^" and ^ k e C be given. Then 

(a) r[AA^A + kA'')-{A + kA'')AA'f] = 2r[A, A*]-2r{A). 

(b) r[A^A{A + kA^)-{A + kA^)A^A]=2r[A, A*]-2r{A). 
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(c) r[AA''{A + kA*)-{A + kA*)AA'']=2r[A, A*]^2r{A). 

(d) r[A'fA{A + kA*)-{A + kA*)A^A]=2r[A, A*]-2r{A). 

(e) The following five statements are equivalent: 

(1) A is EP. 

(2) AA''{A + kA^) = {A + kA'')AA^. 

(3) A''A{A + kA^)^{A + kA'')A^A. 

(4) ^^tj^ + yfc^*) ^ (^ + fc^*)^^t. 

(5) A^fAiA + kA*) = {A + kA*)A^A. 

Proof. We only show Part (a). Notice that both AA^ and A^ A are idempotent matrices. Thus by (4.1) 
we get 

r[AA\A + kA^)-{A + kA^ )AA'f ] 
AA'f{A + kA'') 



AA^ 
A + kAA^A^ 



A* 



+ r[{A + kA^ )AA\ AA^ ] - r{AA^) - r{A^ A) 
rlA^A^ + kAl A] - 2r{A) 



A 
A* 



'A*, A]-2r{A) = 2r[A, A*]-2r{A), 



estabhshing Part (a). □ 

When k — 1, the corresponding result in Theorem 6.2(e) was established by Campbell and Mayer [2Ct| . 

Theorem 6.3. Let A G C™^™ and ^ k G C be given. Then 

(a) riAA'fiAA* + kA*A)^ {AA* +kA*A)A^A]^2r[A, A*]^2r{A). 

(b) AA^{AA* + kA*A) = {AA* + kA*A)A'<A^ A is EP. 

Proof. Follows from (4.1) by noting that both AA'' and A'' A are idempotent matrices. □ 

In an earlier paper by Meyer jo^ and a recent paper by Hartwig and Katz they established a 
necessary and sufficient condition for a block triangular matrix to be EP. Their work now can be extended 
to the following general settings. 



Corollary 6.4. Lei A e C™^", B e C™^'', and D e C'"' be given, and let M = 



A B 
D 



The 



r{MM'^ -M'^M] 



2r 



A A* 
B* 



B 
D D* 



2r{M). 



(6.3) 



In particular, 

(a) // both A and D are EP, then 

r( MAft - M^M ) = 2r[A, B]+2r 



B 
D 



2r 



A B 
D 



(b) If R[B) C R{A) and R{B*) C R{D*), then 

r{MM'' - M''M) ^2r[A, A*] + 2r[D, D* 



2r{A) - 2r{D). 



(c) (Meyer |9§ , Hartwig and Katz ^ ) M is EP if and only if both A and D are EP, and R{B) C R{A) 

AA^ 
DD'^ 



and R{B*) C R{D*). In that case, MM^ = 



Proof. Follows immediately from Theorem 6.1 by putting M in it. 
Corollary 6.5. Let 



M = 



All 



Al2 
Al2 



Aik 

A2k 



A 



kk 



A,j e c™'^"^- 



6. RANK EQUALITIES FOR A MATRIX AND ITS MOORE-PENROSE INVERSE 



33 



be given. Then M is EP if and only if An, A22 • • • , Ann o,re EP, and 

R{Aj) C R{Au), and R{A*j) C R{A*j), i, j = 1, 

In that case, MM'' = diag( An^j^, A22AI^, y4„„AL )• 
Proof. Follows from Theorem 6.1(a) by putting M in it. 



M = 



□ 

We leave the verification of the following result to the reader. Let A, B ^ C 
" ^ ^ " Then 



B A 



be given, and let 



r{MM^ - M'^M) 

= 2r[A + B, {A + By]+2r[A- B, - B)* ] - 2r( ^ + B ) - 2r( A - B ) 

= r[{A + B){A + B)^ - {A + B)\A + B)]+r[{A- B){A- By - {A- B)''{A- B)]. 

In particular, M is EP if and only if A± B are EP. 

A parallel concept to EP matrices is so-called conjugate EP matrices. A matrix A is said to be conjugate 
EP if R{A) = R{A'^). If matrices considered are real, then EP matrices and conjugate EP matrices are 
identical. Much similar to EP matrices, conjugate EP matrices also have some nice properties. One of the 
basic and nice properties related to a conjugate EP matrix A is AA^ = A'' A (see the series work [Q, |8^ , 
Q, and Q by Meenakshi and Indira). This equality motivates us to find the following results. 



Theorem 6.6. Let A e C' 



In particular. 



be given. Then 



'■{AA'' - A^A) =2r[A, A'^]~2r{A). 



(6.4) 



(a) AA^f = A'lA 4=>r[A, = r{A) ^ R{A) = RiA^), i.e., A is conjugate EP. 

(b) AA^ ~ A^A is nonsingular r [ A, ] = 2r{A) = m ^ R{A) ® R{A^) = C" 



Proof. Since A'' A and A'' A are idempotent, applying (3.1) to AA'' — A^ A, we obtain 

" AA' ' 



"{AA' - A'A] 



A'' A 

A 
A 

A* 
A 



+ r[AAy AfA] - r(AAt) - r{WA) 
+ r[A, At] - 2r{A) 

+ r[A, A*]-2r{A) = 2r[A, A^]^2r{A), 



which is exactly (6.4). The results in Parts (a) and (b) follow immediately from (6.4). 
Corollary 6.7. Let A G C™^", B e C'"^'=, and D e C^""^ be given, and denote M = 



□ 



A B 
D 



Then 



riMM^f - MtM) = 2r 



A A^ B 
B^ D 



2r{M). 



In particular, M is conjugate EP if and only if A and D are con- EP, and R{B) C R{A) and R{B^) C 
R{D^). 

Proof. Follows from Theorem 6.6 by putting M in it. □ 

The work in Theorem 6.1 can be extended to matrix expressions that involve powers of a matrix. 
Theorem 6.8. Let A E C™^™ be given and k be an integer with k > 2. Then 



A* 



+ A*]-2r{A). 



(6.5) 
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In particular, 

(a) r(A'=At- AU*^) =r[A, A 

(b) A'=At = A^'A'' ^r ^ 



2r{A), ifr{A) = r{A^) 
= r[A'', A* 



(c) A^A^ — A^A^ is nonsingular ^ r 



A* 



r{A) ^ R{A'') C R{A*) and R[{A'')*] C R{A). 
= r[A'', A*] = 2r{A) = m <^ r{A'') = r{A) and 



R{A) ® R{A*) C". 

(d) r{A) = r{A^) and A'^A^ = A^A'' ^ A is EP. 

Proof. Writing A'^A'^ - A^A'' = -{{A'^ A)A''-^ - A''-^{AA^) ] and applying Eq. (4.1) to it, we obtain 

A^'A'' 



r{A''A^ - A^A'') = r 



AA^ 
At 



+ r[ A'^At, AtA] - r(AAt) - r(AtA) 



+ r[A^ At] -2r(A) 



A* 



.r[A^ A*]-2r(A), 



as required for (6.5). The results in Parts (a) — (d) follow immediately from (6.5). □ 

^From the result in Theorem 6.8(a) we can extend the concept of EP matrix to power case: A square 
matrix A is said to be k-power-EP if R{A^) C R{A*) and R[{A^)*] C R{A), where fc > 2. It is believed 
that power-EP matrices, as a special type of matrices, might also have some more interesting properties. 
But we do not intend further to discuss powcr-EP matrices and the related topics in this monograph. As 
an exercise, wc leave the verification of the following result to the reader. 



As an application, now we let M 



A B 
B A 



where A, B ^ c'"^™. Then 



= 2r[ (A + B)\ (A + B)*] + 2r[ (A - B)^ (A - B)* ] - 2r( A + B ) - 2r( A - B ) 

= r[(A + B)'=^(A + B)t- (A + B)t(A + B)] + r[(A-B)(A-S)t- (A-S)t(A-S)]. 

In particular, M is /c-power-EP if and only if A ± i? are fc-power-EP. 

In general for any square matrix A and a polynomial p{x), there is 



r[p(A)At - Atp(A)] =r 



+ r[A^ A*]-2r(A), 



(6.6) 



and p(A)At = Atp(A) holds if and only if R\p{A)] C R{A*) and R\p{A)*] C R{A). 

Theorem 6.9. Let A e C™^"* be given and k be an integer with k>2. Then 

j^k 

A^A* 

(b) r[A(A'=)t-(A'=)tA] =2r[A, A* ] - 2r(A), «/r(A) = r(A2). 

A'^A* 



(a) r[A(A'=)t-(A'=)tA] =r 

(b) r[A(A'=)t - (A'=)tA] 

(c) A(A*^)t = (A'=)tA^ r 



+ r[A^, AM*^] -2r(A'=). 
2r(A), ifr{A)=r{A^). 
r[A^ A*A'=] = r(A'=) ^ R{A''] 



i?(A*A'=) and R[{A'' 



R[A{A''Y]. 

(d) // A(A'=)t = (A'=^)tA, then A^A^ = A'^A^. 

(e) r(A) = r(A2) and A{A^y = {A^^ A ^ A is EP. 

Proof. It follows by (2.2) and block elementary operations that 

(A'=)*A'=(A'=)* 


A(A'=)* 

(A'=)*A'=(A'=)* 


A{A^)* 

A'^ 



r[A(A'^)t - (A'=^)tA] 






{A'^Y 




-{A'')*A^{A^Y 


{A^Y'A 


- 2r(A'=^) 


{A^y 







(A^)*A'=-i(A^)* 


{A'^Y 







(A'=)*A 


- 2r(A'=) 


{A^Y 








A^A* 



+ ^[A^ A*A'=]-2r(A'=), 
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establishing Part (a). Parts (b), (c) and (c) follow immediately from Part (a). Combining Part (c) and 
Theorem 6.8(a) yields the implication in Part (d). □ 



Theorem 6.10. Let A e C"^™ be given. Then 
(a) r[A{AA'' - A'fA)- {AAl - A'<A)A]=r 



A* 





2r{A). 



(b) A commutes with AA^ - A^A^ ■ 



A A^ 
A^ 
A* 
A A^ A* ' 
^2 =2r{A). 
A* 

(c) r[A{AA^ -A'^A)-{AA'^ -A'^A)A]=2r[A, A*]- 2r{A), if r{A) = r{A^). 

(d) r{A) = r{A'^) and A commutes with AA^ - A^A 4^ A is EP. 

Proof. Notice that A{ A^t - At A ) - ( AA^ - A^A )A = A^A^ + A^A^ - 2 A. Thus according to (2.2), we 
get 



riA'^A'f +A^A^ -2A) = r 



= r 



A*AA* 


A^A* 

A* A 


A^ 



A* 
A*AA* A*J>? 
A* 2A 



- 2r{A) 



= r 



= r 





-A^ 
-A' 





-A^ 





AA* 
A* 



AA* 
A* 





A* 



A* 
A^ 
2A 

A* 
A^ 
2A 

A* 
-A^ 
2A 



2r{A) 



- 2r{A) 



- 2r{A) 



A A^ A* 
^2 
A* 



- 2r(A), 



establishing Part (a). Parts (b), (c) and (d) are are direct consequences of Part (a). 

Theorem 6.11. Let A e C^x™ ftg given and k be an integer with k > 2. Then 

(a) r[{AA^){A*A) - {A*A){AA'')] ^ 2r[A, A*A^]-2r{A). 

(b) r[ {A^A){AA*) - {AA*)(A^A) ] = 2r' ^ 



□ 



(c) r[ {AA^){A*A)'' - {A*A)''{AA'<) ] 

(d) r[ (At A)(AA*)'= - (AA*)'=(AtA) ] 



A^A* 



- 2r{A). 



2r 



2r{A). 



2r[A, {A*A)''A]-2r{A). 
A 

A{AA*)'' 

(e) AA^ commutes with A* A ^ R{A*A^) C R{A). 

(f) A'<A commutes with AA* ^ R[A{A^)*] C R{A*). 

(g) r[{AA''){A*A) - {A*A){AA'')] = r[{A''A){AA*) - {AA*){A''A)] = 2r[A. A*]-2r{A), if r{A) = 
r{A^). 

(h) r{A) = r{A'^) and AA'^ commutes with A* A ^ r{A) = r{A^) and A'^A commutes with AA* <^ A 
is EP. 

Proof. Notice that both AA^ and A^A are idempotent. The two rank equalities in Parts (a) — (d) can 
trivially be derived from (4.1). The results in Parts (e) — (h) are direct consequences of Parts (a) and (b). 
□ 

Theorem 6.12. Let A G C'"^™ given and k be an integer with k >2. Then 

(a) r{A''A*A - A*AA ) = r[A{A*A} - {A*A)A]. 

(b) riA'tAA* - AAMt ) = r[A{AA*) - {AA*)A]. 

(c) r[A^{A*A)'' - (AM)'=At ] = r[A{A*A)'' - {A*A)''A]. 
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(d) r[At(AA*)'= - {AA*)''A'< ] = r[A{AA*)'' - {AA*)''A]. 

(e) The following statements are equivalent: 

(1) commutes with AA* . 

(2) A'' commutes with A* A. 

(3) A"! commutes with (AA*)''. 

(4) A'^ commutes with {A* A)''. 

(5) ||2| A commutes with AA* . 
A commutes with A* A. 



(6) |42 

(7) 1 42 1 A commutes with {AA*) 



(8) |U2| A commutes with (A* A)''. 

(9) 1421 A is normal, i.e., AA* = A* A. 

Proof. Notice that A'<A*A - A*AA'' =-{A* - A'' A* A). Thus by (2.1) we find that 



iA*~A^A*A) = 



A*AA* 
A* 



A* A* A 
A* 



r{A) 



A*A*A~A*AA* 
A* 



riA) = r{AA*A-A*A^ 



estabhshing Part (a). Similarly we can establish Parts (b) — (c). The equivalence of (1) and (5), (2) and 
(6), (3) and (7), (4) and (8) in Part (c) follow from the four formulas in Parts (a) — (b). The equivalence 



of (5) — (9) in Part (c) were presented in |42 



□ 



A square matrix A is said to be bi-EP, if A and its Moore-Penrose inverse A^ satisfy (AAt)(^'i'yi) = 
{A'' A){AA^). This special type of matrices were examined by Campbell and Meyer j2^, Hartwig and 
Spindelbock [||, Q. 

Just as for EP matrices and conjugate EP matrices, bi-EP matrices can also be characterized by a rank 
equality. 

Theorem 6.13. Let A e C™^™ be given. Then 

(a) r[{AA''){A''A)-{A''A){AA^)] = 2r[A, A*] + 2r{A'^) - 4r{A). 

(b) r[A2- A2(At)2yl2] =r[A, A*]+r{A^)~2r{A). 

(c) r[(AAt)(AtA) - (AtA)(AAt)] = 2r[yl, A*]-2r{A), i/ r(A) = r(A2). 

(d) r[A^ - A'^{A^)^A^]^r[A, A* ] - r(A), i/r(A) r(A2). 

(e) The following four statements are equivalent: 

(1) {AA^){A^A) = {A''A){AA^), i.e., A is bi-EP. 

(2) (At)2 e {(A2)-}. 

(3) r[A, A*] = 2r{A)-r{A^). 

(4) dim[i?(yl) n R{A*)] ^ r(A2^ 



(f) 



A is bi-EP and r{A) = r(A2) ^ A^iA^fA^ = A^ and r{A) = r^A^) <^ A is EP. 



Proof. Note that both AA^ and A^A are Hermitian idempotent and R{A^) = R{A*). We find by (3.29) 
that 

r[(AAt)(AU) - (AU)(AAt)] = 2r[AA^ A'' A] + 2r[{AA''){A^ A)] - 2r{AA'') - 2r{A'' A) 

= 2r[A, A*] + 2r{A^A^)-Ar{A) 
= 2r[A, A*] + 2r{A^)-Ar{A), 

establishing Part (a). Applying (2.8) and then the rank cancellation laws in (1.8) to A^ — A'^{A'')'^A'^, we 
obtain 



r[A^ ~A^{A^fA^ 



A*A* 


A* A A* 





A*AA* 





A*A'^ 





A^A* 


~A^ 


A* A* 


A* A A* 





A* A A* 


A*A^A* 











-A^ 



2r{A) 



2r{A) 
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A*A* 
A* A A* 



A*AA* 
A*A^A* 



+ r{A^) - 2r{A) 



A*A* A*A 
AA* A^ 



+ r{A^) - 2r{A) 



= r{[A, A*]*[A, A*])+r{A^)-2r{A) 
^ r[A, A*]+r{A^)-2r{A), 

as required for Part (b). The equivalence of (1) — (3) in Part (e) follows from the two formulas in Parts 
(a) and (b) The equivalence of (3) and (4) in Part (e) follows from a well-known rank formula r[A, B] = 
r{A)+r{B)-A:im[R{A)nR{B)]. □ 

The above work can also be extended to the conjugate case. 

Theorem 6.14. Let A e C™^™ be given. Then 

r[ {AA'')(AfA) - (AfA){AA^) ] ^ 2r[A, A^ ] + 2r{AA) - 4r(A). 

In particular, 

{AA'<){WA) = {WA){AA^) ^ r[A, A^] = 2r{A) - r{AA). 



Proof. Follows from (3.29) by noticing that both A A'' and A'^A are idempotent. □. 

Based on the above results, a parallel concept to bi-EP matrix now can be introduced: A square matrix 
A is said to be conjugate bi-EP if {AA'^){A^ A) — {A'^ A) {AA'' ) . The properties and applications of this 
special type of matrices remain to further study. 

We next consider rank equalities related to star-dagger matrices. A square matrix A is said to be star- 
dagger if A*A'^ = A^A*. This special type of matrices were well investigated by Hartwig and Spindelbock 
[6^ , and later by Meenakshi and Rajian [ pO[ . 

Theorem 6.15. Let A e C™^™ be given. Then 

(a) r{A*A^ - A^A* ) = r{ AA*A^ - A^A*A). 

(b) r( AA*A'^A - AA^A*A ) ^ r{ AA* A^ - A^A*A ). 

(c) r{A*A^-A^A*) ^r{AA* - A*A), if A is BP. 

(d) The following statements are equivalent (Hartwig and Spindelbock J^/j; 

(1) A* A^ ^ A'^ A* , i.e., A is star- dagger. 

(2) AA*A^A^AA'^A*A. 

(3) AA*A^ ^ A^A*A. 

(e) [p5| A is both BP and star-dagger -i^ A is normal. 



Proof. We find by (2.2) that 

r{A*X^ - A^A* ) = r 



-A*AA* 


A*A* 





A*AA* 
A* 





A* 
A* A* 




2r{A) 



*\2 



{A*Y AA* ~ A* A{A*) 

A 



A* 






A 




-2r{A) = r{AA*A^ - A^A*A), 



as required for Part (a). Similarly we can establish Part (b) by (2.2). The formula in in Part (c) is derived 
from Part (a), and Part (d) is direct consequences of Parts (a) and (b). Part (e) comes from Part (c). 



□ 



As pointed out by Hartwig and Spindelbock |6j|, the class of star-dagger matrices are quite inclusive. 
Normal matrix, partial isometry (i.e., = A*), idempotent matrix, 2-nilpotent matrix, power Hermitian 
matrix (i.e.. A* — A^), and so on are all special cases of star-dagger matrices, this assertion can easily be 
seen from the statement (3) in Theorem 6.15(d). 
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The results in Theorem 6.15 can be extended to general cases. Below are three of them. Their proofs 
are much similar to that of Theorem 6.15 and are, therefore, omitted. 

Theorem 6.16. Let A e C"^™ be given. Then 

(a) r{A*AA*A^ - A''A*AA*) =r[{AA*fA^ - A'^{A*A)^]. 

(b) r[{AA*)^A''A- AA'i{A*A)^] = r[{AA*)'^A'^ - A'^{A*Af]. 

(c) A*AA*A'< = A''A*AA* ^ {AA*fA''A = AA''{A*Af ^ {AA*fA'^ = A'^{A*Af. 

(d) // AMt = A'^A*, then A*AA*A'^ = A''A*AA*. 

Theorem 6.17. Let A e C"*^™ be given and k be an integer with k>2. Then 

(a) r[(yl*)'^At- At(^*)'=] ^r{ AA*A''+'^^A''+^A*A ). 

(b) r[A{A*)''A''A-AA''{A*fA] = r{AA*A''+^-A''+'^A*A). 

(c) (^*)'=At = A^A*)'' ^ A{A*)''A^A = AA^A*)''A <^ AA*A''+'^ = A''+'^A*A. 

(d) = A, or A''+'^ = 0, or AA* = A* A, or AA*A = A, then {A*)''A^ = A^A*)'' holds. 

In general for any square matrix A and a polynomial p{x), there is 

r[p{A*)A^ -A^p{A*)] = r[AA*p{A)A-Ap{A)A*A]. (6.7) 

In particular, p(A*)A'' = A^p(A*) holds if and only if AA*p(A)A = Ap{A)A*A. 

Theorem 6.18. Let A G C™^™ be given and k be an integer with k > 2. Then 

(a) r[ A* {A'')^ - (A^)t A* ] = r[A''{A'')*A''+^ - yl^+i ( A'=)M*^ ]. 

(b) A*{A'')^ = {A'')'fA* <^ = A''+\A'')* A'' . 

Next are several results on ranks of matrix expressions involving powers of the Moore-Penrose inverse 

of a matrix. 

Theorem 6.19. Let A G C"^" be given. Then 

(a) r[Im±A'<]=r{A'^±AA*A)-r{A)+m. 

(b) r[ Im - (At)2 ]=r{A'^+ AA*A ) + r{ A^ - AA* A) - 2r{A) + m. 

(c) r[/„±At] ^ r{A± AA* ) - r{A) + m, if A is EP. 

(d) r[Im - (At)2] = r{A + AA*) +r{A- AA*) - 2r{A) + m, if A is EP. 

(e) r[Im± A^] = r{A± A"^) — r{A) + m, if A is Hermitian. 

(f) r[Im - (A^)^] = r{A + A"^) +r{A- A"^) - 2r{A) +m, if A is Hermitian. 

Proof. By (2.1) we easily obtain 
r{Im-A^) = r 
= r 

and 

r{Im+A^) = r 
= r 

Both of the above are exactly Part (a). Next applying (1.12) to Im — (^^)^ we obtain 

= r{A'^+AA*A)+r{A'^-AA*A)-2r{A)+m, 

establishing Part (b). The results in Parts (c) — (f) follow directly from Parts (a) and (b). □ 

Theorem 6.20. Let A G C™^™ be given. Then 

(a) r[ At ± (ylt)2 ]=r{A'^± AA*A) =r[A± A{A'<)^A]. 



A*AA* A* 

A* Im. 



riA) 



A*AA* - A* A* 

Im 



r{A) = r( AA*A - ) + m - r{A), 



-A*AA* A* 

A* T 
i\ im 

-A*AA* - A* A* 
/„ 



r{A) 



r{A) = r{ AA*A + A^) + m- r{A). 
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(b) r[At - (^t)2] ^r{A- AA*) ^r{A~ A*A), if A is BP. 

(c) r[A^ ± [A'^f] = r{A± A^), if A is Hermitian. 

(d) r[A^ - (At)2] = r(At) - rliA^f], i.e., {A^f <„ A^ ^ r{AA*A-A^) = r{A) - r{A^), i.e., 

(e) {A'^f = At 44> AA*A = A^^A = {AA'^){A'^A) ^ {A^f G {A-}. 

(f) (At)2 = At <^ AA* = A* A = A,ifA is EP. 

(g) (At)2 = At <^ = A, A 15 Hermitian. 

Proof. It follows first from (1.11) that 

r[ At - (At)2 ] = r-( - At ) + r(A) - m, 
r[At + (At)2] =r(7„+At) + r(A)-m. 

Then we have the first two equalities in Part (a) by Theorem 6.15(a). Note that 

A[At±(At)2]A = A±A(At)2A and At[ A ± A(At)2A]At = At ± (At)2. 
It follows that 

r[At±(At)2] =r[A±A(At)2A]. 

Thus we have the second equality in Part (a). Parts (b) — (g) follow from Part (a). □ 

Theorem 6.21. Lei A G C™^™ 6e given. Then 

(a) r[ At - (At)3 ] = r( A^ + AA*A ) + r( A^ - AA* A ) - r(A). 

(b) r[At-(At)3] =r{A + AA*) + r{A- AA*)-r{A), if A is EP. 

(c) r[ At - (At)3 ] = r( A + A2 ) + r( A - A2 ) - r(A) = r{A- A^), if A is Hermitian. 

(d) (At)3 = At ^ r( A^+AA*A ) + r{A^-AA*A) = r(A) <^ R{ AA*A + A^ )nR{ AA* A- A^ ) = {0} 
and R[i AA*A + A^ )*] n i?[( AA* A - A^ )*] = {0}. 

Proof. Applying the rank equality (1.15) to At — (At)^, wo obtain 
r[ At - (At)3 ] = r[ At + (At)^ ] + r[ At - (At)^ ] - r(A). 

Then putting Theorem 6.20(a) in it yields Part (a). The results in Parts (b) — (d) follow all from Part (a). 

□ 

Theorem 6.22. Let A G C™^" be given. Then 

(a) riA'' - A*) =r{A- AA*A). 

(b) riA"! ~ A*AA* ) ^r{A~ AA*AA*A ). 

(c) r[ At - (A'^)* ] = r( A - A'^ A* A ) = r( A - AA* A'^ ). 
In particular, 

(d) At = A* AA*A = A, i.e., A is partial isometry. 

(e) At = A*AA* ^ AA*AA*A = A. 

(f) At = (A'=)* ^ A'=A*A = AA*A'= = A. 

Proof. Follows from (2.1). □ 

Theorem 6.23. Let A G C™^" be idempotent. Then 

(a) r(A- At) = 2r[A, A*]-2r(A). 

(b) r(2A- AAt- AtA) ==2r[A, A*]-2r(A). 

(c) r[{AA'^){AA*) - (AA*)(AAt)] = r[{A^A){A*A) - (A*A)(AtA)] = 2r[A, A*] -2r(A). 

(d) r(At - AAtAtA) =2r[A, A*]-2r(A). 
(c) r{A- AA^A'^A)=r[A, A*]-r(A). 

(f) At commutes with A*. 

(g) At commutes with A*AA*. 

(h) (AA*)2AtA = AA'<A{A*Af. 
In particular. 
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(i) A = At <^ AAt + = 2A^ {AA''){AA*) = {AA*){AA'') ^ {A'fA){A*A) ^ (A* A) (At A) ^ 
At = AAtAt A <^ A = AAtAt A <^ A is Hermitian. 

Proof. Note that A, At e A{2} when A is idempotent. Thus we have by (5.1) that 



;A-At) 



A 
At 

A 
A* 



+ r[A, At] -r(A) -r(At) 

+ r[A, A*]-2r(A) =2r[A, A*]-2r(A), 



estabhshing Part (a). Part (b) foUows from Theorem 6.10(c), Part (c) foUows from Theorem 6.11(c), and 
Parts (d) and (e) follow from Theorem 6.13(a) and (b). Parts (f) — (h) follow from Theorems 6.15 and 
6.16. Part (i) is a direct consequence of Parts (a) — (e). □ 

Theorem 6.24. Let A e C™""™ be tripotent, that is, A^ = A. Then 

(a) r(A- At) 2r[A, A*]-2r(A). 

(b) r(A2At - AtA2) = 2r[A, A*]-2r(A). 

(c) r[A(A2)t _ (A2)tA] = 2r[A, A*]-2r(A). 

(d) r [ A( AAt - At A ) - ( AAt - At A ) A ] = 2r [ A, A*]- 2r(A) . 

(e) r[(AAt)(AA*) - (AA*)(AAt)] = 2r[A, A*]-2r(A). 

(f) r[{A^A){A*A) - (A*A)(AtA)] = 2r[A, A*] - 2r(A). 

(g) r[(AAt)(AtA) - (AtA)(AAt)] = 2r[A, A*]-2r(A). 

(h) rlA"^ - A^A^fA^]^r[A, A*]-r{A). 

(i) (A*)2At = At(A*)2. 

(j) The following nine statements are equivalent: 

(1) A = At. 

(2) A^At = AtA2. 

(3) A(A2)t = (A2)tA. 

(4) A( AAt _ A'fA ) = ( AAt - a^A )A. 

(5) (AAt)(AA*) = (AA*)(AAt). 

(6) (AtA)(A*A) = (A*A)(AtA). 

(7) (AAt)(AtA) ^ (AtA)(AAt). 

(8) A2 = A2(At)2A2. 

(9) i?(A) = i?(A*), i.e., A is EP. 

Proof. Note that A, At e A{2} when A is tripotent. Thus we have by (5.1) that 



r(A- At) 



A 

At 

A 
A* 



+ r[A, At] -r(A) -r(At) 

+ r[A, A*]-2r(A) =2r[A, A*]-2r(A), 



establishing Part (a). Parts (b) — (h) follow respectively from (6.5), Theorem 6.9(b), Theorem 6.10(c), 
Theorem 6.11(e), and Theorem 6.13(a) and (b). Part (i) follows from Theorem 6.17(d). Part (j) is a direct 
consequence of Parts (a) — (h). □ 



The following result is motivated by a problem of Rao and Mitra [ 118 on the nonsingularity of a matrix 
of the form / + A - At A. 

Theorem 6.25. Let A e C™^™ and 1 ^ X e C be given. Then 

(a) r{ Ira + A - At A ) = r( /„, + A - AAt ) = ^(A^) - r(A) + m. 

(b) r( /™ - A - At A ) = r( - A - AAt ) = ^(^2) _ ^j^) ^ ^ 

(c) r{ XI,n + A - AtA ) = r( A/„ + A - AAt ) = r[ ( A - 1 )/„ + A]. 

(d) r( |J.I„^ - A ) = r( + /,„ - A - At A ) = r( /i/„, + /,„ - A - AAt )^ ^uhen /i ^ 0. 

(e) [|ll8| Im + A — A'' A is nonsingular <^ /„i + A — AAt nonsingular <^ r(A^) — r(A). 
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Proof. Applying (2.1) and then (1.8), we find that 
r{I^ + A-A^A 





r A*AA* A* A 




= r 


A* I-ni 


+ A 




■ AA* A 






= r 


A* Im+A 






A 






= r 


A A IjYi 




r 




■ A^A* 






= r 


Im 




r{ 



-r{A) 
r{A) 



By symmetry, we also get r{Im+ A — AA^ ) = m + r{A'^) — r{A). Both of them are the result in Part (a). 
Replace A by —A to yield Part (b). Part (c) is derived by (2.1) and (1.11). Replace A by /i+ 1 in Part (c) 
to yield Part (d). Part (e) is a direct consequence of Part (a). □ 

The result in Theorem 6.26(d) reveals an interesting fact that a square matrix A has the same nonzero 
eigenvalues as the matrix A + A^A — Im (or A + AA^ — Im) has. Of course, this result is trivial when A is 
nonsingular. 

Theorem 6.26. Let A e C™^™ he given. Then 

(a) r{Im +A^ - A'^A) = r{Ln + A'^ - A^t ) = r{A''+^) - r{A) + m. 

(b) r( Im-A''- A'' A ) = r( - A*^ - AAt ) = r{A''+^) - r(A) + m. 

(c) Im + A'^ — A^ A is nonsingular Im + A'^ — AA^ is nonsingular Im, — A'^ — A^A is nonsingular 
^ Im - A^ - AA'^ is nonsingular ^ r(A''+^) = r{A), i.e., r{A) = r{A'^). 

(d) r( /„, +A''- A^A ) = m - r{A) ^ A''+^ = 0. 

Proof. We only show the first equality in Part (a). Applying (2.1) and then (1.8), we find that 



r{Im + A''-A^A) = 



= r 



A* A A* 
A* 

AA* 
A* I 



-A'^A* 

Ak+^A* 




A* A 

Im+A'' 

A 

A 







-riA) 
-r{A) 

riA) 

r{A) =m + r{A''+'^)-r{A). 



□ 



The rank equalities in Theorem 6.26 are still valid when replacing the Moore-Penrose inverse of A by 
any inner inverse A~ of A. We shall prove this in Chapter 23. 

Theorem 6.27. Let A e C™^™ be given. Then 

(a) r( Im - AA'' - A'fA ) = 2r{A^) - 2r(A) + m. 

(b) Im - AA^ - A^A is nonsingular ^ r(A2) = r{A). 

(c) AA^ + A^A = Im <^ m is even, r{A) = m/2 and A^ = 0. 

Proof. Apply (3.8) to Im - AA^ - A^A to yield 



r{Im- AA^ - A'lA) = r{AA^A^A)+r{A^AAA^) 
= 2r{A^) - 2r{A) + m, 



"(AA^) - riA'' A) + m 



as required in Part (a). Part (b) is obvious from Part (a). According to the rank formula in Part (a), the 
equality AA^ + A^A = Im holds if and only if 2r{A'^) — 2r{A) + m = 0. This rank equality implies that m 
must be even and r{A^) — r{A) — m/2. Contracting this rank equality with the Probenius rank inequality 
r(^2) > 2r(A) - m, we get Part (c). □ 



Chapter 7 



Rank equalities for matrices and 
their Moore-Penrose inverses 



We consider in this chapter ranks of various matrix expressions that involve two or more matrices and 
their Moore-Penrose inverses, and present their various consequences, which can reveal a series of intrinsic 
properties related to Moore-Penrose inverses of matrices. Most of the results obtained in this chapter are 
new and are not considered before. 

Theorem 7.1. Let A, B e C™^™ be given. Then 
(a) The rank of AA^B - BA^A satisfies 



r{AA''B-BA^A)=^ 



A 
A*B 



+ r[A, BA*]-2r{A). 



(7.1) 



(b) AA^B = BA^A^' 



A 
A*B 



= r[A, BA* ] = r{A) <^ R{BA*) C R{A) and R{B* A) C R{A*). 



(c) AA'^B — BA'^A is nonsingular r 



A 
A*B 



= r[A, BA* ] = 2r{A) = m ^ R{A) ® R{BA*) = 



and R{AB*) = R{A) <^ R{A*) ® R{B*A) = and R{A*B) = R{A*). 
Proof. Note that AA^ and A^A are idempotent and R{A^) = R{A*). We have by Eq. (4.1) that 



riAA'iB-BA^A) 



AA'^B 
A'^A 

A'^B 
A 

A*B 
A 



+ r[ BA'^A, AA^ ] - r{AA^) - r{A^ A) 
r\BA\ A\-2r{A) 



^r\BA\ A\-1r{A), 



establishing (7.1). The results in Parts (b) and (c) follow from it. □ 

Clearly the results in Theorems 6.1 and 6.7 are special cases of the above theorem. 



Theorem 7.2. Let A e C™^", B e C™^'= and C e C'^" he given. Then 
(a) r{AA^ -BB'^)=2r\A, B] ~ r{A) - r{B). 

r{A)-r{C). 



C 



(b) r{A'<A-C^C) = 2r 

(c) r{AA^ + BB"! ) = r[i, B], that is, i?(AAt + BB^i ) = R[A, B] 



(d) r{A^A + CW) = r 



A 
C 



that is, R{A^A + C^C) = R[A*, C* 



In particular, 

(e) AAt = BBt <^ R(^A) = R{B). 
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(f) A^A = etc ^ R{A*) = R(C*). 

(g) r( AAt - BBt ) = r(AAt) - r(S5t) 44> C R{A). 

(h) r( yl'^^ - C^C' ) = r-(yltyl) - r(CtC) <^ i2(C*) C 

A, B]= r{A) + r{B) = m <^ R{A) ® R{B) = C". 

^ =r(A)+r(C)=n<^i?(A*)ei?(C*)=C". 



(i) r( AAt - SBt ) = m r 
(j) r(AtA-CtC) = n<^r 



Proof. Note that AA^, A^A, BB\ and C^C are all idempotent. Thus we can easily derive by (3.1) and 
(3.12) the four rank equalities in Parts (a) — (d). The results in Parts (e) — (j) are direct consequences of 

Parts (a) and (b). □ 

Theorem 7.3. Let A e C"^", B G C''^"' be given. Then 

r{AA^B^B-B^BAA^) = 2r[A, B*] + 2r{BA) - 2r{A) - 2r{B). (7.2) 
In particular 

{AA'i){B^B) = {B^B){AA^) <^ r[A, B*]= r{A) + r{B) - r{BA) ^ 6hD[R{A) n R{B*)] = r{BA). (7.3) 

Proof. Note that AA\ A'' A, BB\ and B^^B are Hermitian idempotent. Thus we find by (3.29) that 

r[{AA'^){B'^ B) - {B^^ B){AA'^)] = 2r\AA\ B'^B\\2r\{AA^){B^B)\-2r{AA^) -2r{B^B) 

= 2r[A, B* ] + 2r{BA) - 2r{A) - 2r{B), 

as required for (7.2). The result in (7.3) is a direct consequence of (7.2). □ 

Replace B by B* in (7.2) to yield an alternative formula 

r( AA^BB^ - BB^AA^f ) = 2r[A, B] + 2r{B*A) - 2r{A) - 2r{B). (7.4) 

Some interesting consequences can be derived from (7.2) and (7.4). For example, let S = — ^4 in (7.2). 
Then we get by (1.11) 

r[AA\lra - A)^il^ -A)- (7„ - A)t(/„ - A)AA^] 
= 2r[A, I^-A*] + 2r{A - A^) - 2r{A) - 2r(/„ - A) 
= 2r[A, I^- A*]-2m <0. 

Because the rank of a matrix is nonnegative, the above inequality in fact implies that r[A, 1^ — A* ] = m 
and AA^ commutes with (/„ — ^)^(-fm — ^) for any square matrix A. Based on this result, one can easily 

sec that AA^ also commutes with {Xlm — A)^{XIm — A) for any A 7^ 0. However, it is curious that AA^ 
does not commute with (/„ — A){Im — A)^ in general. In fact, we find by (7.4) that 

r[AA\lrn - A){Ira - A)^ - (/„ - A)(/„ - A)^ AA^ ] 
= 2r[A, Im-A]+ 2r{A - A* A) - 2r{A) - 2r(/„ - A) 
= 2m + 2r{A - A* A) - 2r{A) - 2r(7„ - A) 
= 2r{A - A* A) - 2r{A - A^). 

Thus AA^ commutes with (7„ - A){I„i - A)t if and only if r{A - A* A) = r{A - A^). 
Next replacing A and B by Im + A and — A in (7.2), respectively, we can get 

r[ (J„ + A)(/„ + A)Hlrn - A)t(7„ -A)- (J™ - A)HLn - A){Im + A)(7„ + A)^ ] 
= 2r[7„ +A, Im-A*] + 2r(/„ - A^) - 2r(7„ + A) - 2r(7„ - A) 
= 2r[7„ + A, 7„ - A* ] - 2m < 0. 

This inequality implies that r[Im+A, Im—A* ] = m and {Im+A){Im+A)^ commutes with {1^— A)^ {1^— A) 
for any square matrix A. By (7.4) we also find that 

r[ {Im + A){Im + A)t(7„ - A){Im - A)^ - (7„ - ^)(7„ - ^)t(7„ + ^)(7„ + A)^ ] 
= 2r[7„ + ^, 7„ - A] + 2r[(7„ - A*)(7„ + A) - 2r(7„ + A) - 2r(7„ - A) 

= 2m + 2r[{Im - A*){I„, + A)] - 2r(7„,, + A) - 2r(7„ - A) 
= 2r[{Im - A*){Im + A)] - 2r(7„ - A^). 
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Thus {I,n + A)(Ijn + A)'i commutes with (/,„ - A)t if and only if r[(/„-^*)(/„ + A)] = r{I,n-A'^). 

A general result is that for any two polynomials p{X) and q(X) without common roots, we have according 
to (7.2) and (1.17) 

r[p{A)p^{A)qHA)q{A) - {A)q{A)p{A)pHA)] 

= 2r[piA), qiA*) ] + 2r\p{A)q{A)] - 2r\p{A)] - 2r[q{A)] 

= 2r[p{A), q{A*)]-2m<0. 

This implies that r[p{A), q{A*)] = m and \p{A)p^ {A)][q'^ {A)q{A)] = [q\A)q{A)\\p{A)p^ {A)], that is, 
p{A)p^[A) commutes with q'^[A)q[A). On the other hand, the fact r[p{A), q{A*)] = m can also alterna- 
tively be stated that the for any square matrix A and any two polynomials p{X) and g(A) without common 
roots the Hermitian matrix p{A)p{A*) + q{A*)q{A) is always positive definite. 



A 
C 



can be expressed as 



Observe that the Moore-Penrose inverses of [ A, B] and 
[A, B]t = [A B]*{[A, B][A, B]*)^ = 

= [{A*A + C*C)'^A*, {A*A + C*C)^C*]. 



A 
C 



' A ' 




■ A ' 


* 


■ A ' 


1 


■ A ' 


C 


'-{ 


C 




C 




C 



A*{AA'' + BB*y 
B*{AA* + BB*y 



Based on the two expressions we can find a series of rank equalities related to [ A, B] and 

consequences. 

Theorem 7.4. Let A G C™^", B G C*=^'" he given. Then 

(a) r[AA*{AA* +BB*yA- A\=r{A)+r{B)-r[A, B]. 

(b) r[AA^{AA'^ +BB^)'iA- A]=r{A)+r{B)^r[A, B]. 

A 



and their 



(c) r[A{A*A + C*CyA*A- A]=r{A)+r{C)-r 

(d) r[A{A^A + C^^C)''A'^A-A]=r{A)+r{C)~r 

(e) r[A*{AA* +BB*yB]=r{A)+r{B)-r[A, B 

(f) r[At(AAt+BBt)tB] =r(yl)+r(B)-r[A B]. 

(g) r[A{A*A + C*C)''C*]=r{A)+r{C)- ^ ^ 



C 
A 
C 



(h) r[A{A^A + C^C)'^C'^]=r{A)+r{C)-r 



C 
A 
C 



(i) The following fi,ve statements are equivalent: 

(1) AA*{AA* + BB* )^A = A. 

(2) Aylt( AAt + BBt )tA = A. 

(3) A*{AA* + BB*)'^B = 0. 

(4) A\AA^ +BB'iyB = Q. 

(5) r[A, B]=r{A)+r{B), i.e., R{A) n R{B) -- 
(j) The following five statements are equivalent: 

(1) A{ A* A + C*C yA*A = A. 

(2) A{ A'' A + C'^C )Ut A = A. 

(3) A(A*A^C*CyC* = 0. 

(4) ^(At^ + c'tc)tct ^ 0. 

^ r{A) + r(C) i.e., R{A*) n R{C*) 



{0}. 



(5) 



C 



{0}. 



Proof. We only show Parts (a) and (b). Note that R{A) C R{AA* + BB* ). Thus we find by (1.7) that 



r[AA*{AA* +BB*yA- A] 



AA* + BB* 
AA* 



A 
A 



■r{AA* +BB*) 
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BB* 
A 



r[A, B]=r{A)+r{B)-r[A, B], 



as required for Part (a). Similarly 

r[AA^AA^ + BB^ ^A-A] 



AA'f + BB'' A 
AA^ A 

BB^ 
A 



-riAA^^ +BB^) 
r[A, B]=r{A)+r{B)-r[A, B], 



as required for Part (b). □ 

Theorem 7.5. Let A e C™^", B e C™^'^ and C e C'^" be given. Then 
(a) The rank ofBB^A - AC'^C satisfies 



r{BB''A-AC^C) =r 



B*A 
C 



(b) BB'<A = AC'fC 



R{C* 



B*A 
C 



+ r[AC*, B]-r{B)-r{C). 
r{C) and r[ AC* , B]=r{B)-^ R{AC* ) C R{B) and R{A*B) C 



(c) BB^A — AC'^C is nonsingular r 



B*A 
C 



r[AC*, B] = r{B) + r(C) = m. 



Proof. Follows from (4.1) by noticing that both BB^ and C^C are idempotent. □ 

It is well known that the matrix equation BXC = ^ is solvable if and only if BB^AC^C = A. This 
leads us to consider the rank oi A — BB'^ AC^C. 



(7.5) 

(7.6) 
(7.7) 



Theorem 7.6. Let A e C"^", B e C"^*^ 


and C eC 


be given. Then 




A 


AC* B ' 




r{A- BB^fAC^fC) = r 


B*A 





- r{B) - r{C), 




C 








and 



r{2A- BB^A- AC^'C) 



A AC* B 
B*A 
COO 



- r{B) - r{C). 



In particular, 

BB''AC^C = A^BB''A + AC''C = 2A^R{A)CR{B) and R{A*) C R{C*). 
Proof. Applying (2.8) and the rank cancellation law (1.8) to A — BB^AC^C produces 

r{A- BB^AC^C) 

' B*AC* B*BB* ' 
C*CC* c*c 
BB* -A 

B*AC* B*B " 

CC* c 
B -A 



- r(B) - r{C) 
r{B) - r(C) = r 



B*A 

c 

AC* B -A 



^r{B)-r{C), 



as required for (7.5). In the same way we can show (7.6). The result in (7.7) is well known. □ 

Then 



Theorem 7.7. Let A e C™^", B e C™^'^ and C e C'^" be given, and let M = 

r{A- BB^'A - AC+C ) = r(M) + r{CA*B) - r{B) - r(C) 



A B 
C 



(7.8) 
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that is, the block matrix M satisfies the rank equality 

r{M) = r{B) + r(C) - r{CA*B) +r{A- BB^A - AC^C). 
Proof. Applying (2.2) and (1.8) to A- BB'iA - AC'^C yields 



(7.9) 



r{A-BB'^A- A&C) 



= r 



B*BB* B*A 

c*cc* c*c 

BB* AC* A 

B*B B*A 
CC* C 

B AC* A 



-B*AC* 
C 
B Q A 



~r{B)-r{C) 
-r{B)-r{C) 

- r{B) - r{C) 



A B 
C 



riB*AC*)-r{B)-r{C), 



as required for (7.8). □ 

Theorem 7.8. Let A e C™^", B e C'"^'^ and C e C'^" he given, and let M : 
(a) The rank of A - A{EbAFc)'^ A satisfies 

r[A- A{EbAFc)'^A] = r{A) + r{B) + r{C) - r{M), 



A B 
C 



Then 



that is, 



A B 
C 



r{A) + r{B) + r{C) -r[A- A{EbAFc)^ A], 



(7.10) 
(7.11) 



where Eg ^ I - BB^i and Fc = I - C^C. 

(b) In particular, 

(EbAFc)^ e {A-} 
holds if and only if 

r{M) =r(A) +r{B) +r{C), i.e., R{A) n R{B) = {0} and RiA* ) n R{C* ) = {0} . 

(c) r[A- A{EBAyA]=r{A)+r{B)-r[A, B]. 

(d) r [ A - AiAFc^A] ^ r{A) + r{C) ~ r ^ 



(7.12) 
(7.13) 



(e) A{EbA)''A = A<^r 

(f) A{AFc)''A = A^r 



A, B 
■ A 
C 



c 

]=r{A)+r{B), i.e., R{A) n R{B) = {0} . 
= r{A)+r{C), i.e., R{A*) n R{C*) = {0}. 



Proof. Let N = EbAFq. Then it is easy to verify that N*NN* = N*AN*. In that case, applying (2.1), 
and then (1.2) and (1.3) to ^ - A{EbAFc)^A yields 



r[A- A{EBAFc)''A]=r[A- AN^A] = 



N*NN* N*A 
AN* A 

N*NN* - N*AN* 




r(M) 




A 



r{N) 




A 



r{N) 



= r{A)-r{N)=r{A)+r{B)+r{C)-r{M), 
as required for (7.10). The equivalence of (7.12) and (7.13) follows immediately from (7.11). □ 
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It is known that for any B and C, the matrix {EbAFcY is always an outer inverse of A (GreviUe [^). 
Thus the rank formula (7.11) can also be derived from (5.6). 

In the remainder of this chapter, we establish various rank equalities related to ranks of Moore-Penrose 
inverses of block matrices, and then present their consequences. 



Theorem 7.9. Let A e C'"^". B e C'"^*-' and C G C'^" he given. Then 

^ = r[AA*B, BB*A]. 



(a) r( [A, S]t 
it 



(b) r 

(c) r 



A 
C 



St 
A\ Ct 





■ AC*C ' 




CA*A 



[A, i3]t[A, B]- 



A^ 
St 





■ A ' 




■ A ' 


t 


■ A ' 




C 




C 




C 



[A, B] ] = r[AA*B, BB*A]. 
At, Ctl 



AC*C 
CA*A 



In particular, 
(e) [A 5]t 

t 



At 
St 



(f) 



A 
C 



[A, B]T[A, B] 

[At, Ct] ^ 



At 
St 



" A ■ 




■ A ■ 


t 


■ A " 


C 




C 




C 



[A, B] ^ A*S = 0. 
[At, Ct] ^CA* ==0. 



Proof. Let Af = [A, B]. Then it follows by (2.7) that 



r{ [A, S]t- 



At 
St 



At 



St 



M*MM* 



A* 
B* 





A*AA 


A* ■ 







B*BB 




Af* 
A* 
B* 

■ ■ 





r{M) - r{A) - r{B) 





' -M*MM* 








M* 




-A*AA* 








A* 


r 


-B*BB* 








B* 







A* 
















B* 







" M*MM* 


M* ' 






r 


A*AA* 


A* 


— r 


(M) 




B*BB* 


B* 







r(M) - r(A) - r(S) 



MM*M AA*A BB*B 
M A B 



r{M) 



AA*A - MM*A - MM*B 

MO 



r(M) 



'•[AA*A-MM*A, BB*B - MM*B]=r[AA*B, BB*A], 



as required in Part (a). Similarly, we can show Parts (b), (c) and (d). The results in Parts (e) and (f) 
follow immediately from Parts (a) — (d). □ 



A general result is given below, the proof is omitted. 
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Theorem 7.10. Let A = [Ai, A2, ■ ■ ■ , Ak] € C™""" be given, and denote M 



4 



Then 



r{A^ -M)=r{A^A-MA) = r[NiN*Ai, TVs ^2* ^2, • • • , NkN;^Ak], 
where Ni = [Ai, • • • , Ai+i, ■ ■ ■ , Ak], i = 1, 2, ■ ■ ■ , k. In particular, 

At = M ^ = ma ^ AiA* = for all i ^ j. 

it 

= [Hi, H2]. We next consider the relationships between A and 



(7.14) 
(7.15) 



G2 



and 



A 
C 



Let [A, B]t = 
Gi, A and Hi. 

Theorem 7.11. Let A e C™^", S e C"^'= and C G C'^" &e given. Then 
(a) r(At-[/„, 0][A, B]t)=r(i?t-[0, B]t)=r(A*B). 



(b) r At 



A 

C 



it 







A 
C 



it 





II 



= r{CA*). 



(c) r(AAt-[A, 0][A, B]t ) = r(BBt _ [0, B][A, B]t)=r(A*B). 

t 



(d) r At A - 



A 
C 



A 




etc- 



" A ■ 


t 


" 


C 




c 



r{CA*). 



In particular, 

(e) [Im, 0][A, B]t = At ^ [0, Ik][A, B]t = St ^ [A, 0][A, B]t = AAt ^ [0, B][A, B]t 
StB<^ A*B = 0. 



(f) 



A 
C 







etc <^ CA* = 0. 



At <^ 



A 
C 





II 



ct <^ 



A 

c 



A 




AtA <^ 



" A ■ 


t 


" 


C 




c 



Proof. Wc only prove Parts (a) and (c). Let M = [A, B]. Then it follows by (2.7), (1.8) and block 

elementary operations of matrices that 



r(At-[7„, 0]Mt) = r 



= r 



-A*AA* A* 

M*MM* M* 

A* [Im, 0]M* 

A*AA* -A*MM* A' 
M 

A* A* 

-A*BB* A* 
M* 

A* 



- r(A) - r(M) 

r(A) - r(M) 
r(A) - r(M) = r(A*BS*) = r{A*B), 



establishing the first equality in Part (a). Similarly 
r(AAt - [A, 0]Mt) = r 



= r 



= r 



-A*AA* A* 

M*MM* M* 
AA* [A, 0]M* 

A*A -A*MM* A* 
M* 

A AA* 



-A*AA* + A* MM* A* 
M* 

A* 



r(A) - r(M) 
r(A) - r(M) 

- r(A) - r(M) 



A*BB* A* 

A* 

B* 

A* 



r(A) - r(M) = r(A*BB*) = r{A*B), 
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establishing the first cquahty in Part (c). □ 

Theorem 7.12. Let A e C"^", B e C'"^'= and C G C'^" be given. Then 



(a) ri [A, B][A, B]t - ( A^t + BSt ) ) = r[ A, B] + 2r{A* B) - r{A) - r{B). 

A 
C 





■ A ' 


t 


■ A ' 




C 




C 



(b) r 

In particular, 

(c) [A, B]t = ylylt + B^t <^ A*B = Q^[A, S]t = 



+ 2r(Cy4*)-r(A)-r(C). 



At 
St 



(d) 



" A " 


t 




C 




C 



A^A + etc <^ CA* = <^ 



A 
C 



it 



[At, ct; 



Proof. Let M = [ A, B]. Then it follows by (2.7), (1.8) and block elementary operations of matrices that 

r(MMt - AAt -Bfit) 



-M*MM* 

A*AA* 

B*BB* 

MM* AA* BB* 

-M*M M* " 

A*A A* 

S*B B* 

M A B Q 

A* 



A*A A*B A*A A* 

B*A B*B B*S B* 

A B A B 

A* " 

OB* 



-B*A 

A B Q 



M* 
A* 
B* 




- r(M) - r{A) - r{B) 



r{M) - r{A) - r{B) 



-{M) - r{A) - r{B) 



- r{M) - r{A) - r{B) 



= r{M)+2r{A*B)-r{A)-r{B), 
as required in Part (a). In the same way, we can show Part (b). We know from Part (a) that 

MMt ^ AA^ + BB^ ^r[A, B] =r{A)+r{B) - 2r{A*B). 
On the other hand, observe from (1.2) that 

r[A, B] = r{A)+r(B - AA'^B) 

> r(A) +r(B) -r(AAtB) 
= r{A) + riB) - r{A* B) 

> r{A)+r{B)-2r{A*B). 

Thus (7.16) is also equivalent to A*B = 0. In the similar manner, we can show Part (d). 

A general result is given below, the proof is omitted. 
Corollary 7.13. Let A = [Ai, A2, ■ ■ ■ , Ak] e C™^" be given. Then 





(7.16) 



□ 



r[AA^ -{AiA\ + --- + AkAl )] 



AIA2 
A*2Ai 

AlA, AIA2 



AlAk 



+ r{A)-r{Ai) 



■riAk). (7.17) 
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In particular, 



AA^i = AiA\ + ■■■ + AkAl ^ A*Aj = 0, for all i ^ j. 



(7.18) 



Theorem 7.14. Lei A e C™^", B G C"'"''' and C e C^'''' be given. Then 



(a)r [A, B]t 



= r(A)+r(B)-r[A B]. 





■ A ' 




C 



t 



-[(AFc)t, (CF^)t] =r{A)+riC)-r 



A 
C 



In particular, 

(c) [A, S]t = 

t 



{EbAY 



^r[A, B]=r{A)+r{B), i.e., R{A) n R{B) = {0} . 



(d) 



A 
C 



= [{AFcV, {CFAVj^r 



A 
C 



r(A)+r(C), i.e., R(A*) D R{C*) = {0}. 



Proof. Let M = [A, B]. Then it follows by (2.7) and (1.8) and block elementary operations of matrices 
that 



[A, B]t 



(EbA)^ 
[EaB)^ 



r[ [A, S]t- 

-M*MM- 




{EbA)^ 



{EaB)^ 







M* 
{EbAY{EbA){EbAY (^5^1)* 

{EaBY{EaB){EaBY {EaBY 












- ^* ■ 




■ (EbAY ' 


B* 








= r 



{EaBY 

-r{M) - r{EBA) - r{EAB) 

' -M*MM* M* 

{EbAYA{EbAY {EbA) 

{EaBYB{EaBY {EaB) 

A* {EbAY 

B* (-E^S)* 

r(M) - r(£;BA) - r{EAB) 

M*A(i;BA)* M*B{EaBY M* 

(i;B^)M(FsA)* (Ss^l)* 

{EaBYB{EaBY {EaBY 

A* 

B* 

M*A{EbAY M*B{EaBY m* 
{EbAYA{EbAY {EbAY 

{EaBYB{EaBY [EaBY 

■ M* " 

{EbAY - r{EBA) - r{EAB) 
_ {EaBY _ 
= r[M, EbA, EaB] - r{EBA) - r{EAB) 
= r[A, B]-r{EBA)-r{EAB)=r{A)+r{B)-r[A, B], 

as required for Part (a). Similarly, we can show Part (b). The results in Parts (c) and (d) follow immediately 
from Parts (a) and (b). □ 

A general result is given below, its proof is much similar to that of Theorem 7.14 and is, therefore, 
omitted. 



(M) - r{EBA) - r{EAB) 



r{EBA) - r{EAB) 
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Theorem 7.15. Let A = [Ai, Aa, • • • , A^] e C"^" be given. Then 



I 



{Ax, A2, Afc]t - 



V 



(En.A,)^ 
{EN,A2y 



J 



= r{Ai) + r{A2) + ■■■+ r{Ak) - r{A), 



(7.19) 



{EN.AkV 

where Ni = [Ai, Aj+i,---, Ak], i — 1, 2, k. In particular, 



[Ai, A2, AkY = 



(En.Ai)^ 
(En^A^V 

(EN.Ak)^ _ 



r{A) = r{Ai) + r{A2) + ■■■ + r{Ak) 



(7.20) 



Theorem 7.16. Let A e C'"^^", B e C™^^'^ and C e C'^" he given. Then 
(a) r{[A, B][A, B\< - A{EbA)^ - B{EaB)'<) = r{A) + r{B) - r[A, B]. 

A 

In particular, 

(c) [A, B]\A, B\^ =A{EbA)^ + A{EaB)'< ^R{A)r\R{B) = {Q}. 



(b) 





■ A ' 


t 


■ A ' 




C 




C 



{AFc)^A - {CFa^C = r{A) + r(C) 



(d) 



" A ' 


t 


■ A ' 


C 




C 



^ (AFc)U + {CFa)^C ^ R{A*) n R{C*) = {0}. 



The proof of Theorem 7.16 is much similar to that of Theorem 7.14 and is, therefore, omitted. 

Theorem 7.17. Lei A e C"^", B G C"^'' anrf C G C'^" be given. Then 

A^A 

B^B 
{EbA)^{EbA) 


AA'f 



(a) rl^[A, B]^[A, B]- 

(b) r([A, B]^A, B] 



= r{A)+r{B) -r[A, B]. 




(c) r| 

(d) r 
In particular, 

(e) [A, S]t[A, B] 



' A ' 




' A ' 


t 


C 




. C 




' A ' 




" A ' 


t 


C _ 




C 





cct 

iAFc)iAFcV 




{EaB)\EaB) 
r{A) + r(C) - r 





r{A)+r{B)-r[A, B]. 



A 
C 



AtA 
B'^B 



{CFaKCFaV 

^ [A, B]T[A, B] 



r{A) + r(C) - r 

{EbA)^EbA) 




A 
C 





{EaB)^{EaB) 



R{A} n R{B) 


= {0}. 




(f) 




■ A ' 


t 


" AA^ 


[c] 


C 




cct 


R{C*) 


= {0}. 











■ A ' 




■ A " 


t 




C 




C 





(AFc)(AFc)t 

{CFa){CFa)^ 



<^ i?(A*)n 



Proof. Let M = [A, B] and A/' 

r([A, B]^[A, B]- 



A 
B 



AtA 
B^B 



. Then we find by Theorem 7.2(b) that 

^ = r{M^M - N^N) 

- r{M) - r{N) 



= 2r 



2r 



M 
N 

A B 
A 

B 

= r{A)+r{B)-r[A, B 



r[A, B]-r{A)-r{B) 
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as required for Part (a). Similarly we can show Parts (b) — (d). Parts (e) and (f) are direct consequences 

of Parts (a) and (b). □ 

A general result is given below, and its proof is omitted. 
Corollary 7.18. Let A = [Ai, A2, ■ ■ ■ , A,,] e C™^" be given. Then 



r[AU-diag(4Ai, 4^2, AlAk)]=r{Ai)+r{A2) + ---+r{Ak)-r{A). 

In particular, 

AU = diag(4Ai, 4^2, AlAk)^r{A)=r{Ai) + r{A2) + ---+r{Ak). 



(7.21) 
(7.22) 



Theorem 7.19. Let A e C"^", B eC"'''"' and C e C'^" be given, and let M 

= r{A)+r{B)+r{C)-r{M), 



A B 
C 



Then 



r(^A-{A,0]M^ ^ 
or alternatively 

r{M) = r{A) + r{B) + r(C) - r { A - [A, OjU"^ 
In particular, 



A 




A[In, 0] 



" A 


B ' 


t 




C 











A = A 



holds if and only if 

r{M)=r{A)+r{B)+r{C), i.e., R{A) n R{B) = {0} and R{A*) n R{C*) = {0}. 



(7.23) 
(7.24) 

(7.25) 
(7.26) 



Proof. It follows by (2.1) that 
r ( A-[A, 0]Mt 



M*MM* M* 
[A, 0]M* 

M*MM* - M* 



A 


4 

/ " 








r(M) 



A[I, 0]M* 
A 



"(M) 



r M* 



B 
C 

BB*A + AC*C BB*B 

CC*C 

r{A) + r{B) + r{C) - r{M), 



M* ] + r{A) - r{M) 

+ r{A) - r{M) 



as required for (7.23). □ 

Theorem 7.20. Let A e C™^", B e C™^'^ and C e C'^" be given, and let M 



A B 
C 



Then 



r\^{EBAFc)^ -[Ir,, 0]Mt 
or alternatively 







■ A ' 







C 



+ r[A, B]+r{B)+r{C)-2r{M), 



r{M) = 



A 
C 



+ \r[A, B] + \r{B) + \r{C) - \r ({EbAFc)^ - [7„, 0]Mt 



In particular, 

[In, 0]Mt 



{EbAFc)'' ^ r{M) = r 



A 
C 



r{B) = r[A, B]+r{C). 



(7.27) 
(7.28) 

(7.29) 
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Proof. Let P = [7„, 0] and Q 







. It follows by (2.2) that 



r[{EBAFcy -PM^Q] 

" {EBAFc)*A{EBAFcy 




{EbAFcY 
-M*MM* M*Q 
PM* 



{EbAFcY 

{EbAFc 

-M*MM* + M*QAPM* M*Q 

{EbAFc)* PM* 

{EbAFc)* 

B " 
C 
PM* 



M 
(EbAFc)* 

EbAFc 



M* 



M*Q 




riEBAFc) - r{M) 
+ r{B)+r{C) - 2r{M) 

+ r{B) + r{C) - 2r(M) 





A 

C 

EbAFc A B 

A 
C 



+ r{B) + r{C) - 2r(M) 
+ r[ A B]+ r{B) + r{C) - 2r(M), 



establishing (7.27). □ 

Theorem 7.21. Let A e C™^", B e C™^'^ and C e C'^" 6e ^wen. Then 



ryA+[Q, B] 

or alternatively 

A B 
C 



" A 


B " 


t 


" 


C 







c 



= r[A, B]+r 



' A ' 




■ A 


B ' 


C 


— r 


C 






r\A, B\+r 



A 
C 



' A 


B ' 


t 


" 


C 







c 



Proof. Let M = 



A B 
C 



r [0, B] 

Then it follows by (2.1) and block elementary operation that 



(7.30) 



(7.31) 



r ( A+ [0, B]M'^ 





C 



= r 



= r 



= r 



= r 



M*MM* M* 
[0, B]M* -A 




M*MM* - M* 



I 



-r{M) 
C[I, 0]M* M* 



M*MM* - M* 
[A, B 

M* 
[A, B]M* -A 

A 



A, B]M* 

A B 
C 
M* 

" A " 





C 
A 



M* M* 



A 
C 
A 



-r{M) 
r{M) 







C 



[A, B] ^A 



C - r{M) 
r{M) = r[A, B]+r 



A 
C 



r{M), 



as requird for (7.30). □ 
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It is easy to derive from (1.6) that 



A B 
C 



> r 



A 
C 



r[A, B]-r{A). 

Now replacing Ahy A — BXC in the above inequality, where X is arbitrary, we obtain 
r{A- BXC)>r[A, B]+r 



' A ' 




■ A 


B ' 


C 


— r 


C 






(7.32) 



This rank inequality implies that the quantity in the right-hand side of (7.32) is a lower bound for the 
rank of ^ — BXC with respect to the choice of X. Combining (7.30) and (7.32), we immediately obtain 



" A ' 




■ A 


B ' 


C 


— r 


C 






mm.r{A- BXC) = r[A, B]+r 



and a matrix satisfying (7.33) is given by 
^ = -[0, /;] 

Theorem 7.22. Let A e C™''", B e C™^'' and D e C'>^*^ be given. Then 



' A B ' 


t 





C 




. Ik _ 



(7.33) 



(7.34) 



(a) r 

(b) r 
In particular, 

(c) 



A B 

D 

A B 

D 



it 



A B 
D 

A B 
D 

t 



it 



AA"! 

DD^ 

A'^A 

Lit£) 



r{D)-r{A)+2r[A, B]-r 
■ r{A) - r{D) + 2r 



A B 
D 



' B ' 




■ A 


B ' 


D 


— r 





D 



' A 


B ' 




' A 


B ' 





D 







D 



AAt 

DD'' 



(d) 

Proof. Let M 



' A 


B ' 


t 


■ A 


B ' 




■ A'fA 








D 







D 







D^D 



' A 


B ' 


and A/' = 


■ A 








D 





D 



^ i?(B) C i?(A). 
^R{B*) C i?(£>*). 

. Then we find by Theorem 7.2(a) that 



2r 



r(MMt-iVArt) = 2r[M, iV] - r(M) - r(7V) 

A B A ' 
D D 

= 2r[A, B]+ r{D) - r{M) - r{A) 
as required for Part (a). Similarly we can show Part (b). Observe that 



r(M) - r{A) - r{D) 



and 



r{D) -r{A)+2r[A, B]~r 



-{A) - r{D) + 2r 



A B 
D 



= (r[A B]-r{A)) + [r{D)+r[A, B] 





■ A 


B ' 




r 





D 


) 



" B ' 




'A B ' 




■ B ' 


- r{D)^ + (r{A) + r 


■ B ' 




'A B ' 




D 


— r 


D 




D 


D 


— r 


D 


) 



Thus Parts (c) and (d) follow. □ 

A general result is given below, and the proof is omitted for simplicity. 
Theorem 7.23. Let 



M = 



All Ai2 
A22 



Aik 
Akk 
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be given, and let A = diag( An, A22, ■ ■ ■ , Akk )■ Then 

(a) r [MMt-diag(^ii4i, ^fcfc4fe)l =2r[M, A] - r{M) - r{A). 



(b) r fMtM-diag(4iAn, Al^Akk) 



= 2r 



M 
A 



- r{M) - r{A). 



(c) MMt = diag(^ii4i, • • • , ^fcfc4fc ) ^ -R(^) = -R(^) ^ ^i^ij) ^ ^(^ii). i = « + 1 
1, 

(d) MtM = diag(^IiAn, • • • , Al^Akk ) ^ = R{A*) ^ C R{Ajj), j = 2, ■ 

By Theorem 7.2(a) and (b), we can also establish the following. 
Theorem 7.24. Let A e C™^", B e C'"^'^ and D e C'^'^ 6e t/iwen. Then 



, ■ ■ ■ , k, i 



■ , k, i 



(a) r 





' A 


B ' 




■ A 


B ' 


i 


C 


D 




C 


D 




' A 


B ' 


t 


■ A 


B 




C 


D 




C 


D 



In particular, 

\ A B 
[CD 

R{C) C R{D). 



' A 


B ' 


t r 


C 


D 





(d) 

R{B*) c'r(D*). 



A 


B ' 


t 


■ A 


B ' 




C 


D 




C 


D 





AA'< 
DD^ 

AU 
D'fD 

AA'' 
DD"! 

A'fA 
D^D 



= 2r[A, B]+2r[C, D]-r{A)-r{D)-r 



A B 
C D 



: 2r 



A 
C 



+2r 



B 
D 



A B 
C D 



^ r 



^ r 



' A B 

A B ' 
C D 



-r{A)-r{D)-r 

= riA) + r{D), R{B) C R{A) and 
= r{A) +r{D), R(C*) C R{A*) and 



Chapter 8 



Reverse order laws for 
Moore-Penrose inverses 



Reverse order laws for generalized inverses of products of matrices have been an attractive topic in the the- 
ory of generalized inverses of matrices, for these laws can reveal essential relationships between generalized 
inverses of products of matrices and generalized inverses of each matrix in the products. Various results on 
reverse order laws related to inner inverses, reflexive inner inverses, Moore-Penrose inverses, group inverses, 
Drazin inverses, and weighted Moore-Penrose inverses of pr oduc t s of matrices have wide l y been es tablished 
by lot of authors (see, e.g., |l|, ||, |4|, |6|, |l2|, |l2|, |l3^ |l3|, |l3|, |l4|, p^, |l5|l). In this 

chapter, we shall present some rank equalities related to products of Moore-Penrose inverses of matrices, 
and then derive from them various types of reverse order laws for Moore-Penrose inverses of products of 
matrices. 

Theorem 8.1. Let A e C™^" anrf S e C"^p be given. Then 

r{AB - ABB^A^AB) = r( - BUUBSU^ ) = r[A*, B] + r{AB) - r{A) - r{B). (8.1) 

In particular, the following seven statements are equivalent: 

(a) B'^ A'' £ {{AB)~}, i.e., B''A^ is a reflexive inner inverse of AB. 

(b) r[A*, B]=r{A)+r{B)^r{AB). 

(c) dim[i?(yl) n i?(B*)] = r{AB). 

(d) r{B- A^AB ) = r{B) - r{A^ AB), i.e., A'fAB <rs B. 

(e) r{A- ABB'f ) = r{A) - r{ABB^), i.e., ABB'' <rs A. 

B^A^ABB'fAl = Bt^t. 
(g)|4| AA^B^B = B^BAA^ . 

Proof. Applying (2.8) and (1.7) to AB - ABB'^A^AB, we obtain 
riAB-ABB^A'^AB) = 



B*BB* 


ABB* 





A*AB 
-AB 



- r{A) - r{B) 



B*B 


AB 

B*B 
AB 




AB 

-AB 



r{A) - r{B) 



B*A* 
A*AA* 


B*A* 
AA* 


B*A* 
AA* 

A 

B* 

r{[A*, B]*[A*, B]) + r{AB)-r{A}-r{B) 
r[A*, B]+r{AB)-r{A)-r{B). 



+ r{AB) -r{A) - r{B) 



[A*, B] ] + r{AB) - r{A) ~ r{B) 



56 



8. REVERSE ORDER LAWS FOR MOORE-PENROSE INVERSES 



57 



Thus we have the first part of (8.1). Replace A by i?^ and B by A'' and simpUfy to yield the second part of 
(8.1). The equivalence of Parts (a), (b) and (f) follows immediately from (8.1). The equivalence of Parts 
(b) and (c) follows from the well-known rank formula 

r[A*, B] ^ r{A) + r{B) - di-ai[R{A*) n R{B)]. 

The equivalence of Parts (b), (d) and (e) follows from (1.2) and (1.3). The equivalence of Parts (b) and 
(g) follows from (7.2). □ 

The rank formula (8.1) was established by Baksalary and Styan |^ in an alternative form 

r{AEBFAB) =r[A*, B\+ r{AB) - r{A) - r{B). (8.1') 



Observe that 



A{I- BB'^ ){I - A^A )B = -AB + ABB'^A^AB. 



Thus (8.1') is exactly (8.1). Some extensions and applications of (8.1') in mathematical statistics were also 
considered by Baksalary and Styan But in this monograph we only consider the application of (8.1) 
to the reverse order law B'^ S {{AB)^}. In addition, the results in Theorem 8.1 can also be extended 
to a product of n matrices. The corresponding results were presented by the author in |13£]. 

As an application of (8.1), we let B = 1,^ — A in (8.1). Then 

r[ {A - A^) -{A- A^){I - A)^A\A - A^) ] 

= r[A\ lm-A]+ r{A - A^) - r{A) - r{I^ - A) 

= r[A*, I„,-A]-m<0. 

This inequality implies that r[ A*, 1^ ~ A] — m and (/ — A) is a reflexive inner inverse of the matrix 
A — A^. By symmetry, (/ — A)''A'' is also a reflexive inner inverse of the matrix A~ A . 
Replacing A and B in (8.1) by + ^ and /,„ — A, respectively, we then get 

r[ (/,„ - A^) - (/„ -A^){1- A)\I^ + A)t(/„, - A^)\ 

= r{Ira+A*, - A] + r(/„ - A) - r[I„, + A) - r{I,n - A) 

= r\Im + A*, /,„ - A] - m < 0. 

This inequality implies that r[/m + A*, /,„ — ^] = m and (/ — A)'^{Irn + ^)^ is a reflexive inner inverse 
of the matrix /,„ — A . By symmetry, (/ + A)^(/„j — A)'^ is also a reflexive inner inverse of the matrix 

im ^ A . 

In general, for any two polynomials p(A) and q(\) without common roots, we find by (8.1) and (1.17) 
the following 

r\v{AUA) - v{A)q{A)q\A)v\A)v{A)q{A) ] 

= r\v{A*\ q{A) ] + T\v{A)q{A)\ - rb(A)] - r\q{A)\ 

= r[p(A*), q{A)\-m<^. 

This implies that r[p(A*), q[^A) ] = m and q^(A)p^(A) is a reflexive inner inverse of the matrix y(^A)q(^A). 
By symmetry, p'^ {^A)q^ {^A) is also a reflexive inner inverse of the matrix p(A)q(A). 

Theorem 8.2. Lef A e C™^" and B e C'^^'p be given. Then 

(a) r[{AB){ABy - {AB){B^A^)] = r[B, A*AB]-r{B)=r{A*AB-BB''A*AB). 

A 



(b) r[{ABy{AB)- {B^A^){AB)]=^ 



ABB* 



- r{A) = r{ ABB* - ABB* A A ] 



In particular^ 

(c) {AB){ABy = (AB)(BtAt) ^ A*AB = BB^A*AB ^ R{A*AB) C R{B) ^ St^t C { (ylB)(i^2,3)}^ 

(d) {ABy{AB) = {B'^A^){AB) <^ ABB* = ABB*A^A <^ R{BB*A*) C R{A*) ^ B'^ A^ C 
{(AB)(i'2,4)}^ 

(e) The following four statements are equivalent: 
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(1) =Bt^t. 

(2) {AB){ABy = (AB)(Bt^t) and {ABy{AB) = (B^A^^jiAB). 

(3) A*AB = BB'^A*AB and ABB* = ABB*A^A. 

(4) R{A*AB) C R{B) and R{BB*A*) C 



Proof. Let N ^ AB. Then by (2.1), (2.7) and (1 

N*NN* 



it follows that 



riNN'' - NB^A^) = r 





NN* 



N* 
NB^A"^ 

N* - N*NB^A^ 


BM* 
A*AA* A* 
N*NB* 



r{N) 



B*A* 


B*A*AA* 

B*A* 
B*A*AA* 



B*B 


N*N 

B*B 

N*N 





A* 




r{A) - r{B) 



- r{A) - r{B) 



B*B B*A*AB 
AB AA*AB 



B* 
A 



B. A*AB] 



-r{B) 
t{B) 
-r{B) 



r\B. A*AB] 



r{B), 



as required for the first equality in Part (a). Applying (1.2) to it the block matrix in it yields the second 
equality in Part (a). Similarly, we can establish Part (b). The results in Parts (c) and (d) are direct 
consequences of Parts (a) and (b). The result in Part (e) follows directly from Parts (c) and (d). □ 



The result in Theorem 8.2(e) is well known, see, e.g., Arghiriade y, Rao and Mitra [118|, Ben-Israel 
and Greville jl^, Campbell and Meyer ||2l[. Now it can be regarded as a direct consequence of some 
rank equalities related to Moore-Penrose inverses of products of two matrices. We next present another 
group rank equalities related to Moore-Penrose inverses of products of two matrices, which can also help 
to establish necessary and sufficient conditions for {ABY = B'l'A^. 



Theorem 8.3. Let A G C™^" and B e C"^^ be given. Then 
(a) r[ABB^ - {AB){AB)''A]=:r[B, A*AB]-r{B). 

A 
ABB* 

(c) r[A*ABB^ - BB^A*A]=2r[B, A* AB 

A 



(b) r[A^ AB - B{ABy {AB)] 



(d) r[A^ABB* - BB*A^A] = 2r 



ABB* 



'r{A). 
^ 2r{B). 
2r{A). 



In particular, 

(e) {AB){AB)'^A = ABB^ ^ A*ABB^ = BB^A*A ^ R{A*AB) C R{B) ^ B^A^ C { {AB^^-^^^^. 

(f) A^AB = B{ABy{AB) ^ A'<ABB* = BB*A^A ^ R{BB*A*) C R{A*) ^ St^t C { (AB)(i'2,4)}^ 

(g) The following three statements are equivalent ( Greville j^/ ): 

(1) [AB^ = Bt^t. 

(2) {AB){AB)'^A = ABB'' and A^ AB = B{AB)''{AB). 

(3) AMB^t = BB^A*A and A^ABB* = BB*A^A. 

Proof. We only show Part (b). Note that both AA^ and {ABy{AB) are idempotent. We have by (3.1) 
that 



r[A''AB-B{AB)'^{AB)] 
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+ r[B{AB)^AB), A'lA] - r{A^A) - rpS)t(AB)] 



A^AB 
(AB^iAB) 

= r{AB) + r[B{ABy, A* ] - r{A) - r{AB) = r[BB*A*, A* ] - r{A), 



as required. □ 
Theorem 8.4. Let A e C™^" 
(a) r[At - B{AB)^] ^ r 



and B G Q^xp giyen. Then 



(b) rlB"! - [AByA] =r[B, A*AB] - r{AB). 
In particular, 

(c) At = B{ABy ^ R{A*) = R{BB*A*). 

(d) B'' ^{AByA<^R{A*) = R{A*AB). 

Proof. We only show Part (a). According to (2.2), we find that 

' A*AA* A* 

r[A^ - B{ABy] = r -{AB)* AB{AB)* (AB)* 

A* B{AB)* 

A*AA* A* 

{AB)*AA* (AB) 
A* B{AB)* 

A* 

(AB) 
A* B{AB)* 

A 



- r{A) - r{AB) 
r{A) - r{AB) 



r{A) - r{AB) 



= r 



ABB* 



-r{AB), 



estabhshing Part (a). 



□ 



We next consider ranks of matrix expressions involving Moore- Penrose inverses of products of three 
matrices, and then present their consequences related to reverse order laws. 



Theorem 8.5. Let A e C™^", B e C"^f and C G Cp'"^ be given, and let M = ABC. Then 



r[M- M{BCyB{AByM] = i 
In particular, 

{BCyB{ABy G {{ABC)-} 4^ ' 



{Bcy 

A 



{Bcy 

A 



B[{ABy, C] ] +r{M)-r{AB)-r{BC). 



B[{ABy, C] =r{AB)+r{BC)-r{M). 



(8.2) 



Proof. Applying (2.8) and the rank cancellation law (1.8) to M - M{BCyB{AByM, we obtain 
r[M - M{BCyB{AByM] 



= r 



{BcyB{ABy {Bcy{BC){Bcy o 

{ABy{AB){ABy {AByM 

M{BCy -M 

{BCyB{ABy {BCy{BC) 
{AB){ABy M 

M -M 



r{AB) - r{BC) 



- r{AB) - r{BC) 



{BCyB{ABy {BCy{BC) 
{AB){ABy M 

{BC) 



- r{M) - r{AB) - r{BC) 
B[{ABy, C] \ +r{M) ~r{AB) -r{BC). 
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Thus we have (8.2) and (8.3). □ 

As an appUcation of (8.2), we consider the matrix product M = (/„ + A)A{Im — A) = A — A^. Then 

r[ {A - A^) -{A- A^){A - AyA{A + A'^)^{A - A^) ] 

^ {A-A"^)* " 



A 



A[{A + Ay, Im-A]] +r{A-A^)-r{A + A')-r{A-A') 



= r 



{A~A^y 

Im + A 



A[{A + A^r, Im-A]j -r(^) <0. 

Notice that the rank of a matrix is nonnegative. The above inequality in fact implies that 

^/„7+2* + Im-A]^ =r(A) and {A-A^){A-AyA{A+Ay{A-A^) = (A-A^), 

that is, the matrix product {A — A^yA{A + A'^y is an inner inverse of the matrix A — A^. By symmetry, 
{A + A'^yA{A — A'^y is also an inner inverse of the matrix A — A^. 

In general, for any three polynomials pi (A), p2 (A) and ps (A) without common roots and a square matrix 
A, we let p{A) = pi{A)p2{A)p3{A). Then we can find by (8.2) and (1.17) the following 

r[p{A)-piA)[p2iA)p3iA)yp2{A)\p^ {A)p2 ( A)] tp( A) ] 

P2iA*)p3iA*) 

Pi{A) 



= r 



= r 



P2{A*)p3{A*) 

Pi{A) 



P2{A)[\pM*)P2{A*), Ps{A)]j +r\p{A)]-r\p,{A)p2{A)]-r\p2{A)p3{A)] 
P2iA)[\p,iA*)p2iA*), p-i{A)]]-r\p2{A)]<0. 



This implies that 



and 



P2{A)[[p,{A*)p2{A*), ps{A)]] =r[p2{A)] 



P2{A*)p3iA*) 

Pi{A) 



piA)\p2{A)ps{A)yp2{A)\p^{A)p2{A)ypiA) = p{A). 



Thus [p2(^)P3(^)]^P2(^)bi(^)P2(^)]^ is an inner inverse of the matrix product pi{A)p2{A)p3{A) . By 
symmetry, 

bi {A)p2 {A)yp2 {A) \p2 (A)p3 {A)] t , [pi {A)p2 (A)] tpi {A) [pi {A)ps {A)] t 
[pl(A)p3(A)]tpl(A)[pl(A)p2(^)]^ \pi{A)psiA)ypsiA)\p2{A)psiA)y, \p2{A)ps{A)yps{A)\p^iA)ps{A)y 
are all inner inverses of the matrix product pi{A)p2{A)ps{A). 

Theorem 8.6. Let A e C"^", B € C'^'^p and C G C^^' he given, and let M = ABC. Then 
(a) The rank of M'< - {BCyB{ABy satisfies the equality 



"[M'' - {BCyB{ABy 



[Bcy 

M*A 



B[{ABy, CM*] -r{M) 



(8.4) 



(b) The following three statements are equivalent: 
(1) {ABCy = {BCyB{ABy. 

MM*M M{BCy{BC) 
{AB){AByM ABB*BC 
(3) ABB*BC = ABiBCM^fAByBC 

(c) If r {ABC) = r{B), then 



(2)r 



= r{ABC). 



(ABC)'' = {BC)'^B{ABy and {ABCy = {B^ BC)"^ B\ABB^y . 



(8.5) 



8. REVERSE ORDER LAWS FOR MOORE-PENROSE INVERSES 



61 



Proof. Applying (2.12) to - {BCyB{ABy, we obtain 



r[Mt - (BC)tS(AB)t] 

M*MM* M* 
{BC)*B{AB)* {BCy{BC){BC)* 

{ABy{AB){ABY {AB) 

M* (BC)* 

M*MM* -M*{AB){AB)* 

-{BC)*{BC)M* {BC)*bIab)* 

(AB)* 

(BC)* 



r(M) - r(^B) - r(BC) 



- r(M) - r(y4B) - r{BC) 



{BC)*B{AB)* {BC)*{BC)M 
M*{AB){AB)* M*MM* 



-r{M) 

B[{AB)\ CM*] ] -r{M), 



{Bcy 

M*A 

as required for (8.4). Then the equivalence of Statements (1) and (2) in Part (b) follows immediately 
from (8.4), and the equivalence of Statements (2) and (3) in Part (b) follows from Lemma 1.2(f). If 
riABC) = r{B), then 



MM*M M{BC)*{BC) 
{AB){ABYM ABB*BC 



> r{MM*M) = r{M). 



On the other hand, 



MM*M M{BC)*{BC) 
{AB){ABYM ABB*BC 





■ MC* ' 


-A 


AB 



B*[A*M, BC]^ <r{B) =r{M). 



Thus we have 



MM*M M{BC)*{BC) 
{AB){AB)*M ABB*BC 



r{M). 



Thus according to the statements (1) and (2) in Part (b), we know that the first equality in (8.5) is true. 
The second equality in (8.5) follows from writing ABC = ABB^BC and then applying the first equality 
to it. □ 



Theorem 8.7. Let A G C™^", B G C"^^ and C G Cp^« be given, and let M = ABC. Then 

r[Bt _ {AByM{BCy]=r 
In particular, 

B"! = (ABYMiBC)'' ^ r 



M {AB){AB)* 
{BC)*{BC) {BC)*B{AB)* 



M {AB){ABy- 
{BCy{BC) {BCyB{ABy 



+ r{B) - r{AB) - r{BC). (8.6) 

r{AB)+r{BC) - r{B). 



Proof. Applying (2.11) to fit _ (AS)tM(BC)^ we obtain 

r[Bt _ {AByM{BCy] 

B*BB* OB* 

{AByM{BCy {ABy{AB){ABy 

{Bcy{BcyBcy o {bc) 

B* {ABy 

OB* 

{AByM{BCy {ABy{AB){ABy 

{Bcy{BC){Bcy {BcyB{ABy o 

B* 



r{B) - r{AB) - r{BC) 



r{B) - r{AB) - r{BC) 
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{AB)*M{BC)* {AB)*{AB){AB) 
{BC)*{BC){BC)* {BC)*B{AB)* 

M {AB){AB)* 
{BCy{BC) {BC)*B{AB) 



- r{B) - r{AB) ~ r{BC) 
+ r{B) -r{AB) -r{BC), 



as required for (8.6). 



□ 



Theorem 8.8. Let A G C"^", B e C"^p and C £ CP'^t be given. Then 

(a) [ABCy = {A^ABC)'^B{ABCC^)^ . 

(b) {ABCy = [{AByABC]'^B'^[ABC{BC)^]'^. 

(c) (Cline |§) (AB)t = (At^B)t(ABBt)t. 

(d) //i?(C) C R[{ABY] and R{A*) C R{BC), then (ABC)t = C^^tAt. 
Proof. Write ABC as ASC = A(^tyisc'C't)c. Then it is evident that 

r{A^ABCC^) = r(ASC), R[{ABCC^)^] C i?(C), and i?[((AUBC)t)*] C R{A*). 

Thus by (8.5), we find that 

(^BC)t = [A(AtABCCt)C]t = (At^5C')t^t^5C'Ct(^BCC^)t ^ (At^5C')t5(^5C'C^)t^ 

as required for Part (a). On the other hand, we can write ABC as ABC — {AB)B^ (BC). Applying the 
equahty in Part (a) to it yields 

(ABC)^ = [{AB)B''{BC)]^ = [{AB)'' ABC]^ B^^iABCiBCyW 

as required for Part (b). Let B be identity matrix and replace C by _B in the result in Part (a). Then we 
have the result in Part (c). The two conditions in Part (d) are equivalent to 

{AB)^ABC = C, and ABC{BC)^ = A. 

In that case, the result in Part (b) reduces to the result in Part (d). □ 

In the remainder of this chapter we consider the relationship of [ABCY and the reverse order product 
C'^ B'^ A\ and present necessary and sufficient conditions for [ABC^ = B"^ A"^ to hold. Some of the 
results were presented by the first author in |133| and ]135||. 



Lemma 8.9 [ 135 1. Suppose that Ai, A2, A3, Bi and B2 satisfy the the following range inclusions 
R{Bi) C R{Ai+i), and R{B*) C R{A*), i ^ 1, 2. 

Then 



■7) 



Ai 
A2 Bi 
A3 B2 



t 



aIB2AIBiA\ 
~AIBiA\ 



A 



-AIB2AI 4 
4 




Proof. The range inclusions in (8.7) are equivalent to 

Ai+iAj^^Bi = Bi, and B.AjAi = B, 



i^l, 2. 



In that case, it is easy to verify that the block matrix in the right-hand side of (8.8) and the given block 
matrix in the left-hand side of (8.8) satisfy the four Penrose equations. Thus (8.8) holds. □ 



Lemma 8.10. 

written as 



Let A e C™^", B e C"^^' and C G Cp^' be given. Then the product C^'B^A^ 











AA* 


t 




0, 0] 





B*BB* 


B*A* 







C*C 


C*B* 











be 



(8.9) 
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where the block matrices P, J and Q satisfy 

r{J) = r{A) + r{B) + r{C), R{QA) C i?( J), and R[{AP)*] C R{J*). 
Proof. Observe that 

R{B*A*) C R{B*BB*), R{AB) C R{AA*), R{C*B*) C R{C*C), R{BC) C R{BB*B), 
as well as the three basic equalities on the Moore-Penrose inverse of a matrix 
TVt = N*{N*NN*)^N*, = {N*N)''N*, TVt = N*{NN*)^. 



(8.10) 



Thus we find by (8.8) that 



AA* 

B*BB* B*A 
C*C C*B* 



{C*CyC*B*{BB*ByB*A*{AA*y * * 

* * 

* 



* 




Hence we have (8.9). The properties in (8.10) are obvious. □ 

Theorem 8.11. Let A e C™^", B e C"^f and C e ^« be given and let M = ABC. Then 



r[M - M{C^B^A^)M] = 
In particular, 

C+SUt e {{ABC)-}4^r 



~M* C*C 
BB*B BC 
AA* AB 

-M* C*C ' 

BB*B BC 
AA* AB 



-r{A)-r{B)-r{C)+r{M). (8.11) 



r{A)+r{B)+r{C)-r{M). (8.12) 



Proof. It follows from (1.7) and (8.9) that 

r[M - M{C^B^A'')M] = r{M - MPj'iQM) 

J QM 



= r 



= r 



MP M 

J - QMP 
M 



r{J) 



-r{J) 



r{J - QMP) + r{M) ~ r{J) 
-M A A* 
B*BB* B*A* 
C*C C*B* 



= r 



-M* C*C 
BB*B BC 
AA* AB 



l-r(M) -r(J) 
+ r{M) - r{A) - r{B) - r(C), 



as required for (8.11). □ 

Applying (8.11) to the matrix product M = (/„ + A)A{Im — A) = A — A^, we can find that 

r[M- M{Im - A)tAt(/„ + A)^M] = 0. 

Thus {Im — A)^A^ {Im + Ay is an inner inverse of the matrix A — A^. By symmetry, (/„ — A)^ {Im +Ay 
is also an inner inverse of the matrix A — A^. We leave the verification of the rank equality to the reader. 
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Applying (8.11) to the matrix product M = (/„ + A)A{Im — A) = A — A^, we can find that 

r[M-M(7„-^)tAt(7„ + A)tM] =0. 

Thus (/„, - A) (/„, + y4) t is an inner inverse of the matrix A-A^. By symmetry, (/,„ - A)^ A^I,n + A)'' 
is also an inner inverse of the matrix A — A'^ . We leave tlie verification of the rank equality to the reader. 

In general, for any three polynomials pi(A), p2(A) and psiX) without common roots and a square 
matrix A, we let p{A) = pi{A)p2{A)ps{A). Then one can find by (8.11) and (1.17) the following 

r[p{A)-piA)pl{A)pl{A)p\{A)p{A)] = 0. 

Thus pI{A)pI{A)p\{A) is an inner inverse inverse of the matrix product pi{A)p2{A)p3{A) . 
Theorem 8.12. Let A e C™^", B e C"^f and C e ^« be given and let M = ABC. Then 



r{M^ -C^B^A^) = r 
In particular, 

{ABC)'' = C+SUt ^ 



-MM*M MC*C 

BB*B EC 

AA*M AB 



-MM*M 

BB*B 
AA*M AB 





MC*C 

BC 




r{B)-r{M). 



r{B)+r{ABC). 



Proof. Notice that 

C^CMUA^^ = M^^ and C'<C{C'' B^f A'<)AA'' = C^^SU^ 
We first get the following 

r(Mt-CtBt^t) = r{CM''A-CC''B''A''A) 
= r{CM''A-CP.PQA) 
= r[CM*{M*MM*)''M*A-CPJ^QA] 



r [CM*, CP] 



M*MM* 


■ 


t 


■ M*A ' 





J 




QA 



Observe from (8.10) that 



R 



M*A 
QA 



C R 



-M*MM* 





J 



and R{[CM*, CP]*)C R 



-M*MM* 




Thus we find by (1.7) that 

rl[CM*, CP] 



M*MM* 


■ 


t 


■ M*A ' 





J 




QA 



-MM*M 


CM* 

-MM*M 




CM* 

-MM*M 



-C*CM* 






J 

CP 






c*c 
c 







c 



M*A 
QA 





B*BB* 
C*B* 






B*BB* 
C*B* 





AA* 

B*A* 





-M*MM* 


M*A ' 
A 








J 



r(M) - r(J) 



- M*AA* 


B*A* 






A 






r(M) - r( J) 




J 



(8.13) 



(8.14) 
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-MM*M -M*AA* 

B*BB* B*A* 

-C*CM* C*B* 



r{M)-r{B). 



The results in (8.13) and (8.14) follow from it. □ 

Corollary 8.13. Let A e C'"'^", B e C">^p and C e Cp><« be given, and let M = ABC. If 

R{B) C R{A*) and R{B*) C R{C), 

then 

r(Mt-CtBUt)=r- 
7n particular, 

(ABC)^ = C+Btylt <^ R(A*AB) C ii(B) anrf i?[(BCC*)*] C R{B*). 



+ r[B, A*AB]-2r{B). 



(8.15) 
(8.16) 
(8.17) 



Proof. Eq. (8.15) is equivalent to A'fAB = B and BCC^ = B. Thus we can reduce (8.13) by block 
elementary operations to 



"(M^'-C^BUI') 



= r 



-BCM*AB BCC 
BB*B B 

A*AB B 

BCC*B* BCC* " 
BB*B B 
A*AB B 

BCC*B 
B 
A*AB B 

B 
BCC* 



- 2r{B) 
2r{B) 



2r{B) 



+ r[B, A*AB]-2r{B). □ 



Corollary 8.14. Let B G C"^" be given, A G C™^™ and C G C"^" &e iwo invertible matrices. Let 
M = ABC. Then 



r[{ABCy -C-^B''A-^] = 



B 
BCC* 



and 



'[{ABC)'' -C-^B''A-^] = ' 



+ r[B, A*AB]-2r{B), 
+ r[M, AA*M]-2r{M). 



M 
^ MC*C 
In particular, 

{ABC)'< = C-^B'^A-'^ ^ R{AA*B) = R{B) and R{CC*B*) = R{B*), 

and 

[ABC)'' = C-^SU-i ^ R{AA*M) = R{M) and R{C*CM*) = R{M*). 



(8.18) 

(8.19) 

(8.20) 

(8.21) 



Proof. Follows immediately from Corollary 8.13. □ 

Theorem 8.15. Let B G C™^" be given, A G C™^'" 
M = ABC. Then 

(a) r( MMt - ABB^'A''^ ) = r[B, A*AB]~ r{B). 

B 



C G C"^" be two invertible matrices. Let 



(b) r{M^M -C-'^B^BC) =r 



BCC* 



-r{B). 



(c) r( Aft - C-^St^-i ) ^ ^( j\^^t _ ^_BBt^-i ) + r( - C-^Stsc' ). 

In particular, 

(d) MMt =ylBBU-i <^ i2(y4MB) = i?(B). 
(c) MtM = C-^B'BC 4^ R{CC*B*) = R{B*). 

(f) Mt = C-^SU-i ^ MM'' = ABB'fA-^ ^ M''M = C'^B'^BC. 
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Proof. Observe that 

riMM"! - ABB^A-^) =r{MM'iA- abb'') and riM^f M - C''^ B^ BC) = r{CM'' M - B^i BC). 

Applying (7.4) to both of them yields Parts (a) and (b). Contrasting (8.18) with Parts (a) and (b) yields 
Part (c). □ 

Finally we present author interesting result on the Moore-Penrose inverse of a triple matrix product. 

Corollary 8.16. Let A G C™^", B G C"^p and C G CP'"' be given, and suppose that R{B) C R{A*) and 
R{B*) C R{C). Then 

r[ {ABC)^ - (7g - {C^Fb){C^Fb)^ )C^BU\lm - {EbA^)HEbA^) )]=m + q- r{A) - r{C), (8.22) 

where Eb = In — BB^ and Fb = Ip — B^B. In particular, the equality 

(ABC)^ = [7, - {C^FB)iC^FB)^]C^BU^Im - {EbA^Y{EbA^)] (8.23) 

holds if and only if r{A) = m and r(C) = q. Thus if both A and C are nonsingular matrices, then the 
identity 

{ABC)^ = [I, - {C-'Fb){C-^Fb)^]C-^B''A-^[I^ - {EbA~^)\EbA-^)] (8.24) 

holds. 

Proof. Let M = ABC &udN =[Iq- {C^ Fb){C'' Fb)^ ]CtStAt[/„ - {EbA'')''{EbA'')]. Then it is easy 
to veriiy that under R{B) C R{A*) and R{B*) C R{C), N is an outer inverse of M. Hence by (5.1) we 
get 



r(Mt - TV) = r 



N 



+ r[M\ N]-r{M) -r{N). (8.25) 
Simplifying the ranks of the matrices in (8.25) by (8.23) and (1.2) — (1.4), we can eventually get 

m + r{B)-r{C), r{M\ N]= q + r{A) - r{C), r{M)=r{B), r{N)=r{B). 



N 



The tedious processes are omitted here. Putting them in (8.25) we have (8.22), and then (8.23) and (8.24). 
□ 

It is expected that the identity (8.24) can help to establish various equalities for Moore-Penrose inverses 
of block matrices. 



Chapter 9 

Moore-Penrose inverses of block 
matrices 



In this chapter we estabhsh some rank equahties related to factorizations of 2 x 2 block matrices and then 
deduce from them various expressions of Moore-Penrose inverses for 2x2 block matrices, as w ell a s for 
m X n block matrices. Some of the results in this chapter appear in the author's recent paper |l36| . In 
fact, any 2x2 block matrix can simply factor as various types of products of block matrices. In that case, 
applying the rank equalities in Chapter 8 to them one can establish many new rank equalities related to 
the block matrix, and consequently, derive from them various expressions for the Moore-Penrose inverse 
of the block matrix. We begin this work first with a bordered matrix. 

A B 

' he a given bordered matrix over the field of complex numbers, where 



Theorem 9.1. Let M 

A £ C"^", B e C"' 

M = 



C 
^^'^ and C e C'^' 



, and factor M as 



' A 


B ' 




C 








EbAC'' 
h 



EbAFc B 



C 







In 

B'lA 




h 



PNQ, 



where Eb = Im — BB^ and Fc ^ In ^ C'^C . Then 

(a) The rank of — Q^^N^ P^^ satisfies the equality 



A 
C 



+ r[A, B]+r{B) +r{C) -2r{M). 



(b) The following four statements are equivalent: 

(1) The Moore-Penrose inverse of M can be expressed as Af^ = Q^^N^^ P^^ , that is, 



Aft 



{EbAFc)^ 
fit _ B^A{EbAFc)^ 



- {EbAFc)''AC^ 
Act + B^AiEBAFcVAC'i 



(2) [/„, 0]A.ft 







(EbAFc)^. 



(3) A, B and C satisfy the rank additivity condition 



r{M) 



A 
C 



"{B) =r[A, B]+r{C). 



(4) The two conditions hold 



R 



A 

C 



nR 



B 




= {0} and R{[A, B]*)nR{[C, 0]*) {0}. 



Proof. It follows first by (9.1) and (8.19) that 



"(A/ft - Q-iATtp-i ) = 



M 
MQ*i 



r[M, PP*M] - 2r{M). 



(9.1) 



(9.2) 



(9.3) 



(9.4) 



(9.5) 



(9.6) 
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The ranks of the two block matrices in (9.6) can simphfy to 



r[M, PP*M] 



A B 
C 

A B 

C 

A B 

C 

A B 

C 

A B 

C 



EbAc^ 1 r /,„ 

h \[ {EbAC^Y h 
A + {EbAC^){EbAC'^)*A + EbAC^C 
C +{EbAC^YA 

AC\EbAC'^)*A + AC^C 
{EbAC^YA 

AC^C 




-c 





■ A 


B ■ 






C 








B 




^r[A, B]+r{C), 



and 



M 
MQ*Q 



A B 
C 





A 
C 



A B 
C 

{B^'AY 
h 



In 

B^A h 

B 




A + A(SU)*(Btyl) +BStA B + AiB'fAy 
C + C{B'<A)*B''A C(BtA)* 



A 
C 



B 




A + (Bt^) ^(Bt A)* 

C{B'^AYB^A C(Btyl)* 

" A 
C 



C 
A 




r{B). 



Putting both of them in (9.6) yields (9.2). Notice that {EbAFcYB'^ ^ and C^{EbAFcY = always 
hold. Then it is easy to verify that 

it 



EbAFc B 
C 



[EbAFcY c-t 

St 



Putting it in (9.2), we get 



[EbAFcY Ct - [EbAFcYAC^ 

St _ b'^A{EbAFcY -B^AC^ + B^A{EbAFcYAC^ 



The equivalence of the statements (1) and (3) in Part (b) follows from (9.2). The equivalence of the 
statements (2) and (3) in Part (b) comes from (7.29). The equivalence of the statements (3) and (4) in 
Part (b) is obvious. □ 



The expression (9.3) for is well known when M satisfies (9.4) (see, i.e. [ 100 and [118|). The rank 
equality (9.2) further reveals a fact that (9.3) is not only sufficient but also necessary. Various consequences 
can be derived from Theorem 9.1 when the matrix M in it satisfies some more restrictions. Here we only 
present one that is well known. 

Corollary 9.2. Let A e C"^", B e C"^'' and C G C'^" be given. If R{A) n R{B) = {0} and R{A*) n 
R{C*) = {0}, then 



' A 


B ' 


t 


C 








[EbAFcY 
St - B^A{EbAFcY 



{EbAFcYAC^ 




(9.7) 
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Proof. Under R{A) n R{B) = {0} and R{A*) n R{C*) = {0}, the rank equality (9.4) naturally holds. In 
that case, we know by Theorem 7.8 that A(EBAFcyA = A. Thus (9.3) reduces to (9.7). □ 



Besides the factorization (9.1), wc can generally factor M as 
M = 



' A 


B ' 






Y ' 




C 










h . 





A-BX -YC B 
C 



In 



:= PNQ, 



(9.8) 



where X and Y are arbitrary and P and Q are nonsingular. Clearly (9.1) is a special case of (9.8). In that 
case, applying the first equality in (8.5) to (9.8) we obtain the following. 

Theorem 9.3. Let A e C™^", B e C"^'^ and C e C'^" he given. Then 



' A 


B ' 


t r 


C 








A-YC B 
C 

where X and Y are arbitrary. In particular, 

[AFc, B]\ [ 



A-BX-YC B 
C 



A-BX B 
C 



it 



" A 


B ' 


t 


C 








A-BB'^A- AC'^C B 
C 





■ EbA ' 


t - 




C 




L [B\ 





(9.9) 



(9.10) 



Proof. Under (9.8) we have by (8.5) that M = {RNQ^ = {NQyN{PN)''. Written in an explicit form, 
it is (9.9). Now let X = B^A and Y = AC^ in (9.9). Then (9.9) becomes 



' A B ' 


t 


■ AFc B ' 


t - 


C 




C 





A-BB^A- AC'^C B 
C 



EbA B 
C 



Note that 

[AFc, B][C, 0]* = 0, and 
Then it follows by Theorem 7.9(e) and (f) that 



" B ' 


* 


■ EbA ' 







c 



0. 



A B 
C 



= [[AFc, B]\ [C, 0]t], and 



EbA B 
C 



EbA 
C 



it 



B 




if 



Thus we have (9.10). □ 

Eq. (9.10) manifests that the Moore-Penrose inverse of a bordered matrix can be intermediately deter- 

\ E A ~ 

mined by the Moore-Penrose inverse of B, C, [AFc, B] and 



C 



. Observe that 



[AFc, B]^ = [AFc, B]*{[AFc, B][AFc, B]*)^ 



{AFcY [ {AFc){AFcr + BB* ]^ 
B* [ {AFc){AFc)* + BB* ]^ 



' EbA ' 




■ EbA ' 




■ EbA ' 


1 


■ EbA ' 


C 




C 




C 




C 



= [{{EbA)*{EbA) + C*C)\EbA)*, {{EBAy{EBA) + C*C)^C*]. 
Inserting them in (9.10) we get 



" A 


B ' 


t 


C 








{AFcT [ {AFc){AFc)* + BB* ]^ 



B* [{AFc){AFc)* + BB*] 



* it 







A- BB^A- AC^C B 
C 



[{EbA)* {EbA) + C*C]^ {EbA)* [ {EbA)* {EbA) + C*C]^ C* 
Bt 
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which could be regarded as a general expression for the Moorc-Pcnrose inverse a boredered matrix when 
no restriction is posed on it. Moreover, this expression reveals another interesting that the Moore-Penrose 
inverse a boredered matrix can factor as a product of three boredered matrices although the Moore-Penrose 
inverse of the boredered matrix is not boredered in general. 
Another well-known factorization for a bordered matrix is 



' A B ' 






■ 




A EaB 




■ /„ A^B 


C 




CA'^ 


h . 




CFa -CA^'B 




h 



M = 



But it can be considered as a special case of the Schur factorization of a 2 x 2 block matrix, 



' A B ' 






■ 




A EaB ' 




■ /„ A^B 


CD 






// . 




. CFa Sa 




h 



:= PNQ, 



(9.11) 



(9.12) 



where Sa = D — CA'^B. We next present a rank equality related to (9.12) and derive its consequences. 

Theorem 9.4. Let M he given by (9.12), where A e C"^", B e C™^*^, C e C'^" and D € C'^*^. Then 

the rank of M'' — Q~^N'^ P^^ satisfies the equality 



r{M^ -Q-'^N^'P-'^) =r 



A 
C 
B D 



A Q B 
C D 



2r(M). 



(9.13) 



In particular, the Moore-Penrose inverse of M in (9.12) can be expressed as = Q ^N^P ^, that is, 

t 



Aft 







-A^B 
h 



A EaB 
CFa Sa 



holds if and only if A, B, C and D satisfy 
- r{M) and r 



A 

C 

B D 

or equivalently 

' A 



A B 
C D 



Ira 

-CAt Ii 



r{M), 



(9.14) 



R 







C R 



A B 
C D 



and R 



A* 




C R 



A* C* 
B* D* 



(9.15) 



(9.16) 



Proof. It follows by (9.12) and (8.19) that 
r{M^ -Q-'^N^P-'^) =r 



M 
MQ*Q 



■r[M, PP*M] - 2r(M). 



The ranks of the two block matrices in it can reduce to 
r[M, PP*M] 



= r 



A 


B 


C 


D 


A 


B 


C 


D 


A 


B 


C 


D 


A 


B 


C 


D 


A 


B 


C 


D 



I 



I (C^t)* 
/ 





■ A 


B ' 






C 


D 





A + {CA'f)*C 
A + (CAt)(CAt)- 

{CA^yc 



A Q B 
C D 



B + (CAt)*D 



{CA^)*D 
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Similarly we can get 



M 
MQ*Q 



= r 



A 
B 
C D 



Thus we have (9.13). Eqs. (9.14) (9.16) arc direct consequences of (9.12). 
When D = in Theorem 9.4, we the following. 



□ 



Corollary 9.5. Let M be given by (9.11) where A e C™^", B € C™^'' and C € C'^". Then the rank of 
— Q~^N^P~^ satisfies the equality 



A 

C 



r[A, B]+r{B)+r{C) -2r{M). 



In particular, the Moore-Penrose inverse of M can be expressed as 



In -A^B 
Ik 



A EaB 
CFa -CA^B 



if and only if A, B and C satisfy the following rank additivity condition 



Im 
-CAt Ii 



r(M) 



A 
C 



+ r{B)=r[A, B]+r{C). 



(9.17) 



(9.18) 



(9.19) 



Eq. (9.19) shows that we have another expression for the Moore-Penrose inverse of a bordered matrix 
M when it satisfies the rank additivity condition (9.19) (the first one is in (9.3)). 
Clearly the matrix N in (9.12) can be written as 



" ^ ■ 







EaB 





+ 


. CFa 


Sa 



N = 

Then it is easy to verify that 
7Vt = 



"At " 







EaB ' 


t 





+ 


. CFa 


Sa 





Nl + Nl 



(9.20) 



(9.21) 



Thus if we can find N^, then we can give the expression of in (9.21). This consideration motivates us 
to find the following set of results on Moore-Penrose inverses of block matrices. 

Lemma 9.6. Let A G C™^", B G C™^'=, C G C'^" and D e C'^*^ be given. Then the rank additivity 

condition 



' A 


B ' 




■ A ' 




■ B ' 


C 


D 


= r 


C 


+ r 


D 



r[A, B]+r[C, D] 



is equivalent to the two range inclusions 



R 



A 




C R 



A B 
C D 



R 



A* 




C R 



A* C* 
B* D* 



and the rank additivity condition 








EaB ' 




■ EaB ' 


r 


. CFa 


Sa 


— r 





■r{CFA)=r[CFA, SA]+r{EAB), 



(9.22) 



(9.23) 



(9.24) 



where Sa = D - CAtp. 
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Proof. Let 



A 

C 



Vo 



B 
D 



W^ = [A, B], W2 = [C, D]. 



Then (9.22) is equivalent to 

R{Vi) n R{V2) = {0} and n R{W;) = {0}. 

In that case, we easily find 



(9.25) 



(9.26) 



Wi A 
W2 



r[Wi, A]+r[W2, 0]=r{W{) +r{W2) =r{M), 



and 

^ [ A ] =^ [ A ] +^ [ ] =r{V.)+r{V2)=r{M), 
both of which are equivalent to the two inclusions in (9.23). On the other hand, observe that 
- EaB] _ \ B-AA^B] _ \ B] \A] ^ tR 

and 

[CFa, Sa] = [C -CAA^, D-CA^B] = [C, D]-CA^[A, B] = W2-CA^Wi. 
Thus according to (9.26) and Lemma 1.4(b) and (c), we find that 



EaB 
Sa 



r{V2-ViA''B) 



V2 
ViA'iB 



r{V2), 



and 



r[ CFa, ] = r( W2 - CA^Wi ) = r[ W2, CA^Wi ] = r{W2). 



(9.27) 
(9.28) 



Prom both of them and the rank formulas in (1.2), (1.3), (1.5), (9.23), (9.27) and (9.28), we derive the 
following two equalities 



and 



EaB 
CFa Sa 

EaB 
CFa Sa 



r(M) - riA) = r{Vi) + r{V2) - r(^) = r 



EaB 
Sa 



r{CFA), 



= r{M) - r{A) = r{Wi) + r{W2) - r{A) = r[CFA, Sa] + r{EAB). 



Both of them are exactly the rank additivity condition (9.24). Conversely, adding r{A) to the three sides 
of (9.24) and then applying (1.2), (1.3) and (1.5) to the corresponding result we first obtain 

(9.29) 





A EaB ' 




A 




■ EaB ' 


r 


_ CFa Sa 


= r 


CFa 


+ r 





= r[A, EAB]+r[CFA, Sa] 
On the other hand, the two inclusions in (9.23) are also equivalent to 



r(M) = r 



ABA 
C D 



ABO 
CDC 





' A 


B ' 




" A 


B ' 


and r{M) = r 


C 


D 




C 


D 




A 










B 



Applying (1.5) to the right-hand sides of the above two equalities and then combining them with (9.29), 

we find 



r{M) = r 



A EaB 
CFa Sa C 



and 



r{M) = r 



A EaB 
CFa Sa 
B 



= r 



A 
CFa 



EaB 

Sa 
B 



Sa, 


C] = 


--r[A, 






■ A ' 




■ B ' 


= r 


C 


+ r 


D 
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Both of them are exactly (9.22). □ 

Similarly we can establish the following. 
Lemma 9.7. The rank additivity condition (9.22) is equivalent to the following four conditions 



R 



' A ' 







C R 



A B 
C D 



R 



A* 




C R 



A* 
B* 



C* 
D* 



and 



Sd BFd 
EdC 



Sd 



r{BFD)=r[SD, BFD]+r{EDC), 



(9.30) 
(9.31) 



where Sd = A- BD'^C. 



Theorem 9.8. Suppose that the block matrix M in (9.11) satisfies the rank additivity condition (9.22), 
then the Moore-Penrose inverse of M can be expressed in the two forms 



and 



where 



Hi - ifaCAt - AtSiJg + AtBJt(L))C>lt H2 - A^BJ^D) 
H3-J^D)CA^ J^D) 



Jt(^) jt(C) 
Jt(5) Jtp) 



{EB2SDFC2V {Ed^SbFai)^ 
{Ea.ScFdJ^ (EcSaFb.V 



(9.32) 
(9.33) 



Sa = D-CA^B, Sb = C-DB^A, Sc = B-AC^D, Sd = A- BD^C, 

Ai = EbA, A2=AFc, Bi=EaB, B2 = BFd, 
Ci=CFa, €2 = EdC, Di=EcD, D2^DFb, 
Hi = A^ + cI[SaJHd)Sa - Sa]bI H2 = C\[I - SaJ^D)], = [I - J\D)Sa]b\. 

Proof. Lemma 9.6 shows that the rank additivity condition in (9.22) is equivalent to (9.23) and (9.24). 
It follows from Theorem 9.4 that under (9.23), the Moore-Penrose inverse of M can be expressed as (9.13). 
On the other hand, It follows from Theorem 9.1 that under (9.24) the Moore-Penrose inverse of N2 in 
(9.20) can be written as 



C\ [ Sa {D)Sa-Sa] B\ C\ - Cl Sa Jt {D) 

b\-jHd)SabI jHd) 



(9.34) 



where Bi = EaB, C\ = CFa and J{D) = Ec^SaFb^. Now substituting (9.34) into (9.21) and then (9.21) 
into (9.13), we get 



Ml' = Q-'^N^'P-^ = Q-^ 



At + dl SaJHd)Sa - Sa ]bI cl - cISaJ^D) 
bI-J^{D)SaBI J^D) 



(9.35) 



Written in a 2 x 2 block matrix, (9.35) is (9.32). In the same way, we can also decompose M in (9.11) into 
the other three forms, 



and 



M = 
M = 

M = 



Im 

CB^ h 

Im AC^ 

h 







EbA B 
Sb DFb 

AFc Sc 
C EcD 

Sd BFd 
EdC D 



In ■ 

B^A h 

In C^D 
h 

In 

D^C h 



Based on the above decompositions of M we can also find that under (9.22) the Moore-Penrose inverse of 
M can also be expressed as 



Aft 



" * jt(c) ■ 




* * 




■ J\A) * " 


* * 




jt(B) * 




* * 



(9.36) 
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Finally from the uniqueness of the Moore-Penrose inverse of a matrix and the expressions in (9.32) and 
(9.36), we obtain (9.33). □ 

Some fundamental properties on the Moore-Penrose inverse of M in (9.11) can be derive from (9.32) 
and (9.33). 

Corollary 9.9. Denote the Moore-Penrose inverse of M in Eq. (9.11) by 



Gi G2 
G3 Gi 



(9.37) 



where Gi, G2, G3 and G^ are nx m, nx I, k x m and k x I matrices, respectively. If M in (9.11) satisfies 
the rank additivity condition (9.22), then the submatrices in M and satisfy the rank equalities 



r(Gi) = r{Vi) + r{Wi) - r{M) + r{D), 
r(G2) = r{Vi) + r{W2) - r{M) + r{B), 
riGs) = r{V2) + r{Wi) - r{M) + r(G), 
r{Gi) = r{V2) + r{W2) - r{M) + r{A), 
r(Gi) + r(G4) = r{A) + r{D), r(G2) + r(G3) = r{B) 



(9.38) 
(9.39) 
(9.40) 
(9.41) 
(9.42) 



where Vi, V2, Wi and W2 are defined in (9.25). Moreover, the products of MM^ and M^M have the forms 



W2WI 







V^V2 



(9.43) 



Proof. The four rank equalities in (9.38) — (9.42) can directly be derived from the expression in (9.33) 
for and the rank formula (1.6). The two equalities in (9.42) come from the sums of (9.38) and (9.41), 
(9.39) and (9.40), respectively. The two results in (9.43) are derived from (9.22) and Theorem 7.16(c) and 
(d). □ 

The rank additivity condition (9.22) is a quite weak restriction to a 2 x 2 block matrix. As a matter of 
fact, any matrix with its rank great then 1 satisfies a rank additivity condition as in (9.22) when its rows 
and columns are properly permuted. We next present a group of consequences of Theorem 9.8. 

Corollary 9.10. If the block matrix M in (9.11) satisfies (9.23) and the following two conditions 

i?(Gi) n i?(SA) = {0} and R{Bl) r\ R{S*a) = {Q] , (9.44) 
then the Moore-Penrose inverse of M can be expressed as 



A B 
C D 



it 



= Q 



At c\-c\SaJKd) 

bI-J^{D)SaB\ J\D) 

At - iJzGAt - A^BH^ + AtBjt(L))CAt H2 - A^BJ^{D) 
H3-J^D)CA^ j'fiD) 



where C\, Bi, H2, and J{D) are as in (9.32), P and Q are as in (9.13). 

Proof. The conditions in (9.44) imply that the block matrix N2 in (9.20) satisfies the following rank 
additivity condition 

r{N2) = r{EAB) + t^CFa) + t^Sa), 

which is a special case of (9.24). On the other hand, imdcr (9.44) if follow by Theorem 7.7 that 
SaJ\D)Sa = Sa- Thus (9.35) reduces to the desired result in the corollary. □ 



Corollary 9.11. If the block matrix M in (9.11) satisfies (9.23) and the two conditions 

R{BS*a) C R{A) and R{C*Sa) C R{A*), 



(9.45) 
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then the Moore-Penrose inverse of M can be expressed as 



Aft = 



h 



At [CFa 
[EaBY 



Irn 



At - A'^B{EaB)^ ~ (CFA)tCAt + A^BS\CA^ {CFaY - A^BS\ 



(EaB)^ - S\CA^ 



Si 



where Sa^D- CA'^B 
C 

and A^t ^ 



Proof. Clearly (9.45) are equivalent to {EaB)Sa = and S'^(CFa) = 0. In that case, (9.24) is satisfied, 

in (9.35). □ 



[EaB)^ 

Corollary 9. 12 (Chen and Zhou 



I). If the block matrix M in (9.11) satisfies the following four conditions 



R{B) C R{A), R{C*) C R{A*), R{C) C R{Sa), 
then the Moore-Penrose inverse of M can be expressed as 



R[B*) C R{S*a), 



(9.46) 



A B ' 


t 




-A^B ' 




'At ■ 




' Fn " 


C D 







h 











+ A'^BS\CA'^ -A'^BS\ 
-S\CA^ S\ 



where Sa=D - CA'^B. 



Proof. It is easy to verify that under the conditions in (9.46), the rank of M satisfies the rank additivity 

At , , 

in (9.35). □ 



condition (9.22). In that case, 

TVt 



s\ 



Corollary 9.13. // the block matrix M in (9.11) satisfies the four conditions 

R{A)r\R{B) ^ {0}, i?(A*) n i?(C*) = {0}, R{D)<ZR{C), R{D*) C R{B 
then the Moore-Penrose inverse of M can be expressed as 

In -A^B 1 r At - cISaBI Cl 1 " 
h \[ bI \ 

At - At s^t _ At _ d SaBI cl 



(9.47) 



A B 
C D 



Im 
-CAt /, 



B] 







where Sa^D- CA^B, Bi = EaB and Ci ^ CFa- 



Proof. It is not difficult to verify by (1.5) that under (9.47) the rank of M satisfies (9.22). In that case. 
At - cISaBI C'l "1 



J{D) = and TVt = 



in (9.35). 



□ 



B[ 

Corollary 9.14. // the block matrix M in (9.11) satisfies the four conditions 

R{A)nR{B) = {0}, R{A*)nR{C*) = {0}, 

R{Sa) C N{C*), R{S*a) C N{B), 
then the Moore-Penrose inverse of M can be expressed as 



(9.48) 
(9.49) 



A B 
C D 



In -AtS 

h 



At (CFaV 



{EaBY 



S A 



I,n 

-CAt Ii 



At - A^B{EABy - (CFA)tCAt {CFaY 



(EaB)^ 



S A 
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where Sa = D- CA^B. 

Proof. Clearly (9.49) if 
them and (9.48), we also find 



Proof. Clearly (9.49) is equivalent to C'^Sa = and SaB'^ = 0, as well as S\C = and BS]^ = 0. From 



{CFa)^Sa = and Sa{EaB)'' = 0. 
Combining (9.48) and (9.50) shows that M satisfies (9.23) and (9.24). In that case, 

[{EABy S\ _ 

in (9.35). □ 

Corollary 9.15. If the block matrix M in (9.11) satisfies the rank additivity condition 

r(Mi) = r{A) + r{B) + r{C) + r{D), 
then the Moore-Penrose inverse of M can be expressed as 

{EbAFcV {EdCFa)^ 
[EaBFo^ {EcDFb)^ 



(9.50) 



" A 


B ' 


t 


C 


D 





(9.51) 



(9.52) 



Proof. Obviously (9.51) is a special case of (9.22). On the other hand, (9.51) is also equivalent to the 
following four conditions 



R{A)r\R{B) = {0}, R{C)r\R{D) = R{A*) r\ R{C*) = {<d} , R{B*) r\ R{D) = {Q} . 



In that case, 



R{Al) = R{A*). 
R{Ci) = R{A), 



R{A2) = R{A), 
R{C;) = R{C*), 



R{Al) = R{A*), 
R{Dl) = R{D*), 



R{B2) = i?(B), 
R{A2) = R{D), 



by Lemma 1.2(a) and (b). Then it turns out by Theorem 7.2(c) and (d) that 

A\Ai = A'' A, A2AI = AA\ b\Bi = B'fB, B^bI = BB\ 
CxC\ = CC\ ClC2 = C'^C, d\Dx=D'^D, D2DI = DDI 

Thus (9.33) reduces to (9.52) □ 

Corollary 9.16. // the block matrix M in Eq. (9.11) satisfies r{M) = r{A) + r{D) and 

R{B) C R{A), R{C) C R{D), R{C*) C i?(A*), R{B*) C R{D*), 
then the Moore-Penrose inverse of M can be expressed as 

{A-BD'^Cy -A^B{D -CA'^BY ' 
-(D - CAtS)tCAt (i:)-CAtS)t 

Corollary 9.17. // the block matrix M in (9.11) satisfies r{M) = r{A) + r{D) and the following four 
conditions 

R{A) = R{B), R{C) = R{D), R{A*) = R{C*), R{B*) = R{D*), 
then the Moore-Penrose inverse of M can be expressed as 

t 



" A 


B ' 


t 


C 


D 





A B 
C D 



of at 
ct ct 



(A-S£>tc)t (C-£)Bt^)t 
(S-ACt£>)t (£)-CAtB)t 



The above two corollaries can directly be derived from (9.32) and (9.33), the proofs are omitted here. 

Without much effort, we can extend the results in Theorem 9.8 to m x n block matrices when they 
satisfy rank additivity conditions. 
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Let 



M = 



An 


A12 ■ 


• A 


A21 


A22 ■ 


■ A 




^m2 • 





In 
2n 



(9.53) 



be an m X n block matrix , where Aij is an Si x tj matrix (1 < « < m, 1 < j < n), and suppose that M 
satisfies the following rank additivity condition 



r(M) = r{Wi) + r{W2) + ■■■ + r(W„) = r{Vi) + r{V2) + ■■■ + r(K), 



where 



Wi = [Aa, Ai2, Ain], Vj 



A 



1 <i <m, 1 < j <n. 



(9.54) 



(9.55) 



For convenience of representation, we adopt the following notation. Let M = (Aij) be given in (9.53), 
where Aij e C'' , 1 < i < m, 1 < j < n, and 1 Sj = s, J2^=i — ^or each Aij in M we associate 
three block matrices as follows 



Bij — [^ii) ■ ■ ■ ) Aij— I, Aij^i 

rj* — \ A* ... A* A* 



1 ' ' ' 1 A-in ] , 



ill 



A* 1 

' mj J ' 

... A 



In 



Ai-i. 
A, 



+1,1 



Ai-i,j-i 
A^ 



A. 



-ij+i 



A- 



A-ml ' ' ' Ajjij 



A-mJ+l 



i+l,n 



• • • An 



(9.56) 
(9.57) 

(9.58) 



The symbol J{Aij) stands for 

J {A^j ) = Eai^ Soij Ff3-. , l<i<m, l<j<n, 



(9.59) 



where = BijFjj.^, f3ij = Ejj.-Cij and Soij ~ Aij — BijDjjCij is the Schur complement of Dij in M. 
We call the matrix J{Aij) the rank complement of A^j in M. Besides we partition the Moore- Penrose 
inverse of M in (9.53) into the form 



Gil 


G12 


■ G 


G21 


G22 ■ 


■ G 


Gnl 


Gn2 


■ G, 



2m 



(9.60) 



where Gij is a x Sj matrix, 1 < i < n, 1 < j < m. 

Next we build two groups of block permutation matrices as follows 
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U 







It, 



(9.62) 



where 2 < i < m, 2 < j < n. Applying (9.61) and (9.62) to M in (9.53) and Mt in (9.60) we have the 
following two groups of expressions 



PiMQj 



A R 



1 < i <m, 1 < j < n, 



(9.63) 



and 



Gji * 



1 < i <m, 1 < j <n. 



(9.64) 



These two equalities show that we can use two block permutation matrices to permute Aij in M and the 
corresponding block Gji in to the upper left corners of M and M\ respectively. Observe that Pj and 
Qj in (9.61) and (9.62) arc all orthogonal matrices. The Moore-Penrose inverse of PiMQj in (9.63) can 
be expressed as {PiMQjY = QjM^Pf. Combining (9.63) with (9.64), we have the following simple result 



Aij 


Bij 


t 


■ G,, * - 


Cij 






* * 



1 <i < m, 1 < j <n. 



(9.65) 



If the block matrix M in (9.53) satisfies the rank additivity condition (9.54), then the 2x2 block matrix 
on the right-hand side of (9.63) naturally satisfies the following rank additivity condition 



A - R 

Gij Dij 



Ai^ 
Gi- 



+ r 



Bi 
Di 



" [ -^ij ) Bij ] + r [ Cij , Dij ] , 



(9.66) 



where 1 < ? < m. 1 < j < n. Hence combining (9.65) and (9.66) with Theorems 9.8 and 9.9, we obtain 

the following general result. 

Theorem 9.18. Suppose that the m x n block matrix M in (9.53) satisfies the rank additivity condition 
(9.54). Then 

(a) The Moore-Penrose inverse of M can be expressed as 



Mt = 



jt(An) JHA21) 

jt(Ai2) JHA22) 
jt(Ai„) Jt(^2„) 



jt(A„i) 
jt(A„2) 



(9.67) 



where J{Aij) is defined in (9.59). 

(b) The rank of the block entry Gji = J^{Aij) in M^ is 

r(G,,) = r[J{A,,)] = r^) + r{V,) - r{M) + r(Ai), 

where 1 < i < m, 1 < j < n, Wi and Vj are defined in (9.55). 

(c) MM^ and M'' M are two block diagonal matrices 

MM^ = diag( WiWl W2WI • • • , WraWl ), 
MtM = diag( y/Fi, ViV2, • • • , V^Vn ), 



(9.68) 



(9.69) 
(9.70) 
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written in explicit forms, (9.69) and (9.70) are equivalent to 

4 



AilGij + Ai2G'2j H + AinGnj = 



GiiAij + Gi2^27 H + GimAmi = 








V}Vi 



i=j 



i = 1, 2, • • • , m, 

i, 3 = 1, 2, 



n. 



In addition to the expression given in (9.67) for , we can also derive some other expressions for Gy 
in from (9.32). But they are quite comphcated in form, so we omit them here. 

Various consequences can be derived from (9.67) when the submatrices in M satisfies some additional 
conditions, or M has some particular patterns, such as triangular forms, circulant forms and tridiagonal 
forms. Here we only give one consequences. 



Corollary 9.19. If the block matrix M in (9.53) satisfies the following rank additivity condition 

m n 

r{M) = Y,Y.^{Aj), 

i=i j=i 

then the Moore-Penrose inverse of M can he expressed as 

iEB,,AiiFc,,y ■■■ {EB^,AmiFc^,V 



(9.71) 



Ml' 



{EB,„Ai„Fc,y ■ 

where Bij and Cij are defined in (9.56) and (9.57). 

Proof. In fact, (9.71) is equivalent to 

R{A,) n R{B,,) = {0}, R{A*^) n i?(C* ) = {0}, 
i?(a,) n i?(A,) = {0}, i?(B* ) n i?(D*.) = {0}. 



{^Bm^ AmnFCmn ) 



(9.72) 



I < i < m, 1 < j < n, 
1 < i < m, 1 < j < n. 



Wc can get from them J{Aij) = EB,jA^jFc,y Putting them in (9.67) yields (9.72). 



□ 



The results so far established in the chapter are mainly based on the factorizations (9.1) and (9.12). 
However, if a given block matrix has certain special pattern such that we can factor it in some particular 
methods, then wc can establish some new rank cqiialitics through the special factorizations of the block 
matrix. Here we present some examples on the Moore-Penrose inverse of some special block matrices. 



Theorem 9.20. Let A, B £ C 

M = 

(a) If\p\ = 1, then 



where 



, ^ p G C, and let 
N = 



A p^B 
B A 



A + pB 
A-pB 



'A p^B' 


t 


B A 


= Pin 



"2t 



^* "72 



{A + pB)^ 




It pit 
p-'lt -It 





{A-pBy 



2m? 



(9.73) 



In particular, 



' A 


-B ■ 


t_l 


In 


iln 


B 


A 


2 


_ -iln 


-In 



{A + iB)"! 




t = m, n. 



{A-iB)'^ 



-iirr 



-Irr 



(b) //bl^l, then 

r{M^ -P2nN^P2m)=2r 



A 
B 



2r[A, B]-2r{A+pB)-2r{A-pB). 



(9.74) 
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(c) Under \p\ ^ 1, (9.73) holds if and only if R{A) CR{A + pB) and R{A*) QR{A* - pB* ). 

Proof. It is easy to verify that the block matrix M can factor as M = P2mNP2n, where P2m and P2„ are 
nonsingular with = I^m and Pin = -^2n- In that case, we find by Theorem 8.14 that 



r( Mt - P^^N^P^^ ) = r( Mt - P^nN^P^m ) = r 



N 

NP2nPL 



+ r[N, Pi^P2mN] - 2r{N), (9.75) 



where 



P2mP'^rn 
PlnP2n = 



1 






■^m P^m 


'' 2 






P Im Im 


1 


4 pin 




In P ^In ' 


2 


P~^In -In 




pin -In 



ir(i + H-2)/„ (p-p-i)/n 

2 [ {p-p-')im (i+bn/„ 

(l + |pp)/„ (p-i-p)7„ 

{p-'-p)In (l + b|-2)7„ 



If IpI = 1, then PimP'^m = hm and PjnPj*! = I^n- Thus the right-hand side of (9.75) becomes zero, which 
implies that = P2nN'^ P2m, the desired result in (9.73). If \p\ ^ 1, then we find 



N 

NP2nPL 



2r 



A 
B 



r[N, P^^P2mN]=r 

Similarly r 

Theorem 9.21. Let M = 

M = PNQ = 



A-pB A + pB 
A + pB A-pB 



= 2r[A, B]. 



□ 



A A 
A A + B 



. Thus (9.75) becomes (9.74). 

. where A, B G C™^". Then M factor as 



Im 

Im Im 



A ] \ In In 
OB In 



In that case 



A 
B 



2r[A, B] - 2r{A) - 2r{B). 



r{M'^ -Q-^N'^P-^) =2r 
In particular, the Moore-Penrose inverse inverse of can be expressed as 



^t+Bt -fit 
-St St 



if and only if R{A) = R{B) and R{A*) = R{B*). 

We leave the verification of Theorem 9.21 to the reader. For the block matrix M in Theorem 9.21, we 
can also factor it, according to (9.12), as 



M = PNQ = 



' Im ■ 




'A ■ 




■ /„ A^A ' 


. AA"^ Im . 




B 




In _ 



In that case 



A 
B 



■r[A, B]-2r{B). 



Thus, we see that the Moore-Penrose inverse inverse of can be expressed as 



At + A'^AB^AA'^ -AtAPt 
-BtAAt Pt 



if and only if R{A) C R{B) and R{A*) C R{B*). 

Another interesting example is concerning the Moore-Penrose inverse of the kx k block matrix 



M = 



A B 
B A 

B B 



B 
B 



(9.76) 



-I fexfe 
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where both A and B are m x n matrices. It is easy to verify that 



-In 











A+{k- 1)B 



A-B 



A-B 



In/k In/k ■ ■ ■ 

-In/k {k-l)In/k ••• 

In/k In/k ■■■ 

where P and Q are nonsingular, and both of them satisfy 



In/k 
'In/k 

[k - l)I„/k 



(9.77) 



P*P 









2I„ 







2/„ 



QQ* 



In/k 







(k - l)In/k 

-In/k 





-In/k 

[k ~ l)/„/fc 



Note that N is diagonal. Then it is easy to verify that r[N, P*PN] = r{N) and r 



N 
NQQ* 



r{N). 



Thus we have = Q,^^N^ P„^^ according to (8.20). Furthermore, one can veriiy that PmQm = Ikm and 
PnQn — Ikn whcu 711 = 71. Heucc wc Can write as = PnN^Qm- Written in an exphcit form 



S T 
T S 

T T 



T 
T 



(9.78) 



kxk 



where 



(fc- 1)B]^ 



k-1 



A-B)\ 



T 



{k-l)B]^ 



(9.79) 



The expression (9.78) iUustrates that Af^ has the same pattern as M . To find M\ what we actually need 
to do is to find [A+{k-l)B\^ and [A-B)^, and then put them in (9.78). Some interesting subsequent 
results can be derived from (9.77) and (9.78). For example 

r{MM'^ -MHi) = 2r[A+{k-l)B, {A+{k-l)B)*] + 2{k-l)r[A- B, {A- B)*]-2r[A+{k-l)B] 
-2{k-l)r{A- B). (9.80) 

In particular, M in (9.76) is EP if and only if both A+ {k—l)B and A— B are EP. We leave the verification 
of the resuh to the reader. One can also find r[ {M M'<){M'< M) - {M'^M){MM'^) ] and r{ M*M'^ - M'^M* ) 
and so on for M in (9.76). 

A more general work than (9.78) i s to consider Moore-Penrose inverses of block circulant matrices. 
This topic was examined by Smith in [126| and some nice properties on Moore-Penrose inverses of block 
circulant matrices were presented there. Much similar to what we have done for M in (9.76), through 
block factorization, we can also simply find a general expression for Moore-Penrose inverses of block 
circulant matrices, and derive from them various consequences. We shall present the corresponding results 
in Chapter 11. 

Remark. It should be pointed out that many results similar to those in Theorems 9.20 and 9.21, as well 
as in (9.78), (9.83) — (9.86), can be trvially established. In fact, properly choosing block matrices P, N 
and Q and then applying Theorems 8.12, 8.13 and 8.14 to them, one can find out various rank equalities 
related to the Moore-Penrose inverses of the block matrices. Based on those rank equalities, one can 
further derive necessary and sufficient conditions for {PNQY = Qt^ytpt or {PNQY = Q~'^N'^ P^^ to 
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hold for these block matrices. We hope the reader to try this method and find some more interesting or 
unexpected conclusions about Moore-Penrose inverses of block matrices. 

In addition to the methods mentioned above for finding Moore-Penrose inverses of block matrices, 
another possible tool is the identity (8.25) for the Moore-Penrose inverse of product of three matrices. 



Chapter 10 



Rank equalities for Moore-Penrose 
inverses of sums of matrices 



In this chapter, we estabhsh rank equahties related to Moore-Penrose inverses of sums of matrices and 
consider their various consequences. 



Theorem 10.1. Let A, B G C™^" be given and let N = A + B. Then 



r[N - NiA^^ + B^)N] =r 
In particular, 

A^ +B^ G {{A + B)-}4^r 



AB*A AA*B + AB*B 

BA*A + BB*A BA*B 

AB*A AA*B + AB*B 

BA*A + BB*A BA*B 



+ r{N)-r{A) -r{B). (10.1) 
= r{A)+r{B)-r{N). (10.2) 



Proof. It follows by (2.2) and block elementary operations that 

r[N - N{A^ +B'^)N] 

A*AA* A*N 
= r B*BB* B*N - r{A) - r{B) 
NA* NB* N 



= r 



-A*BA* -A*AB* - A*BB* 

-B*AA* - B*BA* -B*AB* 

ON 

AB*A AA*B + AB*B ' 
BA*A + BB*A BA*B 



- r{A) - r{B) 
+ r{N)-r{A)-r{B). 



Thus we have (10.1) and (10.2). □ 

A general result is given below. 

Theorem 10.2. Let Ai, ,A2, AkG C"^" be given and let A = Ai + A2 -\ h Ak, X = A\+aI + 

■■■ + AI. Then 

r{A- AX A ) = r( DD*D - PA*Q ) - r{D) + r{A), (10.3) 

where 

D = diag(Ai, A2, Afe), P* = [Al, a;, AI], Q = [A,, A^, ■ ■ ■ , Ak]. 
In particular, 

X€{A-}<^r{DD*D-PA*Q) = r{D)-r{A), i.e., PA*Q<rsDD*D. (10.4) 

Proof. Let Pi = [/„, • • • , /„] and Qi = •••,/„]*• Then X = PiD^Qi. In that case, it follows by 
(2.1) that 

r{A-AXA) = r{A- APiD'iQiA) 
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D*DD* D*Q^A 
APiD* A 



r{D) 



D*DD* - D*QiAPiD* 
A 



r{D) 



= r{D*DD* - D*QiAPiD*)+r{A)-r{D) 
= r{DD*D-DP*A*QlD)+r{A)-r{D) 

as required for (10.3). □ 

Theorem 10.3. Let A, B G C™^" be given and let N = A + B. Then 



- -NN*N 





N 





AA*A 





A 








BB*B 


B 


N 


A 


B 





-NN*N 





N 







AA*A 


A 







BB*B B 




N 


A 


B 





r(^) - r{A) - r{B). 



(10.5) 



r{N) + r{A) + r{B). 



(10.6) 



r{N^ - A^ - B^f) = 
In particular, 

N^f = A^ + B"! r 

Proof. Follows immediately from (2.7). □ 

It is well known that for any two nonsingular matrices A and B, there always is A{A~^ + B~^ )B = 
A + B. Now for Moore-Penrose inverses of matrices we have the following. 

Theorem 10.4. Let A, B e C™^" be given. Then 
r[A + B-A{A^ + B^)B]=r 



A 
B 



and 



r[A^ +B^ -A\A + B)B^]=' 



A 
B 



+ r[A, B]-r{A)-r{B), 
+ r[A, B]-r{A)-r{B). 



In particular, 

A{A^ +B^)B = A + B<^A'i{A + B)B^ = ylt + ^ h^a) = R{B) and R{A*) = R{B* 



(10.7) 

(10.8) 
(10.9) 



Proof. Writing 



A + B-A{A^+B^)B = A + B-[A, A] 



' A 


■ 


t 


■ B ' 





B 




B 



and then applying (2.1) to it produce (10.7). Replacing A and B in (10.7) respectively by A^ and B^ leads 
to (10.8). The equivalences in (10.9) follow from (10.7) and (10.8). □ 



Theorem 10.5. Let A, B G C™^" be given and let N = A + B. Then 

r[N-N{ (EbAFb)^ + {EaBFa)^ )N] = r{N) + 2r{A) + 2r{B) 





■ A 


B ' 




■ B 


A ' 


r 


B 





— r 


A 






In particular, 

{EbAFb)^ + {EaBFa)^ e {{A + B)-} ^ r{A + B) = r{EBAFB) + r{EABFA). 



(10.10) 
(10.11) 



Proof. Let P = EbAFb and Q = EaBFa- Then it is easy to verify that 

P*B = 0, BP*=0, Q*A = 0, AQ*=0, P*PP* = P*AP*, Q*QQ* = Q*BQ*. 
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Thus we find by (2.2) that 

r[Af-7V(pt + Qt)Ar] 



where 



r{P) = 



= r 



= r 



A B 

B 



p* pp* 





P*N ' 







Q*QQ* 


Q*N 


- r{P) - r{Q) 


NP* 


NQ* 


N 




P*AP* 





P*A 







Q*BQ* 


Q*B 


- r{P) - r{Q) 


AP* 


BQ* 


A + B 










A + B 

-2r(B), r(0) 
□ 



iP) - r{Q) = r{N) - r{P) - r{Q), 



B A 
A 



2r{A), 



by (1.4). Hence we have (10.10) and (10.11). 

Theorem 10.6. Let A, B e C™^" be given. Then 

(a) r{{A + B){A + By -[A, B][A, B]t)=r[A, B]-r{A + B). 



(b) 



{A + By{A + B) 



' A ' 


t 


■ A ' 




■ A ' 


B 




B 


h 


B 



r{A + B). 



In particular, 

(c) {A + B){A + By = [A, B][A, B]t ^ r[A, B] = r{A + B) ^ R{A) C R{A + B) and 
R{B) C R{A + B). 

(d) {A + By{A + B)= ^ B B = r{A + B) <^ R{A*) C R{A* + B* ) and 
R{B*) C R{A* +B*). 

Proof. Let N = A + B and M = [A, B]. Then it follows from Theorem 7.2(a) that 

riNN'i-MM'i) = 2r[N, M]-r{N) -r{M) 

= 2r[A + B, A, B]-r{A + B)-r{A)-r{B) 
= r[A, B]-r{A)-r{B), 

as required for Part (a). Similarly we have Part (b). □ 

In general we have the following. 

Theorem 10.7. LetAi, A2, Ak e C™^" be given and let A = Ai+A2-\ \-Ak, M = [Ai, A2, Ak] 

N* = [At, Al Al] . Then 

(a) r( AA^ - MM^ ) = r(M) - r(A). 

(b) riA'fA- N'fN) =r{N) -r{A). 

(c) AAt = MMt ^ r(M) = r{A} ^ R{A,) C R{M), i = l, 2, k. 

(d) A^A = N^N ^ r{N) = r{A} ^ R{A*) C R{N*), i = l, 2, • • • , k. 



Theorem 10.8. Let A, B G C™^" be given and let N = A + B. Then 

(a) riAN'^B) = r{NA*) +r{B*N) -r{N). 

(b) r{AN''B )=r{A)+r{B)-r{N), if R{A*) <Z R{N*) and R{B) C R{N). 



(c) r{AN^B - BN^A ) = r 



N 

NA* 



iN, AN*]-2r{N). 



(d) AN'fB ^O^r{NA*)+r{B*N) = r{N). 

(e) AN^'B = BN^A <^ R{AN*) C R{N) and R{A*N) C R{N*). 

(f) AN'^B = BN'^A, ifR{A)CR{N) and R{A*) C R{N*). 



Proof. It follows by (2.1) that 

r{AN^B) = 



N*NN* N*B 
AN* 



r{N) 
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N*AN* + N*BN* N*B 
AN* 



N*B 
AN* 



-r{N) 

r{N) = r{NA*) + r{B* N) - r(7V), 



as required for Part (a). Under R{A*) C R{N*) and R{B) C R{N), we know that r{NA*) = r{A) and 
r{B*N) = r{B). Thus we have Part (b). Similarly it follows by (2.1) that 

r{AN'^B - BN^A) 
= r([A, B 



' N 


■ 


t 


■ B ' 





~N 




A 



N*NN* 


AN* 



N*B 
'N*NN* N*A 
BN* 



N*AN* N*BN* N*B 
-~N*AN* -N*BN* N*A 
AN* BN* 



2r{N) 
- 2r{N) 



N*B 
N*A 
AN* BN* 



2r{N) 



N*B 
N*A 

N*N 
N*A 



+ r[AN*, BN*] - 2r{N) 

+ r[AN* , NN* ]-2r{N) =r 



N 
N*A 



+ r[AN*, N] ~ 2r{N), 



□ 



as required for Part (c). 

It is weh known that if R{A*) C R{N*) and R{B) C R{N), the product A{A + B)^B is called the 

parallel sum of A and B and often denoted by P{A, B). The results in Theorem 10.8(b) and (f) show that 
if A and B are parallel summable, then 

r[P{A, B)]^r{A)+r{B)-r{A + B) and P{A, B) ^ P{B , A). 



These two properties were obtained by Rao and Mitra |118| with a different method. 

The following three theorems are derived directly from (2.1). Their proofs are omitted here. 
Theorem 10.9. Let A, B £ C™^" be given. Then 





■ A 







■ A ' 







B 




B 



In particular, 



A 
B 



{A + B)^A, B 



(A + B)t[A, B]j ^r{A) +r{B) -r{A + B). 

<=^r{A + B)^ r{A)+r{B). 



A 
B 



(10.12) 
(10.13) 



The equivalence in (10.13) was established by Marsaglia and Styan | 
Theorem 10.10. Let Ai, A2, ■ ■ ■ , Ak £ C™^" be given and denote 

A = diag(Ai, A2, Ak), N^Ai+A2 + --- + Ak. 



The 



I 



A 



Ax 
Ak 



\ 



N^Ai, 



Ak 



r{Ai) + --- + r{Ak)-r{N). 



(10.14) 
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In particular, 



Ai 



A, 



N^A,,---,Ak]^A^ r{N) = r{A,) + ■■■ + r{Ak). 



(10.15) 



The equivalence in (10.15) was established by Marsaglia and Styan ||83| . 

Theorem 10.11. Let A, B e C™^" be given and let N = A + B. Then 

(a) r{A- AN^A) ^r{NB*N) + r{A) -r{N). 

(b) r{A-AN^A)^r{A)+r{B)-r{N), if R{A) C R{N) and R{A*) C R{N*). 

(c) A^t g {^-} ^ r{NB*N)=r{N)-r{A). 

(d) iVt e {A-} if r{N) = r{A) + r{B). 

Proof. Immediate by (2.1). □ 

Notice that the sum A + B can be expressed as 



A + B=[A, I] 



I 
B 



[AA\ B] 



A 
B^B 



[A, B] 



A^A 
B^B 



[A, B] 



At 
St 



A 
B 



Through the results in Chapter 8, we can also establish some rank equalities for sums of matrices. 
Theorem 10.12. Let A, B e C"^" be given. Then 

In 



(a) r\^iA + B)-{A + B) 
it 



B 



[A /,„]t(a + b; 



r(/„ - A*B) + r{A + B] 



(b) 



In 

B 



[A, /„,]t C{{A + B)-}^r{I„-A*B) + riA + B)^ 



Proof. Write A + B =[A, /„ ] 

r{PQ-PQQ^P^PQ) 



In 

B 



= PQ. Then we find by (8.1) that 

r[P\ Q]+r{PQ)-r{P)-r{Q) 
A* I„ 



B 



iA + B)-r[A, /„] 



B 



r{In~A*B)+r{A + B) - n. 



Parts (a) and (b) follow from it. 
Theorem 10.13. Let A, B £ C 

(a) r I {A + B)-{A + B) 



A 
B 



(b) r {A + B)~{A + B) 



A 
B 



□ 



be given. Then 



A 
B'^B 



[AA\ BWA + B) 



A 
B 



it 



[AA\ BB^\A + B) = 



A* A* A 
BB* B 



A B 
A*A B*B 



'•{A+B)-r[A, B]- 



-{A+B)-r[A, B]- 



(c) 
(d) 



A 

B^B 

A 
B 



[AA\ B]t C{{A + B)-}^r 
[AAl BSt]t c {(A + B)-}^r 

= [AAl BB''] 



A* 


A* A ' 




' A ' 


BB* 


B 


= r 


B 


A 


B 




' A ' 


A* A 


B*B 


= r 


B 



Proof. Writing A + B = [AA\ B] 
yields Parts (a) and (b). □ 



A 
B^B 



A 
B 



r[A, B] -r{A + B). 
r[A, B] -r{A + B). 

and then applying (8.1) to them 
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Theorem 10.14. Let A, B € C"*^" be given. Then 



{A + B 



In 

B 



t 



[A, I„ 



It 



(10.15) 



holds if and only i f 

{Im-BA*){A + B) = {A + B){Ir,-B*A)=0 



Proof. Write A + B =[A, I„ 
and only if 



In 

B 



(10.16) 

PQ. Then we find by Theorem 8.2(e) that (PQ)t = Qtpt if 



r[P*PQ, Q]=r{Q), and r 
Notice that r{Q) = n and r{P) = m, and 
r[P*PQ, Q]=r 



P 
PQQ* 



A*{A + B) In 
A + B B 





P 




A 


r 


PQQ* 


= r 


A + B 



r{P). 

--n + r[{In,-BA*){A + B)], 
= m + r[(A + B)(J„-B*A)]. 



(10.17) 



In that case, (10.17) reduces to (10.16). □ 
Theorem 10.15. Let A, B e C™^" he given. Then 



' A ' 


t 


■ A 





B 







B 



r(^{A + B)-{A + B) 

A + B AA* + BB* 

A*A + B*B A*AA* + B*BB* 

In particular, 



[A, B]\A + B)^ 
+ r{A + B)-r[A, B]-r 



A 
B 



(10.18) 



" A " 


t 


■ A 


" 


B 







B 



_ ^[A B]^C{iA + B)-} 

holds if and only if 

A + B AA* + BB* 1 _ \ A 

A*A + B*B A*AA* + B*BB* ~^ B 



+ r[A, B]-r{A + B). 



(10.19) 



" A 


■ 




■ / " 





B 




I 



Proof. Writing A + B = [I, I] 

□ 



Theorem 10.16. Let A, B & C™^" he given. Then 



PNQ, and then applying (8.2) to it yields (10.18). 



r (A + B)t- 



A B 
B A 



' A ' 


t 


■ A 





B 







B 


- ^* 







' A 





B* 


B 



[A, B]t 



In particular, 
(A + B)t = 



" A ' 


t 


■ A 


" 


B 







B 



[A, B]^ -^r 



Proof. Writing A + B = [I, I] 



□ 



" A 


" 




■ I ' 





B 




I 



-r{A + B). (10.20) 

= r{A + B). (10.21) 
= PNQ, and then applying (8.4) to it yields (10.20). 



" A 


B ' 




■ ^* 







■ A 


B ' 




B 


A 







B* 




B 


A 


) 
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The above several results can also be extended to sums of k matrices. In the remainder of this chapter, 
we present a set of results related to expressions of Moore- Penrose inverses of Schur complements. These 
results have appeared in the author's recent paper |13£]. 



Theorem 10.17. Let A e C™"=", B e C 
additivity condition 



m X k 



C e C 



Ixn 



and D Cz C 



Ixn 



be given, and satisfy the rank 





■ A 


B ' 




■ A ' 




■ B ' 


r 


C 


D 


— r 


C 


+ r 


D 



r[A, B]+r[C, D]. 



(10.22) 



Then the following inversion formula holds 



{Eb.SdFc,)^ =A^+ A^BJ\D)CA^ + cI[SaJHd)Sa - Sa ]bI 

- A'fBil - J\D)Sa]bI - Cl[I - SaJHd)]CA\ 



(10.23) 



where 



Sa = D^CA'fB, Sd = A~- BD'fC, J{D) = Ec, SaFb, , 
Bi = EaB, B2 = BFd, Ci = CFa, C2 = EoC. 
Proof. Follows immediately from the two expressions of M'^ in Theorem 9.8. □ 

The results given below are all the special cases of the general formula (10.23). 
Corollary 10.18. If A, B, C and D satisfy 



R 



A 




C R 



A B 
C D 



and 



R 



A* 




C R 



A* 
B* 



C* 
D* 



and the following two conditions 

R{CS})) C R{D), R{B*Sd) C R{D*), 
or more specifically satisfy the four conditions 

R{C) C R{D), R{B*) C R{D*), R{B) C R{Sd), R{C*) C i?(S'^), 



(10.24) 



(10.25) 



(10.26) 



then the Moore-Penrose inverse of the Schur complement Sd = A — BD^C satisfies the inversion formula 

{A - BD^C)^ ^A^+ A^BJ\D)CA^ + C\[SaJ\D)Sa - Sa]b\ 

- A'^BII - J\D)Sa]b\ - C\[I - SaJ\D)]CA\ (10.27) 

where Sa, Bi, Ci and J{D) are defined in (10.23). 

Proof. It is obvious that (10.25) is equivalent to {EuC)Sf) = and S'^{BFd) — 0, or equivalently 

Sd{EdC)^^0 and {BFd)^Sd^O. (10.28) 

These two equalities clearly imply that Sd, EdC and BFd satisfy (9.31). Hence by Lemma 9.7, we know 
that under (10.24) and (10.25), A, B, C and D naturally satisfy (10.22). Now substituting (10.28) into 
the left-hand side of (10.23) yields J'^{A) = {A- BD^C)K Hence (10.23) becomes (10.27). Observe that 
(10.28) is a special case of (10.25), hence (10.27) is also true under (10.26). □ 

Corollary 10.19. If A, B, C and D satisfy (10.27), (10.25) and the following two conditions 

R{CFa) n R{Sa) = {0} and R[{EaB)*] n R{S*a) = {0}, (10.29) 

then 

{A - BD^C)^ - At + A^BJ^{D)CA^ - A^B[I- J\D)Sa]bI - C\[I - SaJ\D) ]CA\ (10.30) 
where Sa, Bi, Ci and J{D) are defined in (10.23). 
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Proof. According to Theorem 7.8, the two conditions in (10.27) imply that SaJ^ {D)Sa = Sa- Hence 
(10.27) is simpUficd to (10.30). □ 

Corollary 10.20. If A, B, C and D satisfy (10.24), (10.25) and the following two conditions 

R{BS*a) C R{A) and R{C*Sa) C R{A*), (10.31) 

then 

{A - BD^Cy =A^+ A^BSl^CA^ - A^B{EaB)'^ - {CFa)'^CA^. (10.32) 
where Sa = D- CA'^B. 

Proof. Clearly, (10.31) is equivalent to {EaB)S\ = and S\{CFa) = 0, which can also equivalently be 
expressed as Sa{EaB)'^ = and {CFa)'^Sa = 0. In that case, J{D) = Ec^SaFb^ = Sa- Hence (10.27) is 
simplified to (10.32). □ 

Corollary 10.21. If A, B, C and D satisfy (10.24), (10.25) and the following two conditions 

R{B) C R{A) and R{C*) C R{A*), (10.33) 

then 

{A - BD^C)^ = At + AtB(£) - Cy4ts)tc^t. (10.34) 

Proof. The two inclusions in (10.33) are equivalent to EaB = and CFa = 0. Substituting them into 
(10.27) yields (10.34). □ 

Corollary 10.22. If A, B, C and D satisfy the following four conditions 

R{A)nR{B) = {0}, R{A*)nR{C*) = {0}, R{C) = R{D), R{B*)=R{D*), (10.35) 

then 

{A - BD^Cy = At - A^B{EABy - {CFa^CA^ + {CFAy SAiEAB^ . (10.36) 

Proof. Under (10.35), A, B, C and D naturally satisfy the rank additivity condition in (10.22). Besides, 
from (10.35) and Theorem 7.2(c) and (d) we can derive 

b\b^ = B^'B, CiCl = CC\ B2 = 0, C2 = 0, J{D) = 0. 

Substituting them into (10.23) yields (10.36). □ 

If D is invertible, orD — I,oiB = C = —D, then the inversion formula (10.23) can reduce to some 
other simpler forms. For simplicity, we do not list them here. 



Chapter 11 



Moore-Penrose inverses of block 
circulant matrices 



Inverses or Moore-Penrose inverses of circulant matrices and block circulant matri ces i s an a ttra c tive topic 
in matrix theory and lots of results can be find in the literature (see, e.g., |39, 40, 122, 12£, 127, 141|). To 
find the general expression for inverses or Moore-Penrose inverses of circulant matrices and block circulant 
matrices, a best method is to use various well-known factorizations of circulant matrices and block circulant 
matrices, and then derive from them general expressions of inverses or Moore-Penrose inverses the matrices. 
In this chapter we mainly consider Moore-Penrose inverses of block circulant matrices, and then then drive 
from them some interesting consequences related to sums of matrices. In addition, we shall also consider 
some extension of the work to quaternion matrices. 

For a circulant matrix C over the complex number field C with the form 



C 



ao ai 



ak-2 



(11.1) 



ai 02 • • • ao 
the following factorization is well known (see, e.g., Davis [^ ) 

C/*CC/ = diag(Ai, A2, Afe) 
where J7 is a unitary matrix of the form 

1 



U = iUpq)kxk, 



^/fc 



,(P-1)(9-1) 



1, and Lo ^ 1, 



and 



At = ao + aia;(*-i) + a^iuj'^'-^^f + ■■■ + ak-M'-^^f-\ t - 1, • • • , fc. 
It is evident that the entries in the first row and first column of U are all l/Vfe, and 

Ai = ao + ai H h a^-i- 



(11.2) 

(11.3) 
(11.4) 
(11.5) 



Observe that U in (11.3) is independent of oo — a^-i in (11.1). Thus (11.2) can directly be extended to 
block circulant matrix as follows. 



Lemma 11.1. Let 



A = 



Ak 



A2 

Ai 



Ak 
Ak-i 



(11.6) 



A2 A.c, 
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be a block circulant matrix over the complex number field C, where At G C™^", i = 1, • • • , fc. Then A 
satisfies the following factorization equality 



J2 



Jk 



(11.7) 



where and Ug are two block unitary matrices 

Urn = {Upqlm)kxk} Un — {Upqln)kxkj (H-^) 

Upq is as in (11.3), meanwhile 

Jt = Ai+ A2u;(*-i) + ^3(w^*~'^)' + • • • + Afc(co(*-i))'=-i, < = 1, • • • , k. (11.9) 

Especially, the block entries in the first block rows and first block columns of Um and Un are all scalar 
products of 1/ \fk with identity matrices, and Ji is 



Ji = Ai + A2 



A, 



(11.10) 



Observe that Ji in (11.7) is the sum of Ai, A2, ■ ■ ■ , Ak- Thus (11.7) imphes that the sum 'J2t=i 
closely linked to its corresponding block circulant matrix through a unitary factorization equality. Recall 
a fundamental fact in the theory of generalized inverses of matrices (see, e.g., Rao and Mitra |]ll8| ) that 

{PAQY = QMtp*, if P and Q are unitary. (H-ll) 

Then from (11.7) we can directly find the following. 

Lemma 11.2. Let A be given in (11.6), Ur and Us be given in (11.8). Then the Moore-Penrose inverse 
of A satisfies 

At = {/„diag( 4, 4, . . . , 4 ){/;;. (11.12) 
Proof. Since Um and Un in (11.7) are unitary, we find by (11.11) that 

([/,;Af/„)t = u*A^Um. 

On the other hand, it is easily seen that 

[diag( Ji, J2, Jfc)]t =diag(4, 4. 4)- 

Thus (11.12) follows. □ 

The expression shows that the Moore-Penrose inverse of A can be completely determined by the Moore- 
Penrose inverses of Ji — Jk- Moreover, A'' is also a bl ock circulant matrix, this fact was pointed out by 
Cline, Plemmons and Worm in and Smith in [126|. 



The generalizations of circulants and block circulants have many forms (see, e.g. ||2g|, ^ |39|, |144 |145| ); 
and various factorizations of these kinds of matrices can also be established. In that case, one can use the 
rank formulas in Chapter 8 to those factorizations, and then find from them various expressions for Moore- 
Penroses inverses of these generalized circulants and generalized block circulants. But we do not intend 
to go further along this direction. Instead, our next work is to consider some remarkable applications of 
(11.12) to Moore-Penrose inverses of sums of matrices. 



Theorem 11.3(Tian [|33l |136|). Let Ai, Ai, 

sum satisfies 



Then the Moore-Penrose inverse of their 



(Ai + A2-K--- + Afe)t = -[/„,/„, •••,/„; 



Ai A2 
Ak Ai 

Ao A3 



Ak 

Ak-i 

Ai 



- t 













(11.13) 
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In particular, if the block circulant matrix in it is nonsingular, then 



{A1+A2 



+ A. 



Ax A2 
Ak Ax 

Ai A, 



Ak 
Au-\ 

Ai 



-1 













(11.14) 



Proof. Prc-multiply [ J„, 0, • • • , 0] and post-multiply 0, 
observe the structure of Um and C/„ to yield (11.13). □ 



0]^ on the both sides of (11.12) and 



In |133|| and |136|, the author proved (11.13) in some direct but tedious methods. New (11.3) is just 
a simple consequence on the Moore-Penrose inverse of a block circulant matrix. The identity (11.13) 
manifests that the Moore-Penrose inverse of a sum of matrices can be completely determined through 
the Moore-Penrose inverse of the corresponding block circulant matrix. In this case, if we can find the 
expression of the Moore-Penrose inverse of the block circulant matrix by some other methods (not by 
(11.2)), then we can get the expression for the Moore-Penrose inverse of the sum of matrices. In fact, we 
have presented many results in Chapter 9 for Moore-Penrose inverses of block matrices. Applying some 
of them to the block circulant matrix in (11.13), one can derive many new conclusions on Moore-Penrose 
inverses of sums of matrices. Here we present some of them. 

Let A and B be two m x n matrices. Then according to (11.13) we have 



{A + B)^ = i[/„, /„] 



" A 


B ' 


t 


I'm 


B 


A 







(11.15) 



As a special case of (11.15), if we replace A -\- B va (11.15) by a complex matrix A + iB, where both A 
and B are real matrices, then (11.15) becomes the equality 



{A + iB)^ ^ -[/„, /„] 



A 


iB ' 


t 




iB 


A 







" A 


-B ' 


t 




B 


A 




-ilm 



(11.16) 



Now applying Theorems 9.8 and 9.9 to (11.15) and (11.16) we find the following two results, which was 
presented by the author in |136|. 

Theorem 11.4. Let A and B be two m x n complex matrices, and suppose that they satisfy the rank 
additivity condition 



' A 


B ' 




■ A ' 




■ B ' 


B 


A 


= r 


B 


+ r 


A 



= r[A, B]+r[B, A], 

or alternatively 

R{A)CR{A±B) and R{A*) Q R{A* ± B*). 

Then 

(a) The Moore-Penrose inverse of A + B can be expressed as 

{A + B)^ = J\A) + J\B) = {Eb,SaFb,V + {Ea.SbFa, )\ 



(11.17) 



(11.18) 



(11.19) 



A B 
B A 



and 



where J {A) and J{B) are, respectively, the rank complements of A and B in 

Sa = A-BA^B, Sb=B - AB'^A, Ai^EbA, A2^AFb, Bi^EaB, B2 = BFa- 

(b) The matrices A, B, and the two terms Gi = J^{A) and G2 — J'^{B) in the right-hand side of 
(11.19) satisfy the following several equalities 



r{Gx)^r{A), 



r{G2) = r{B), 
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{A + B){A + By =AGi+BG2, iA + B)^{A + B) = G1A + G2B, 

AG2 + BGi = 0, G2A + GiB = 0. 

Proof. The equivalence of (11.17) and (1.18) is derived from (1.13). We know from Theorem 9.8 that 

\ A B 

under the condition (11.17), the Moore-Penrose inverse of 



B A 



can be expressed as 



" A 


B ' 


t 


B 


A 





jt(A) J\B) 
J\B) J\A) 



(Ea^SbFa,)^ {Eb,SaFb,)^ 



Then putting it in (11.15) immediately yields (11.19). The results in Part (b) are derived from Theorem 
9.9. □ 

Theorem 11.5. Let A + iB be an m x n complex matrix, where A and B are two real matrices, and 
suppose that A and B satisfy 



' A 


-B ' 




■ A ' 




■ -B ' 


B 


A 


= r 


B 


+ r 


A 



= r[A, -B]+r[B, A], 



or equivalently 



(11.20) 
(11.21) 

(11.22) 



R{A) C R{A ± iB) and R{A*) C R{A'^ ± iB"^). 
Then the Moore-Penrose inverse of A + iB can be expressed as 

{A + iB)'' =Gi-iG2 = [EbAA + BA^B)Fb,]^ -i[EA,iB + AB^A)FAj, 
where Ai = EbA, A2 = AFb, Bi = EaB and B2 = BFa- 
Proof. Follows directly from Theorem 11.4. □ 

Corollary 11.6. Suppose that A + iB is a nonsingular complex matrix, where A and B are real. 

(a) // both A and B are nonsingular, then 

{A + iB)-^ = {A + BA-^B)-'^ -i{B + AB-'^A)-'^. 

(b) // both R{A) n R{B) = {0} and R{A*) n R{B*) = {0}, then 

{A + iB)-' = {EbAFb)^ ~ i{EABFA)^ . 

(c) Let A = XLm, where X is a real number such that A/^ + iB is nonsingular, then 

{Xlm+iB)-'' = X{X^Im + B^)-' -i{X'B + B^B^B^)l 

Proof. Follows directly from Theorem 11.4. □ 

As a special case of Theorem 11.5, we have the following interesting result: Suppose M = A + iB is a. 
nipotent matrix, i.e., = 0. Then its Moore-Penrose inverse can be expressed as 

{A + iB)^ = {EbAFb)^ -i{EABFA)^. 

we leave it as an exercise to the reader. 

(b) If both R{A) n R{B) = {0} and R{A*) n R{B*) = {0}, then 

{A + iB)-' = (EbAFb)'' - i{EABFA)^. 

We next turn our attention to the Moore-Penrose inverse of sum of k matrices, and give some general 
formulas. 



Theorem 11.7. Let Ai, A2, 

condition 



, Ak e C™^" be given. If they satisfy the following rank additivity 
r{A)=kr[Ai, ■ ■ ■ , A^] = kr[Al ■ ■ ■ , AI], (11.23) 
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where A is the circulant block matrix defined in (11.6), then 

(a) The Moore-Penrose inverse of the sum X)i=i ^« ca« he expressed as 

( + ^2 + • • • + Afc )^ = J\A^) + J\A2) + ■■■ + j\Au), 

where J{Ai) is the rank complement of Ai{l < i < k) in A. 

(b) The rank of J{Ai) is 



r[J{Ai)]=r[Ai,---,Ak]+r[Al 



r{A)+r{Di), 



(11.24) 



(11.25) 



where 1 < i < k, Di is the {k — 1) x {k — 1) block matrix resulting from the deletion of the first block row 

and ith block column of A. 

(c) Ai, A2, ■ ■ ■ , Ak and J^{Ai), J^{A2), • • • , J^{Ak) satisfy the following two equalities 

( + • • • + Afc )( + • • • + Afe )t = jt(Ai) + • • • + AkJ^Ak), 
(^Ar + --- + Ak)\Ai + --- + Ak) = JHAi)Ai + ■■■ + J^Ak)Ak. 

Proof. Follows from combining Theorem 9.18 with the equality (11.13). □ 
Corollary 11.8. Let Ai, A2, • • • , A^. G C™^". // they satisfy the following rank additivity condition 

r{Ai+A2 + --- + Ak)= r(^i) + r{A2) + ■■■+ r{Ak), (11.26) 

then the Moore-Penrose inverse of the sum Yli=i be expressed as 

( + A2 + • • • + Afe )t = {E^^AiF^J^ + {E„,A2Fi3,)'' + ■■■ + {E^.AkFp.y, 

where ai and /?, are 

Ai 



(11.27) 



Ak 



Ai-i 
Ai+i 

Ak 



1,2, ■■■,k. 



Proof. We first show that under the condition (11.17) the rank of the circulant matrix A in (11.6) is 

r{A) = k[r{Ai) + r{A2) + ■■■+ r{Ak) ]. (11.28) 

According to (11-7), we see that 

r(A) =r(Ji)+r(J2) + --- + r(Jfc). 

Under Eq. (11.26), the ranks of all Jj are the same, that is, 

r{Ji) = r(Ai) + r{A2) + ■■■ + r{Ak), i = l,2,---,k. 

Thus we have (11.28). In that case, applying the result in Corollary 9.19 to the circulant block matrix A 
in (11.13) produces the equality (11.27). □ 

It is worth to point out that the formulas for Moore-Penrose inverses of sums of matrices given in this 
chapter and those for Moore-Penrose inverses of block matrices given in Chapter 9 are, in fact, a group 
of dual results. That is to say, not only can we derive Moore-Penrose inverses of sums of matrices from 
Moore-Penrose inverses of block matrices, but also we can make a contrary derivation. For simplicity, here 
we only illustrate this assertion by a 2 x 2 block matrix. In fact, for any 2x2 block matrix can factor as 



M 



' A 







■ A 










B ' 





D 







D 


+ 


c 






iVl+iV2. 
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If M satisfies the rank additivity condition (9.22), then iVi and N2 satisfy 



N2 



N2 



A B 





C 



D C 
B A 
D 



= 2r 



A B 
C D 



= 2r 



N2 



= 2r[Ni, N2]. 



Hence by Theorem 11.4, we have 



Ml = (TVi + A^2 )^ = J\Ni) + J\N2), 

where J{Ni) and J(A^2) are, respectively, the rank complements of A^i and N2 in 
in an explicit form, (11.29) is exactly the formula (9.33). 



Ni N2 
N2 Ni 



(11.29) 
Written 



Besides (11.13), some other identities between Moore-Penrose inverses of sums of matrices and Moore- 
Penrose inverses of block matrices can also be established. Here we present a result for the sum of four 
matrices. 





' Ao 


Ai 


A2 


A3 ' 


t 






Ai 


Ao 


A3 


A2 






In] 


A2 


A3 


Ao 


Ai 








A3 


A2 


Ai 


Ao 







(11.30) 



Clearly, the block matrix in (9.30) is not 4x4 block circulant, but 2x2 block circulant with two 2x2 
block circulants in it. 

In addition, we mention another interesting fact that (11.16) can be extended to any real quaternion 



',\Irn jin 



Ao 


+ iAi 


-{A2- 


f J^s) ■ 


t 




A2 


-iA3 


Ao- 


iAi 







matrix of the form A — Ao+ iAi + jA2 + kA3, where ^0 — A3 are real mx n matrices and i 
— 1, ijk — —1, as follows: 

{Ao+iAi+iA2 + kA3)^ 

and 



k' 



(11.31) 



Moreover denote ( Ao + lAi + iA2 + fcAs = G. 





" Ao 


-Ai 


-A2 


~A3 ' 


t 




kin ] 


Ai 


Ao 


A3 


~A2 




— iljji 


A2 


~A3 


Ao 


Ai 








. A3 


A2 




Ao 




~hT 


= Go4 


-iGi - 


ViG2 4 


-kG3. 


Then 





(11.32) 



Ao 


-A, 


-A2 


-^3 " 


t 


Go 


-Gi 


-G2 


-G3 


Ax 


Ao 


A3 


~A2 




Gi 


Go 


G3 


-G2 


A2 


~A3 


Ao 


Ai 




G2 


-G3 


Go 


Gi 


A3 


A2 




Ao 




G3 


G2 


-Gi 


Go 



(11.33) 



These equalities are in fact derived from the following two universal factorization equalities (see [137|) 



A 
A 



^2n 



Ao 
A2 



All 

A3l 



-(A2 + Agi) 

Ao ~ Ali 



(11.34) 



where P2m and P2*n are the following two unitary quaternion matrices 



and 



A 

^4m 



-jIn 



-il„ 

kim. 



P* — ^ 

'"^ V2 



A 



A 



iin 



A 



Ao 
Ai 
A2 
A3 



'Ax 
Ao 
A3 

-A2 



In 
iln 

-A2 

'A3 

Ao 
Ai 



jIn 

kin. 



-A3 
A2 

-Ai 
Ao 



(11.35) 
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where Q^t is the following unitary quaternion matrix 



It 


lit 


jIt 


kit 


-lit 


It 


kit 


-jit 


-JIt 


-kit 


It 


lit 


-kit 


jIt 


-ilt 


It 



Based on (11.31) — (11.33), one find easily determine expressions of Moore-Penrose inverses of any real 
quaternion matrices, especially the inverses of nonsingular matrices. 

Furthermore, it should be pointed out that the above work can extend to matrices over any 2"- 
dimensional real and complex Clifford algebras through a set of universal similarity factorization equalities 
established in the author's recent papers [137| and [138|. 



Chapter 12 



Rank equalities for submatrices in 
Moore-Penrose inverses 



Let 



M 



A B 
C D 



be a 2 X 2 block matrix over C, where A e C"^", Be C"''"', C eC 



A 
C 



B 
D 



Wi - [A, B], 



W2 = [C, D]. 



Moreover, partition the Moore-Penrose inverse of M as 

Aft = 



Gi G2 
G3 G4 



(12.1) 



(12.2) 



(12.3) 



where Gi e C"^™. As is well known, the expressions of the submatrices Gi — G4 in (12.3) are quite 
complicated if there are no restrictions on the blocks in M (see, e.g.. Hung and Markham j?^, Miao ^7\). 
In that case, it is hard to find properties of submatrices in Aft. In the present chapter, we consider a 
simpler problem — what is the ranks of submatrices in Aft , when Af is arbitrarily given? This problem was 
examined by Robinson |120| and Tian [134|. In this chapter, we shall give this problem a new discussion. 



r(Gi) =r 
r(G3)=r 



Wi 

ViC*W2 V2 
Wi 



-r(Af), r(G2)-r 
r(Af), r(G4)=r 



Then 




V2B*Wi 


Vi 


W2 





ViA*Wi 


V2 


W2 






-r(M), 
r(Af), 



(12.4) 
(12.5) 



where Vi, V2, Wi and W2 are defined in (12.2). 

Proof. We only show the first equality in (12.4). In fact Gi in (12.3) can be written as 



Gi = [In, 0]Aft 







PM^Q. 



(12.6) 



Then applying (2.1) to it we find 
r(Gi) = 



M*MM* M*Q 
PM* 



MM*M MP* 
Q*M 



-r(Af) 
r(Af) 
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= r 



Wi 

[0, V2]M* 



Wi 
W2 



W2 











-r(M) 
r(M) = r 



V2D*W2 Vi 
Wi 



r(M), 



establishing the first cquahty in (12.4). □ 

Corollary 12.2. Let M and be given by (12.1) and (12.3). // 

r{M)=r{Vi)+r{V2), i.e., R{Vi) n R{V2) = {0} , 



then 



r{Gi)=r 
r(G3) = r 



A B 

D*C D*D 

A B 

C*C C*D 



— r 



B 
D 

A 
C 





' B*A 


B*B 




' B 


= r 


C 


D 


— r 


D 




■ A* A 


A*B ' 




A ' 


= r 


C 


D 


— r 


C 



(12.7) 

(12.8) 
(12.9) 



Proof. Under (12.7), we also know that R{Vi) n R{V2D*W2) = {0}. Thus the first equality in (12.4) 

becomes 



r(Gi 



V2D*W2 Vi 
Wi 

V2D*W2 



r{M) 
r{Vi)-r{M) =r 



D*W2 
Wi 



r{V2) = r 



D*W2 



r{V2), 



establishing the first one in (12.8). Similarly, we can show the other three in (12.8) and (12.9). 

Similarly, we have the following. 
Corollary 12.3. Let M and be given by (12.1) and (12.3). If 

r{M) = r{Wi) + r{W2), i.e., i?(W'i*) n R{W;) = {0}, 



□ 



then 



r(Gi) = r 
r(G3) = r 



A BD* 
C DD* 

AC* B 
CC* D 



-r[C, D], r(G2)=r 
-r[C, D], r{Gi)=r 



A BE* 
C DB* 

AA* B 
CA* D 



-r[A, B], 
r[A, B]. 



(12.10) 

(12.11) 
(12.12) 



Combining the above two corollaries, we obtain the following, which is previously shown in Corollary 

9.9. 

Corollary 12.4. Let M and be given by (12.1) and (12.3). IfM satisfies the rank additivity condition 



then 



r{M) = r(Vi) + r{V2) = r{Wi) + r{W2), 

r(Gi) = r{D) + r{Vi) + r{Wi) - r{M), 
r{G2) = r{B) + r{Vi) + r{W2) - r{M), 
r(G3) = r(G) + r{V2) + r{Wi) - r{M), 
r{Gi) = r{A) + r{V2) + r(W2) - r(M). 

Proof. We only show (12.14). Under (12.13), we find that 

^'w7' 1 = ^i^^D*W2) + r{V,) + r{W,), 



(12.13) 

(12.14) 

(12.15) 
(12.16) 
(12.17) 
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where 



r{V2D*W2) = r 



BD*C BD*D 
DD*C DD*D 



r{D). 



Thus the first equality in (12.4) reduces to (12.14). □ 

Corollary 12.5. Let M and M'^ he given by (12.1) and (12.3). IfM satisfies the rank additivity 

r{M) = r{A) + r{B) + r{C) + r{D), 

then 

riGi)=r{A), r(G'2) = r(C7), ^Gs) = r(B), r{Gi) = r{D). 
Proof. Follows directly from (12.14)— (12.17). □ 
Corollary 12.6. Let M and be given by (12.1) and (12.3). // 

r(M) = r{Vi), i.e., R{V2) C R{Vi), 

then 

r(Gi) = r(A), ^Ga) = r(C7), 



riOs) = r 



ViC*C V2 
A 



ViA*A V2 
C 



r{Vi). 



r{Vi), r{Gi) = r 
Proof. The inclusion in (12.20) implies that 

R{V2D*W2) C R{Vx), R{V2D*Wi) C R{Vx), R{B) C R{A), R{D) C R{C). 
Thus the two rank equalities in (12.4) become 



r{Gi) = r 



r{G2) = r 



V2D*W2 Vi 

Wi 

V2B*Wi Vi 

W2 



- r(M) = r(Vi) + r{Wi) - r{M) = r{Wi) = r{A), 



r{M) = r{Vi) + r{W2) - r{M) = r{W2) = r(C), 



and the two rank equalities in (12.5) become 



KG3) 



ViC*W2 V2 
Wi 

ViC*C ViC*D V2 
A BO 



r{M) 



r{M) = r 



ViC*C V2 
A 



r(M), 



condition 
(12.18) 

(12.19) 



(12.20) 

(12.21) 

(12.22) 



r(G4) 



ViA*Wi V2 
W2 



r{M) 



= r 



ViA*A ViA*B V2 
C DO 



□ 



r(M) = r 



ViA*A V2 
C 



Hence we have (12.21) and (12.22). 

Similarly, wc have the following. 
Corollary 12.7. Let M and he given by (12.1) and (12.3). // 

r(M) = r(W^i), i.e., R{W^) C R{Wi), 



then 



r(Gi) = r{A), r{G^) = r{B) 

BB*Wi A 
W2 



r{G2) 



r{W^), r(G4) = r 



AA*Wi B 
W2 



-r(M). 



r(Wi). 



(12.23) 

(12.24) 
(12.25) 
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Combining the above two corollaries, we obtain the following. 
Corollary 12.8. Let M and Mt be given by (12.1) and (12.3). // 

r(M) = r{A), 

then 

r(Gi) = r{A), r{G2) = r(C), r{Gs) = r{B), 



r{Gi) = r 



A A* A B 
C 



iA). 



(12.26) 
(12.27) 
(12.28) 



Proof. Clearly (12.26) implies that r{M) = r(Vi) = r{Wi). Thus we have (12.27) by Corollaries 12.6 
and 12.7. On the other hand, (12.26) is also equivalent to AA'iB = B, CA'^A = C and D = CA'^B by 
(1.5). Hence 



r{Gi) = r 



= r 



ViA*Wi 


V2 ' 







AA*Wi 


B ' 


CA*Wi 


D 







AA*Wi 


B ' 







AA*A 


AA*B 


C 


D 



-r{M) 
-r{A) 

-r{W^) 

B 




r{A) = r 



AA*A B 
C 



r{A), 



which is (12.28). □ 

Next we list a group of rank inequalities derived from (12.4) and (12.5). 

Corollary 12.9. Let M and be given by (12.1) and (12.2). Then the rank of Gi in satisfies the 
rank inequalities 

r{Gi) <r{D)+r[A, B] + r ^ - r(M), 
r{Gi)>r[A, B]+r ^ -r{M), 
r{Gi) > r{D) - r[C, D] - r ^ +r(M). 
Proof. Observe that 

r{Vi)+r{Wi) < r 



(12.29) 
(12.30) 
(12.31) 



V2D*W2 Vi 
Wi 



< r{D)+r{Vi)+r{W^). 



Putting them in the first rank equality in (12.4), we obtain (12.29) and (12.30). To show (12.31), we need 
the following rank equality 



'•{CA'^B) > 



' A 


B ' 




■ A ' 


C 





— r 


C 



-r[A, B]+r{A), 



(12.32) 



which is derived from (1.6). Now applying (12.32) to PM^Q in (12.6), we obtain 

r(Gi) = r(PMtQ) > r ^ ^ -r ^ -r[M,Q]+r{M) 
= r{D)-r[C, D]-r ^ +r(M), 
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which is (12.31). □ 

Rank inequalities for the block entries G2, G3 and G4 in (12.3) can also be derived in the similar way 
shown above. Finally let D = in (12.1). Then the results in (12.4) and (12.5) can be simplified to the 
following. 



Thoerem 12.10. Let 



Ml 



and denote the Moore-Penrose inverse of M as 



Ml = 



A B 
C 



Gi G2 
G3 Gi 



where Gi e C"^™. Then 
r(Gi) = r 



A 
C 



r[A, B]-r{M^), r{G2)=r{C), r{G^)=r{B), 



r{Gi) = r 



AA*A AA*B B 
OA* A CA*B 
C 



r(Mi). 



(12.33) 
(12.34) 

(12.35) 
(12.36) 



Various consequences of (12.35) and (12.36) can also be derived. But we omit them here. 



Chapter 13 

Rank equalities for Drazin inverses 



As one of the important types of generahzed inverses of matrices, the Drazin inverses and their apphcations 
have well been examined in the literature. Having established so many rank equalities in the preceding 
chapters, one might naturally consider how to extend that work from Moore-Penrose inverses to Drazin 
inverses. To do this, we only need to use a basic identity on the Drazin inverse of a matrix = 
^fe(^2fe+i)t^fe (see, e.g., Campbell and Meyer In that case, the rank formulas obtained in the 

preceding chapters can all apply to establish various rank equalities for matrix expressions involving Drazin 
inverses of matrices. 

Theorem 13.1. Let A e C™^'" with Ind(A) k. Then 

(a) r{I^±A")^r{I„,±A). 

(b) r[/™-(A^)2]=r(/„-A2). 

Proof. Observe that R{A'') = R{A^''+^) and i?[(^'=)* 



(1.16) toIm-A' 
r{I,^-A°] 



R[{A 



2k+l\ 



Thus applying (1.7) and then 



= r[Ira- A^{A^^+^)^A^ 

^2k+l J^k ■ 
^2k+l _ ^2k Q 

/„ 



r(^2fe+i) 



= r{ A^^+^ -A^'') + m- r{A'') = r{A^^) + r( /,„ -A)- r{A^) = r( /,„ -A). 
Similarly we can find r{I,n + A° ) = r{I„i + A). Note by (1.12) that 

- (A^)2] = r(/„ + ) + r(/„ - ) - 771 = r(/„ + A) + r(/™ - A) - m = r(/^ - ^2 ), 
establishing Part (b). □ 

Theorem 13.2. Let A e C™^'" with lnd{A) k. Then 

(a) r{A- AA^ ) =r{A- A^A ) =r{A- A^ ). 

(b) r( A- AA^A ) = r{A) - r{A^), i.e., AA^A A. 

(c) AA" = A^A ^A^A^ = A. 

The results in Theorem 13.2(d) is well known, see, e.g., Campbell and Meyer [ pT| . 
Proof. Applying (1.6) and (1.16) to yl - AA'^ yields 



r(A-AA^) = r[A- A^+^{A^^+^)^A^ 

j^2k+l 

A'^ A 
j^2k+l _ J^2k 

A 



-r{A^) 
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= r{A^''+^ -A^'')+r{A)-r{A'') 

= r{A^^) + r( /„, -A)-m + r{A)- r{A''). 

= riA-A^). 



□ 



as required for Part (a). Notice that A^ is an outer inverse of A. Thus it foUow by (5.6) that 

r{A- AA^A ) = r{A) ~ r{A") = r{A) ~ r{A''), 

as required for Part (b). The results in Parts (c) and (d) follow from Part (a). 

Theorem 13.3. Let A e C"'^™ with Ind(A) = k. 

(a) r{A- A^ ) =r{ - A'' ) + r{A) - r{A'') ^r{A-A^). 

(b) r{A-A") = r{A) - r{A°), i.e., A" <,., A ^ A^+'^ = A^ . 

(c) r{A- A* )=r{A'^ ~ A), iflnd{A)^\. 

(d) A* ^A^A^ =A. 

Proof. Applying (1.6) and (1.16) to A - yields 



r(A- A^) 



^2fe+l ^fe 

A'' A 


r(yl'=+2-A'=) + r(vl)-r(A'^) 





A 



r{A'') 



r{A- 



+ r(/„ 
A'). 



A^ ) - m + r{A) - r{A'') 



as required for Part(a). The results in Parts (b), (c) and (d) follow immediately from it, where the result 
in Part (d) is well known. . □ 

Similarly, we can establish the following two. 

Theorem 13.4. Let A e C"^™ with lnd{A) = k. 

(a) // fc > 2, then r{A^ -A^)= r{ A"^ - A^ ). 

(b) // fc = 1, then r{A* - A^)^r{A'^ - A). 



A^ ^ ^5 



A* ^A'^ 



A^. 

A when k 



1. 



(C) A^ : 

(d) A^ 

The two equivalence relations in Theorem 13.4(c) and (d) were obtained by Grass and Trenkler ||5£ 
when they considered generalized and hypergeneralized projectors. 



Theorem 13.5. Let A e C™^™ with Ind(A) = fc. 

(a) r{A° - A^ ) = r{A'' - A^). 

(b) //fc = 2, then r{A^ - A^ ) = r{A^ ^ A^). 

(c) // fc = 1, then r{A* ^A^):^ r{ A^ -A). 

(d) A3 = ^ = A^. 

(e) A^ = A^ ^ A'^ = A^ when fc = 2. 

(f) A^ ^ A* ^ A^ ^ A when fc = 1. 

(g) Ln general, r( - A* ) = r( A^'+i - A* ). 

Theorem 13.6. Lef A e C"^" wit/i Ind(A) = fc. 

(a) r(A^ - AA^A) = r(yl'= - A'=+2). 

(b) = AA^A ^ = A*^. 

Proof. Observe that 



A^+\A' 



A A" A' 



A' 



A''+2 and {A 



A" -A" 



k+2 • 



A 



D 



AA^A. 
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Thus Part (a) follows. □ 

A square mat rix A is said to be quasi-idempotent if A''^^ — A*' for some positive integer k. In a recent 
paper by Mitra | 104 |, quasi-idempotent matrices and the related topics are well examined. The result 
given below reveals a new aspect on quasi-idempotent matrix. 

Theorem 13.7. Let A e C™^™ with Ind(A) = k. Then 

(a) r[A^ ±{A°f]=riA''+^ ±A''). 

(b) {A^)'^ = A^ , i.e., A^ is idempotent <S=> A'^^^ = A''', i.e., A is quasi-idempotent. 

(c) r[A* ±{A*f]^r{A'^ ±A). 

(d) A"^ is idempotent <^ A is idempotent. 

Proof. By (2.3) and {A^f ^ (A^)^ we find that 





" _y^2fe + l 







r 







^2k 


















J^k - 


r 





^2k+2 


J^k 






j^k 






2fe+l^ 



r{A 



- 2r{A'') 



r{A 



4fe+2\ 






J^k 





^2k+2 _ j^2k+l 





A" 





2r{A'')=riA 



2k+2 



A 



2k+l 



r{A 



fe+i 



A''). 



Similarly, we can obtain r[A^ + {A^y ] = r{ A''^^ +A'' ). The results in Parts (b) — (d) follow immediately 
from Part (a). □ 

Theorem 13.8. Let A £ C™""" with lnd{A) ^ k. Then 

(a) r[A^ - {A°f]=r{A'' - A''+^). 

(b) r[A* - {A*)^ ]=r{A~ A^), i/Ind(yl) = 1. 

(c) {A^f ^A^^A^^ AA^A ^ = ^fe. 

(d) A"^ is tripotent if and only if A is tripotent. 

Proof. Notice that 

A[A^ -{A^ f]A = AA^A- A^ and A^ {AA^ A - A^ )A^ = A^ - {A^ f . 

Thus we have r[A^ - {A^ f\ = r{AA^A - A^ ). In that case we have Part (a) by Theorem 13.6(a). 
yields 

r[A^~{A"f] ^ r[A" + {A")'^]+r[A^ -{A"f]-r{A^) 

= r{ A''+^ +A'')+r{ A''+^ -A'')- r{A'') = r( A''+'^ +A'')+r{ A''+^ -A'')- r{A''), 

as required for Part (a). The equivalence in Part (c) follows directly from Part (a). □ 

Theorem 13.9. Let A e C™^™ with lnd{A) = k. Then 

(a) rlAA'^ -{AA°)*]^2r[A'', {A'')*] - 2r{A''). 

(b) r[{AA°){AA°y - {AA^)*{AA°)]^2r[A'', (yl'=)* ] - 2r(yl'=). 

(c) r[AA* - {AA*)*] ^ r[{AA*){AA*)* ~ {AA*)*{AA*)] ^ 2r[A, yl*]-2r(A), i/Ind(A) = 1. 

(d) AA" ^ {AA^y ^ {AA"){AA^y = {AA^y{AA^) ^ R{A^) = R[(A^y], i.e., A^ is EP. 

(e) AA* = {AA*y ^ {AA*yAA*y = {AA*y{AA*) ^ R{A*) = R{A), i.e., A is EP. 

Proof. Note that both AA° and {AA^y are idempotent. It follows from (3.1) that 

AA'^ 



r\AA'' - {AA^y\ 



{AA°) 

= 2r[yl^^, {AA^y\-2r{A^) 
= 2r\A^, {A^y\^2r{A^), 



+ r[AA^, {AA^y\-r{AA'')-r\{AA''y\ 
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as required for Part (a). Part (b) follows from Part (a) and Corollary 3.26(d). The results in Parts (c) — (e) 
follow immediately from Part (a). □ 

Theorem 13.10. Let A e C"^" with Ind(A) = k. Then 



(a) r{A^ -A^)^r 



A* 



+ r[A^ A*]-r{A^)~r{A). 



(b) r{ A^-A^ ) = r{A^)-r{A"), i.e., A^ <rs At ^ C R{A*) and R[{A'')*] C r{A), i.e., A is power- 



EP. 



(c) r{A^ - A*) = 2r[A, A*]- 2r{A), If Ind (A) = 1. 

(d) ^ At = A# ^ R{A*) = R{A), i.e., A is EP. 

Proof. Since both At and A^ are outer inverses of A, it follows from (5.1) that 



At 
A° 



+ r[A\ A^] -r(At) -r(A^) 
+ r[A*, A'']~r{A)-r{A''), 
as required for Part (a). The results in Part (b) — (d) follows immediately from Part (a). 



A* 
A^ 



□ 



Theorem 13.11. Lei A e C"""" with Ind(A) = k. Then 



(a) r(AAt - AA^) =r 



A* 



riA" 



(b) r{A^A-A^A) = r[A'', A*]-r{A^). 



(c) r[A'^(A'=)t- AA^] =r 



A^ 
{A*f 



-r{A^). 



(d) r[(A'=)tA'=-A^A] =^[A^ (A*)*^ ] - r(A'=). 
In particular, 

(e) r( AAt - AA* ) = r( At A - A* A ) = r[ A, A*]- r(A), if Ind (A) = 1. 

(f) r( AAt _ AA^ ) = r(AAt) - r(AA^), i.e., AA" <rs AAt ^ R[{A'')*] C i?(A). 

(g) riA'fA- A"A) =r{A''A)-r{A"A), i.e.. A" A <rs A'' A ^ R{A'') <Z R{A*). 

(h) A'=(A'^)t = AA^ ^ (A'=)tA'= = A" A ^ A'' is EP. 

(i) AAt ^ ^ A'' A = A* A ^ A is EP. 

Proof. Note that both AAt g^j^^ A A" are idempotcnt. Then it follows by (3.1) that 



r( AAt _ AA" ) = r 



AAt 




AA" 


' A* ' 




Ak 





+ r[AAt, AA"]-r{AA'f) ~r{AA") 

A* 



+ r[A, A*^] -r(A) -r(A*) = r 



Ak 



r(A'=), 



as required for Part (a). Similarly we can establish Parts (b) — (d). Part (e) is a special case of (b) — (d). 
Based on them we easily get Parts (f) — (i). □ 

Theorem 13.12. Let A e C"^" with Ind(A) = k. Then 

Ak 



(a) r(AtA^ - A^At) = 

(b) r{A^AA"A- AA^AA'f ) 

(c) riA'fAA" ~ A^AA'fj^r 



A* 



[ A^ A* ] ~ 2r(A) = r( At A*^ - A'^At ). 



Ak 

A* 



+ r[A'=, A*] - 2r(A). 



Ak 
A* 



+ r[A'=, A*] - 2r(A). 



(d) r(AtA# - A#At) = 2r[A, A* ] - 2r(A), i/ Ind(A) 1. 

(e) riA'fAA* - A#AAt ) = 2r[A, A*] - 2r(A), i/Ind(A) = 1. 
In particular, 

(f) At commutes with A" 4^ At commutes with AA" A <^ At commutes with AA" At commutes 
with A'' ^ AAt ^ AA" and A" A = AtA 4=> R{A'') C R{A*) and [{A^)*] C R{A), i.e., A is power-EP. 
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(g) commutes with A'^ <^ A"^ commutes with AA"^ ^ A is BP. 
Proof. Applying (2.2) to At - A" A^ yields 



A*AA 


A* 



A*AA 



A* 





A* 

A^ 
A* 





-A*AA* 
A^A* 

A*A^AA* 


A^A* 

A*A^ 

A* 
A°A* 



A* 


A*A^ 

A* 




- 2r(A) 



2r(A) 



~ 2r(A) 
+ r[A^, A*\-2r{A)=r 



A^ 
A* 



+ r[A^ A*]-2r(A). 



The second one in Part (a) is from Theorem 13.10(a) and (b). The two formulas in Part (b) and (c) are 
derived from (4.1) by noting that AA^ = A^A is idempotent. Parts (d) — (g) are direct consequences of 
Parts (a)— (c). □ 



Theorem 13.13. Let A e C™^" 

(a) r[ (AAt)A^ - A^(AAt) ] = r 



with Ind(A) = k. Then 

Ak 

-r(A). 



(b) r[{A^A)A^-A^{A'^A)]=r[A^, A*]-r(A). 

(c) r{ AtA^ - A^At ) = r[ (AAt)A^ - A^(AAt) ] + r[ (AtA)A^ - A^(AtA) ]. 

(d) r[(AAt)A#-A#(AAt)] =r[(AtA)A#-A#(AtA)] =r[A, A*]-r(A). 

(e) A^ commutes with AAt ^ R[{A'')*] C R{A). 

(f) A^ commutes with A^A ^ R{A'') C R{A*). 

(g) AtA^ = A^At <^ A^ commutes with A+A and A^ commutes with A+A <^ R{A^) C R{A*) and 
R{A^) C i?(A*) 4=^ A is power-EP. 

(h) A^A* = A^At <^ A# commutes with A^A A# commutes with A"^ A ^ A is EP. 

Proof. Note that both AA^ and A^A arc idempotent. Thus Parts (a) and (b) can easily be established 
through (4.1). Contrasting Parts (a) and (b) with Theorem 13.12(a) yields Part (c). Parts (d) — (g) are 
direct consequences of Parts (a) — (b). □ 



Theorem 13.14. Let A e C™^™ with Ind(A) = k. Then 

' A'' {A A* - A* A) A'' A'^A* 



(a) riA*A" - A^A*) =r 

(b) r{A*A* - A*A*) = r 



2r(A'=). 



A'^ 

A*A'= A'' 

A{AA* ^ A*A)A AA* ' 

OA 

A*A A 

(c) r{A*A^-A^A*) = r{A''+'^A*A''-A''A*A''+'^), ifR{A*A'') C i?(A'=) and ii[A(A'=)*] C ii[(A'=)*]. 

A'^A* 



2r(A). 



(d) r(A*A^-A^A*) = r 



+ r[A'=, A*A'=]-2r(A'=), «/ A'=+iA*A'= = A'=A*A'=+i. 



(e) A*A^ === A^A* 4^ i?(A*A'=) c i?(A'=^), i?[A(A'=)*] c i?[(A'=)*] and A''+^A*A'' = A'=A*A'=+i. 

(f) r(A*A# - A#A*) = r(A2A*A- AA*A2), if A is EP. 

(g) A*A# = A#A* ^ A2A*A = AAM^ a^d A is EP <^ A is both EP and star-dagger. 
Proof. Applying (2.3) to A*A^ - A^A* yields 



= r[A*A*=(A2*=+i)tA'=^ 
r 





A*A'= 



A''A* 




2r(A2'=+i) 
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_^fe+i^*^fc A'^A* 

A*A^ A^ 


A*A^ 

A^{ AA* - A*A)A^ 



A*A^ ^fc 






A^ 
A^A* 





2r(A'=) 




2r(A'=) 



- 2r(A'=). 



as required for Part (a). Parts (b) — (d) are special cases of Part (a). Applying Lemma 1.2(f) to the rank 
equality in Part (a) yields Part (e). Parts (f) and (g) follow from Part (b). □ 

Similarly we can also establish the following four theorems, which proofs are omitted. 

Theorem 13.15. Let A £ C™"=™ with Ind(A) = k. Then 



(a) r{ AA*A^ ~ A^A*A) 



A'^iA'^A* ^ A*A^)A'' A'' A* A' 

OA'' -2r{A''). 

AA*Ak Q 

(b) r( A''A*A° - A°A*A'' ) = r( A'^''+^A*A'' - A''A*A^''+^ ). 

(c) r{AA*A* ~ A*A*A) ^riA'^A'^A- AA*A^), i/Ind(yl) = 1. 

(d) AA*A^ = A'^A*A ^ R{AA*A'') = R{A''), R[{A''A*A)*] = R[{A'')*] and A''+^ A* A'' = A''A*A''+^. 

(e) A''A*A^ = A^A*A'' ^ A^''+^A*A'' = A'' A* A'^''+\ 

(f) @ If A is star-dagger, then AA*A^ = A^ A* A. 

(g) AA*A* = A* A* A ^ A^A*A = AA*A^. 



Theorem 13.16. Let A e C™"=™ 
(a) r{AA^A* -A*A°A)^r 



with Ind(A) 
Af'A 



k. Then 

+ A* A'']- 2r{A'') = r[A(A'=)t - (A'=)tA]. 



(b) r( AA*A* ~ A* A* A ) = 2r[A, A*]- 2r{A), if Ind(A) = 1. 

(c) AA'^A* = A*A°A 4=^ A(A''')t = {A'^yA <^ R{A*A'') = R{A'') and R[A{A'')*] = R[{A'') 

(d) AA*A* ^ A*A*A^ A IS EP. 

Theorem 13.17. Let A e C"^" with lnd{A) = k. Then 

(a) r[AA^{A*)'' - {A*)''A°A]=2r[A'', {A'')* ] - 2r{A''). 

(b) AA^iA*)'' = {A*)''A^A^ A'' is EP. 

Theorem 13.18. Let A G C™^™ with Ind(y4) ~ 1 and X is a nonzero complex number. Then 

(a) r[AA*{AA* + XA*A)-{AA* +\A*A)A*A]^2r[A, A*]-2r{A). 

(b) AA* commutes with A A* + XA*A A is EP. 



Theorem 13.19. Let A e C™^™ with Ind(A) = k. Then 

A^A*A 
j^k 



(a) r{[AA^YA^ - A\AA^Y\ = 

(b) (AA^)Mt = A\AA^Y ^ R{AA*A'') = R{A^) and 

(c) {AA*YA^ = A\AA*Y, «/Ind(A) = 1. 

Proof. Apply (4.1) to (^^^)Mt - A^AA^Y to yield 



+ r[AA*A'', A''] - 2r(A'=). 

i?[(v4'=)*] 



(^^^)Mt 
(^^^)* 



+ r[A^{AA'^Y. (^^^)*] -2r(AA^) 
r[A^(A'^)*, (A'=)*]-2r(^'=). 



Next applying (2.1), we find that 

^f}ky =r[AA*A\ A''] and r[^t(^fe)*^ (A'=)*]=r 
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Thus we get Part (a), 
leorem 13.20. Lt 

(a) r[A-{A°y] = r 



□ 



2r{A^ 



Theorem 13.20. Let A £ C"^™ with Ind(A) = k. Then 

A Af" {A^y " 

A'' 

{A'')* 

(b) r[A~{A^y]=r{A)-r{A''), if A'' is BP. 

(c) {A*y = A ^ A IS BP. 

Proof. According to Cline's identity ^ {A''^ A^''+^ (A'^Y {see and H), we find by (2.8) that 
r[A-{A^y] 



r[A- {A'^yA^'^+HA'^y] 

{A^yA''{A''y {A'^y 

(A'^y -A 

^2fe+i A'^iA'^y 

{A'^yA'' (A'^y 

{A'^y -A 

(A*^)* ~A 
A'^+i 

{A'^y 
Ak+1 (^fe)* _^ 

A A'' {A'^y 
A^ Q G 

[A^y 



- 2r{A^) 
- 2r{A^) 
2r{A^). 



as required for Part (a). The results in Part (b) and (c) follows immediately from Part (a). 



□ 



Theorem 13.21. Let A e C™^" with Ind(A) = k. Then 

(a) r[AA°A-{A°y]^2r[A^, {A''y]-2r{A^). 

(b) = AA^A ^ A^ IS BP. 

Proof. It is easy to verify that both AA^A and {A-^y are outer inverses of A^ . In that case it follows 
from (5.1) that 



r[AA^A- {A^y 



AA^A 

{A^y 

A° 

(A^y 
Ak 

{A^y 



+ r[AA^A, {A^y]-r{AA^A)-r[{A^y] 
+ r[A^, (A^)*]-2r(A'=) 
+ r[A^ (A'=)*]-2r(A'=), 



as required for Part (a). The result in Part (b) follows immediately from Part (a). 



□ 



Theorem 13.22. Let A, B e C™^™ with Ind(A) = k and Ind(B) = I. Then 

^'^ -r[ A^ B^]-r{A'')-r{B^). 



(a) r{AA^ - BB^) = 



(b) r{AA*-BB* 



A 
B 



(c) AA^ = BB° ^ R{A^) = R{B^) and R[{A^y] = R[{B^) 

\ A'^ 

(d) r( AA^ —BB^ ) is nonsingular r 



r[A, B]- r{A) - r{B), //Ind(A) ^ Ind(B) I. 
] = i?[(B')*]. 

r[ A'', B^ ] r{A'')+r{B^) ^ m<^ R{A^)®R{B^) 



R[{A^y]®Rwy] =c 
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(e) In particular, if Ind 



A B 
D 





■ A 


B ' 




■ A 


B ' 


# 


i 





D 







D 





: 1. Then 

AA* 
DD* 



r[A, B]+r 



' B ' 




■ A 


B ' 


D 


— r 





D 



Proof. Note that both AA^ and BB^ arc idcmpotent. Then it foUows from (3.1) that 



riAA'^ -BB^) 



= r 



AA'' 
BB^ 

A^ 
B' 



+ r[AA^, BB^ ] - r{AA°) - t{BB^) 

+ S'] -r(A'=) -r(B'), 

as rcquhcd for Part (a). The resuhs in Parts (b) — (e) follow immediately from Part (a). 



□ 



Theorem 13.23. Let A, B & C"""" with lnd{A) = k. Then 



(a) riAA'^B- BA''A)=r 

(b) r( A'^AA^ - A'lAA^ ) = r 



A'^B 
^k 

A* 



r[A'', BA*^] - 2r(A'=). 
r[A'', A*]-2r{A)=r{A^A^ -A'fA'^). 



In particular, 

(c) AA^B = BA^A ^ R{BA^) = R{A^) and R[(A^BY] = 

(d) A^AAt = A'^AA^ ^ A^A'^ = A'fA^ ^ R{A^) C R{A*) and R[{A^)*] C R{A). 
Proof. Note that AA'^ = A'' A is idempotent. It follows by (4.1) that 



r{AA^B-BA^A) = r 



AA^B 
A^A 

A^B 

A'^B 
^k 



+ r[BA''A, AA^] -r(AA^) -r(A^A) 
-r[BA°, A°]-2r{A°) 
r[BA'', A'=]-2r(A*^). 



Thus we have Parts (a). Replacing B by A^ in Part (a) and simplifying it yields the first equality in Part 
(b). The second equality in Part (b) follows from Theorem 13.22(a). □ 

Theorem 13.24. Let A e C"^", B e C"^™ with Ind(B) = k and C G C"^" with Ind(C) = I. Then 

{a) r{BB^A-AC°C)^r + r[A& , B''] - r{B'') - r{C^). 

(b) BB^A = AC^C ^ R{AC^) C R{B^) and R[{B''A)*] C i?[(C')1. 
Proof. Note that both BB^ and C^C are idcmpotent. Then it follows from (4.1) that 



riBB'^A- AC'^C) = r 



BB^A 
C^C 

B'^A 
B'^A 



4- r[AC^C, BB^ ] - r{BB^) - r{C^C) 
+ r[AC°, ] - r(B^) - r{C^) 
+ r[AC\ B'']-r{B^)-r{&), 



as required for Part (a). □ 

Theorem 13.25. Let A e C'"^^", B e C™^"* with Ind(B) = k and C € C"^" with Ind(C) = I. Then 
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(a) r[A, B^]=r{B^)+r{A- BB^A). 
^ ^ =r{C'-)+r{A- AC'^C). 



(b) r 

(c) r 



A ^ 
C 



t{B^) + r(CO + r[ ( 7„ - BB^ )A{ 7„ - C^C ) ]. 



Proof. Applying (1.7) to A - BB^A yields 

r{A-BB^A) = r[A- B''+\B^''+^)^B''A] 



Qk+i 



Bk+i ^ 



- r{B^''+^) 
riB'')=r[A, B^]-r{B^), 



as required for Part (a). Similarly we can show Parts (b) and (c 
Theorem 13.26. Let A, B £ C"^" 
(a) r( AB - ABB'^A^AB ) = r 



□ 



(b) r( AB - ABB*A*AB ) = r 

(c) B^A^ G {(A5)-}4^r 

(d) e {(y4B)-}<^r 

Proof. It follows by (2.9) that 

r{AB - ABB^A'^AB) 



with Ind(A) = k and Ind(B) = I. Then 

A2k 

+ r{AB)-r{A^)-r{B^). 



A^ AB 
BA B^ 

j^2k j^k^l 
Ql^k Q21 

A^ AB 
BA B'^ 



- r{AB) - r{A) - r{B), ifInd{A) = Ind(S) = 1. 

r{A'') + r{B^) -r{AB). 
= r{A)+r{B)-r{AB). 



= r 



r[AB - AB^+i(B2'=+i)t5i^fe(^2fe+i)t^fc+i5] 

^2fe+l 

AS'+i -AB 

Qlj^k Q21+1 Q 

^2fe+l ^fc+l^/+l g 

-AB 

Blj\k Q21+1 



j^2k+l j^k^l+l 

B^A^ 52; 

^2ft j^k^l 



r{A^^+^) - r{B^'+^) 

- r{A'') - r{B^) 
+ r{AB) - r{A'') - r{B^) 



Thus we have Parts (a). □ 
Theorem 13.27. Let A, B e C™^™ 
(a) r{AA"B^B-BB"A^A) = r 



riAB)-r{A'')-r{B^). 



Then 



with Ind(A) = k and Ind(i3) 
Ak 1 

+ r[A'', B^]+r{A''B^)+r{B^A'')-2r{A'')-2r{B^). 



(b) r{AA*B*B - BB*A*A) = r 
Ind(B) = 1. 

(c) AA^B^B = BB^A'^A'^r 
r{B^A^). 

(d) AA*B*B = BB*A*A^r 



B' 
A 
B 



^k 
B' 



+ r[A, B]+ r{AB) + r{BA) - 2r{A) - 2r{B), if Ind(A) = 

^r{A^)+r{B^)-r{A^B^) andr[A^, ] = r(A'=) + r(B') ' 



A 
B 



= r{A) + r{B)-r{AB) andr[A, B] = r{A) +r{B) - r(BA). 

Proof. Note that both AA^ = A^A and BB'^ = B'^B are idempotent. Then it follows by (3.26) that 
r( AA'^B'^B - BB'^A'^A ) 
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= r 



BB^ 
B' 



+ r[A'^A, B'^B] + r{AA'^B'^B) + r(BB^A^A) - 2r{AA'^) - 2r{BB'^) 

r[ A^ ] + r(A'=B') + r(B'A'=) - 2r{A'') - 2r(S'), 



as required for Part (a). 



□ 



Theorem 13.28. Let A, B G C™^™ with Ind(^ + B) = k and denote N = A + B. Then 

(a) r{AN'^B)=r{AN'')+r{N''B)-r{N''). 

(b) r{AN°B)=r{A)+r{B)-r{N^), if R{B) <Z R{N^) and R{A*) C R[{N^)*]. 



(c) r{AN^B BN^A) = r 



N^B 



+ r[7V'=, BN''] -2r{N''). 
(d) AN^B = BN'^A ^ R{BN'') C R{N'') and R[{N''B)*] C R[{N'')*]. 
Proof. It follows by (1.7), that 



riAN'^B) = r[AN''{N^''+yN''B] 



= r 



AN'' 

N'^B 
AN'' 



- r{N^''+^) 
■ r{N'') = r{AN'') + r{N''B) - r{N''), 



which is the first equality in Part (a). The second equality in Part (a) follows from r{AN'') = r{AN^), 

r{N''B) = r(N^B) and r(7V-°) = r(iV'=). Under R{B) C R{N'') and R{A*) C i?[(iV'=)*], it follows 
that r{AN'') = r{A) and r{N''B) = r(B). Thus Part (a) becomes Part (b). Next applying (2.3) to 
AN^B - BN^A yields 

r{AN^B- BN^A) 

= r[AN''{N'^''+'^)'<N''B - BN''{N^''+'^)^ N'^A] 

_A/2A-+i N'^B ' 

iV^'^+i N'^A -2r(iV2'=+i) 
AN'' BN'' 

-N'^AN'' -N'^BN'' N'^B 
N'^AN'' N'^BN'' N'^A - 2r(7V'=) 
AN'' BN'' 

N''B 
N''A 
AN'' BN'' 

N''A 



N''B 



- 2r{N'') 
+ r[AN'', BN'' ] - 2r{N'') = r 



N'' 
N''B 



+ r[N'', BN'']- 2r{N''). 



Thus wc have Parts (c) and (d). 
Theorem 13.29. Let A, B G 



□ 



be given, and let N = A + B with Ind( A + B ) = k. Then 





' A 


■ 




■ A ' 







B 




B 



{A + B)^[A, B] =r{A)+r{B)-r{N''). 



(b) 



A 
B 



{A + B)'^[A, B] = 



A 
B 



Ind( A + B)<1 andr{A + B) = r{A) + r{B). 



Proof. It follows by (1.7) that 



A 
B 



A 
B 





■ A 


■ 




■ A ' 


< 





B 




B 



N''{N^''+yN''[A, B 
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AN'' A 
BN'' B 



r(iV'=) 





A 

B 

Tk 



- r{N'') = r{A) + r{B) - r{N''), 



which is exactly Part (a). Note that r(iV'=) < r{N) = r{A + B) < r{A) + r{B). Thus r(iV*) = r{A) + r{B) 
is equivalent to Ind(iV) < 1 and r{N) = r{A) + r{B). □ 

In general we have the following. 

Theorem 13.30. Let Ai, A2, ■ ■ ■ , Ak & C™^™ with Ind(iV) = fc, where N = A-^_ + A2^ \- Ah, and let 

A = diag( Ai, A2, ■ ■ ■ , Ak ). Then 





' Ai - 










(a) r^A 


. _ 




■, Ah] 

) 


= r(Ai) + - 


• + r(Afc)-r(iV^-) 



(b) 



Ai 
Ak 



N'^lAi, Ak]= A^lnd{N) < 1 and r{N) = r{Ai) + ■ ■ ■ + r{Ak). 



Theorem 13.31. Let Ai, A2, ■ ■ ,Ak G Qmxm_ Then the Drazin inverse of their sum satisfies the 
following equality 



( Ai + ^2 + • • • + Afe )^ = J„, • • • , /„ 



Ai A2 
Ak Ai 



A2 A3 ■■■ 

Proof. Since the given matrices are square, (11.7) can be written as 

U^AUm = diag( Ji, J2, • • • , Jfe ). 

In that case, it is easy to verify that 



Ak 
Ak-i 

Ai 



D 



In 
Irr 



(13.1) 



Dj 



and 

Thus we have 



[ diag( Ji, J2, ■ ■ ■ , Jk)f = diag( Jf , J^, ■■■,Jj^] 



jf = [/„, 0, o](7;;a^c/„[/„, 0, 0]^ = J™,- ••, 

k 

which is (13.1). □ 



7 ]A^\ 7 7 . . . 7 P 



Theorem 13.32. Let A + iB £ Qmxm^ where A and B are real. Then the Drazin inverse of A + iB 
satisfies the identity 



{A + iBf = ^[Im, il„ 





-B ' 


D 


Ira 




A 




—i7 



(13.2) 



Proof. Observe that 



Thus 



A 


iB ' 




■ Irn 




■ A 


-B ' 




'Ira " 


iB 


A 




ilm _ 




B 


A 




ilm _ 



A 


iB ' 


D 


' Im " 




■ A 


-B ' 


D 


Im 





iB 


A 




ilm 




B 


A 










(13.3) 
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In that case, applying (13.1) and then (13.3) to A + iB yields (13.2). □ 

The identities in (11.31) — (11.33) can also be extended to the Drazin inverse of a real quaternion 
matrix. 

Theorem 13.33. Let Aq + iAi + iA2 + kA^ be an my. m real quaternion matrix. Then its Drazin inverse 
satisfies 



Ao+iAx -{A2 + iAj.) 
A2 - iAs Ao - iAi 



1 ^ 









(13.4) 



{AQ+iAi+iA2+kA3y 



^[-^mi Hm-} j^mi ^^m] 



Ao 
Ai 
A2 
A3 



-Ai -A2 -A3 

Ao A3 -A2 

-A3 Ao Ai 

A2 -Ai Ao 



D 



' Ao 




-A2 


-A3 


Ai 


Ao 


A3 


-A2 


A2 


-A3 


Ao 


Ai 


. ^3 


A2 


-Ai 


Ao 


+ iG2 


+ kG3 


. Then 




Go - 


-Gi - 


-G2 - 


-G3 


Gi 


Go 


G3 - 


G2 


G2 - 


-G3 


Go 


Gi 


G3 


G2 - 


-Gi 


Go 



D 



D 



Lm 
-iirr 
-3 In 
-kirt 



(13.5) 



(13.6) 



As is well known that Drazin inverses of block matrices are quite difficult to determine in general. 
However, if a block matrix has some special pattern, its Drazin inverse can still be presented. Motivated 
by the expressions (9.78) and (8.82) — (9.85), we can find the following. 

Let 



M 



A B 

B A 



B B 

where both A and B are m x m matrices. Then 



B 

B 

A 



J fcxfe 



(13.7) 



S 
T 



T 
S 



T T 



T 
T 



J fcxfe 



(13.8) 



where 



S = t.[A+{k~l)Bf 
k 



k 



-{A-B)^, 



T=hA + (k-l)Bf -l(A-B)^. (13.9) 
k k 



In fact we see from (9.77) that M = P^NP-^, when m = n. In that case, M° = P^N^P-^ holds. 
Written in an explicit form, it is (13.7). The expression (9.78) illustrates that also has the same 
pattern as M. 



Chapter 14 

Rank equalities for submatrices in 
Drazin inverses 



Let 



M 



A B 
C D 



be a square block matrix over C, where A e C"*^™ and D e C"^", 



A 
C 



B 
D 



and partition the Drazin inverse of M as 



Wi = [A, B], W2 = [C, D] 



Gs G4 



(14.1) 



(14.2) 



(14.3) 



where Gi G Qmxm_ general, quite difficult to give the expression of Gi — G4. In this chapter we 

consider a simpler problem — the ranks of the submatrices Gi — G4 in (14.3). 

Theorem 14.1. Let M and be given by (14.1) and (14.3) with Ind(M) > 1. Then the ranks of 
Gi — G4 in (14.3) can be determined by the following formulas 



r(Gi) = r 







-r{M% 


(14.4) 


r(G2) = r 


■ M^J2M^ 
WiM''-'^ 


M^-^V2 ' 



-r{M''), 


(14.5) 


r(G3) = r 







- r{M% 


(14.6) 


r(G4) = r 


■ M^JiM^ 





-r{M''), 


(14.7) 



where Vi, V2, W\ and W2 are defined in (14.2), and 



Ji 



-A 
D 



B 
-C 



J3 = 



-B 
C 



A 
-D 



(14.8) 



Proof. We only show (14.4). In fact Gi in (14.3) can be written as 



Gi = [Im, 0]M^ 
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where Pi = [/,„, 0] and Qi = 
r{Gi) = 







Then it follows by Eq.(1.6) and block elementary operations that 
r(M2'=+i) 

r{M'') 



PiM^ 

]^,pk+i _ M^QiPiMM^ - M^MQiPiM^ M^Qi 
PiM^ 

M - QiPiM ~ MQiPi M^Qi 
PiM^ 



which is exactly the equality (14.4). □ 

The further simplification of (14.4) — (14.7) is quite difficult, because the powers of M occur in them. 
However if M in (14.1) satisfies some additional conditions, the four rank equalities in (14.4) — (14.7) can 
reduce to simpler forms. We next present some of them. The first one is related to the well-known result 
on the Drazin inverse of an upper triangular block matrix (see Campbell and Meyer [^ ). 



" A 


B ' 


D 


' A^ X ' 





N 




N° 



where 



X = (A^)2 



i-i 



i=0 



(/„-iV^iV) + (/„ 



AA 



D • 



k-1 



1=0 



(TV 



D\2 



(14.9) 



A^BN^, (14.10) 



and Ind(A) = fc, Ind(A^) = L 

Theorem 14.2. The rank of the submatrix X in (14.9) is 



where t — Ind 



A B 
N 



A^ Pt{B) 
A*B7V* Pt{B) 
A^' 



A^ Pt{B) 




(14.11) 



, P^{B) = ^'lo A*~'"^BN\ In particular if A'^BN^ = 0, then 



iX)^r[A\ Pt{B)]+r 



' Pi{B) ■ 




■ A'' Pt{B) ' 






— r 


TV' 




] C R[{N 


)*], then r{X) = r{A''BC 



(14.12) 



Proof. It is easy to verify that 



' A B ' 


t 


■ A* PtiB) ' 


N 




TV* 



Then applying (1.7) to X = [/,„, 
r{X) = r 



' A^ X ' 







TV-" 




. In _ 



, and P2t+i{B) = A^+^Pt{B) + Pt{B)N*+^ + A^BNK 

= PiAf*(TV/2*+i)tAf*Q2, we find that 
r(M2fc+i) 

-r{M^) 
r{M'') 



PiM* 

P2t+i{B) Pt{B) 
TV2*+i 
A' PtiB) 

A*BTV* Pt{B) 
TV* 
A' Pt{B) 
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= r 



Thus we have the desired results. 






□ 



Pt{B) 
A^BD* Pt{B) 








Pt{B) 



Theorem 14.3. Let M be given by (14.1) with Ind(M) 
inverse of M in (14.3) can be expressed as 

V2DW2 Vi 
Wx 



1. Then the ranks of Gi — G4 in the group 



r(Gi)=r 

r(G3) = r 



V2CW1 
W2 







-r(M), 

-r(M), 



r(G2) = r 

r(G4) = r 



1^1 

ViAWi V2 
W2 



-r(M), 

-r(M), 



(14.13) 

(14.14) 



where Vi, V2, Wi and W2 are defined in (14.2). 

Proof. Note that M* = M{M^yM when Ind(M) 
Wi{M^)^Vi. In that case it follows by (1.7) that 

M3 Vi 



1. Thus Gi in (14.13) can be written as Gi 



r(Gi) = 







r(M^) 



r(M) 



Wi 

In the same manner we can show the other three in (14.13) and (14.14). 

Corollary 14.4. Let M be given by (14.1) with Ind(M) = 1. 
(a) // M satisfies the rank additivity condition 

r{M) = r{Vi) + r{V2) = r{Wi) + r{W2), 



V2DW2 Vi 
Wi 



□ 



then the ranks of Gi — G4 


in the group inverse of M in 


(14.3) can be expressed as 


r(Gi) 


= r{Vi) + r{Wi) + r{V2DW2) 


-r{M), 


r(G2) 


= r{V2) + r{Wi) + r{ViBW2) 


-r(M), 


r{Gs) 


= r{Vx)+r{W2) + r{V2CWx) 


-r(M), 


r(G4) 


= r{V2)+r{W2) + r{VxAWx) 


-r(M). 



(b) If M satisfies the rank additivity condition 
r(M) = r{A) + r{B) + r{C) + r{D), 
then the ranks of Gi — G4 in the group inverse of M in (14.3) satisfy 

r(Gi) = r{A) - r{D) + r{V2DW2), r(G2) = r{B) - r(G) + r{ViBW2), 
r(G3) = r(G) - r{B) + r{V2CWi), r(G2) = r{D) - r{A) + r{ViAWi). 
where Vi, V2, Wi and W2 are defined in (14.2). 

In addition, wc have some inequalities on ranks of submatriccs in the group inverse of a block matrix. 

Corollary 14.5. Let M be given by (14.1) with Ind(M) = 1. Then the ranks of the matrices Gi — G4 in 
(14.3) satisfy the following rank inequalities 

(a) r{Gi)>r{Vi)+r{Wi)-r{M). 

(b) r{Gi)<r{Vi)+r{Wi)+r{D)-r{M). 

(c) r(G2) > r{V2) + r{Wx) - r{M). 

(d) r{G2)<r{V2)+r{Wi) + r(B)-r{M). 

(e) r(G3) > r{Vi) + r{W2) - r{M). 

(f) r(G3) < r{Vi) + r{W2) + r(G) - r(M). 

(g) r{Gi)>r{V2) + r{W2)-r(M). 

(h) r{Gi) <r{V2) + r{W2)+r{A)-r{M). 

Proof. Follows from (14.13) and (14.14). □. 



Chapter 15 

Reverse order laws for Drazin 
inverses 



In this chapter we consider reverse order laws for Drazin inverses of products of matrices. We will give 
necessary and sufficient conditions for (ABC)^ = C^B^A^ to hold and then present some of its conse- 
quences. 



Lemma 15.1. Let A, X & C™^™ with Ind(A) = k. Then X = A^ if and only if 

A''+^X = A'', = A'', and r{X) = r{A''). 

Proof. Follows from the definition of the Drazin inverse of a matrix. □ 



(15.1) 



Lemma 15.2. Let A, B,C e C"*^™ with Ind(A) = ki, Ind{B) = k2 and Ind(C) = ^3. Then the product 
C^B^A^ of the Drazin inverses of A, B, and C can be expressed in the form 











^2fci+l - 


t 


- Aki - 


qD^Dj^d = [c*=3^ 0, 0] 





^2fe2+l 






















where P, N and Q satisfy the three properties 

R{Q) C R{N), R{P*) C R{N*), r(iV) = r{A''') + r{B^^) + r{C'"'). 



(15.2) 



(15.3) 



Proof. It is easy to verify that the 3x3 block matrix in (15.2) satisfies the conditions in Lemma 8.8. 
Hence it follows by (8.8) that 



7Vt = 



(^(J2k3 + iy (Jk3 J^k2 ^]^2k2 + l^i J^k2 j^ki (^2fci + l^t^ 



ki 



* * 

* 




(15.4) 



Thus we have (15.2). The three properties in (15.3) follows from the structure of N. 
The main results of the chapter are the following two. 



□ 



Theorem 15.3. Let A, B, C G C"^™ with Ind(A) = ki, Ind(B) = k2 and Ind(C) = fcs, and denote 
M = ABC with Ind(M) = t. Then the reverse order law {ABC)'^ = C^B^A^ holds if and only if A, B 
and C satisfy the three rank equalities 



^2fci + l ^fci 

52fe2 + l Bfc2^fel 

(^2fc3 + l C'fea^fe 



= r(A'=i)+r(B'=^)+r(C'=^), 



(15.5) 
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^2fei+i ^feiM*+i 

M* 



r{A''^)+r{B''^)+r{C''^), 



r{B''^)+r{M*). 



(15.6) 
(15.7) 



Proof. Let X = C^B'^A^. Then by definition of the Drazin inverse, X = if and only if M*+'^X = 
M*, XM*+^ = M' and r{X) = r{M*), which are equivalent to 

r( M*^ - M'^+'^X ) = 0, r{M^ - XM^+^ ) = and r(X) = r(M*). 

Replacing X in (15.8) by X = PN'^Q in (15.2) and applying (1.7) them, we find that 



(15.8) 



r( M* - M*+iX ) = r( M* - M*+^P7V^Q ) = r 
r( M* - XM*+i ) = r( M* - PN'^QM^+^ ) = r 



N Q 
M*+^P M* 

P M* 



-r(7V), 
-r(7V), 



r(X) = r{PN^Q) = r 



N Q 
P 



-r(7V). 



□ 



Putting them in (15.8), wo obtain (15.5) — (15.7). 

Theorem 15.4. Let A, B, C e C"^" with Ind(A) = ki, Ind(B) = and Ind(C) = /eg, and let 
M = ABC with Ind(M) = t. Then the reverse order law (ABC)'^ = C^B^A^ holds if and only if A, B 

and C satisfy the following rank equality 

+ l ^fei 

B2fc2+i 5fe2^fei 

^•2^3 + 1 C''=3 5fe2 

C'^a M* 

M* M2*+i 



r(A'=i) + r(B'=^) + r(C'=^) - r(M*). (15.9) 



Proof. Applying (2.3) to (ABC)'^ - C'^B^A'^ = M*(M2*+i)tM* - PN^Q, we find that 
r[iABC)" -C'^B'^A^] = riPN^'Q - M*{M^*+y M*] 





■ AT 


Q 




= r 







-r(7V) 




P 


M* 




' N 


Q 




= r 





M* 


-r(7V) 




P 






} in it. 




□ 





Wc next give some particular cases of the above two theorems. 

Corollary 15.5. Let A, B, C £ C"^" with Ind(B) = k and lnd{ABC) = t, where A and C are 
nonsingular. Then 



(a) r[{ABC)^ -C-^B^A-^]=r 



{ABCfA 



r[B'', C{ABCY]-r{B'')-r[{ABCY]. 



(b) {ABC)'^ = C-'^B^A-^ R[C{ABCY] = RiB'') and R{[{ABCYA]*} = R[{B'')*]. 

Proof. It is easy to verify that both (ABC)^ and C~^B^A~^ are outer inverses of ABC. Thus it follows 
from (5.1) that 

r[{ABC)'^ ^C'^B'^A-^] 

_^ {ABCr 
- C-^B^A-^ 



[ABCfA 



+ r[ (ABC)^, C-^B^A-^ ] - r[{ABC)^] - r{B^) 
r[C{ABCY, B'']~r[{ABCY]-r{B''), 
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as required for Part (a). Notice that 



{ABCyA 



> r[{ABCy], 



and 



{ABCyA 

iB^, C{ABCY ] > r{B^), r[B\ C{ABCf ] > r[{ABCf]. 



Then Part (b) follows from Part (a) 



□ 



Corollary 15.6. Let A, B, C e C'"^™ with Ind(A) = ki, Ind(5) = fcj and Ind(C) = fcg, and let 
M = ABC with Ind(M) = t. Moreover suppose that 



AB = BA, 



AC = CA. 



BC = CB. 



(15.10) 



Then the reverse order law (ABC)^ = C^B^A^ holds if and only if A, B and C satisfy (15.7). 

Proof. It is not difBcult to verify that under (15.10), the two rank equalities in (15.5) and (15.6) become 
two identities. Thus, (15.7) becomes a necessary and sufficient condition for {ABC}^ = C^B^A^ to 
hold. □ 

Corollary 15.7. Let A, B e C™^™ with Ind(^) = k, Ind(B) = / and hid{AB) = t. Then the following 

three are equivalent: 



(a) 


(AB)^ = B^A'^. 










- yl2fe+l 


^k 





(b) 




^21 + 1 ^l^k 








r 


B^ 





{ABY 









(ABY 


(AB)2*+i 



= riA'') + r{B^) - r[{ABY]. 
(c) The following three rank equalities are all satisfied 



r[{ABY] = r{B^A''), 

^2fe+l ^k 

Q21+1 Qlj^k Q 

{ABY+'^B^ -{ABY 

yl2fc+i A^[ABY+^ 

^21+1 Qlj^k 

B^ -{ABY 



= r(A^) + r(B'), 
r{A^) + r{B^). 



Proof. Letting C = in (15.9) results in Part (b), and letting B = Im and replacing C by i? in 
Theorem 15.4 result in Part (c). □ 



Chapter 16 



Ranks equalities for weighted 
Moore-Penrose inverses 



The weighted Moore-Penrose inverse of a matrix A e C"X" with respect to two positive definite matrices 
M e (j™x™ and G C"^" is defined to be the unique solution of the fohowing four matrix equations 



AX A = A, XAX = X, (MAX)* = MAX, {NX A)* = NX A, 



(16.1) 



In ' ^Af.AT is the standard 



and this X is often denoted by X = A\j jy- In particular, when M = and 
Moore-Penrose inverse A'' of A. As is well known (see, e.g., Rao and Mitra |118|), the weighted Moore- 
Penrose inverse A^j^j ^ of ^ can be written as a matrix expressions involving a standard Moore-Penrose 
inverse as follows 

A\jj^ = N-^M^AN-^)^M^, (16.2) 

where Ms and A^^ are the positive definite square roots of M and A^, respectively. According to (16.2), 
it is easy to verify that 



i?(4,.^) = R{N-'A*), and RUl j,)*] = R{MA) 



(16.2) 



Based on these basic facts and the rank formulas in Chapters 2 — 5, we now can establish various rank 
equalities related to weighted Moore-Penrose inverses of matrices, and the consider their various conse- 
quences. 



Theorem 16.1. Let A e C"^" 
Then 

(a) r(At-4,^^)=r 



be given, M e C 



and N e C"^" be two positive definite matrices. 



+ r[A, MA] - 2r{A). 



(b) r{A^ - AIjj) ^r[A, MA]^r{A). 

A 



(c) r(At-4^) = r^ J ~riA). 

(d) AIj j^ = At ^ R{MA) = R{A) and R[{AN)*] = R{A* 



Proof. Note that A^ and A 



r(A^ 



A 



jY are outer inverses of A. Thus it follows from (5.1) that 
At 



M,N 



r 



Parts (a) — (c) follow immediately from it. 



/it 

A* 

{MAY 
A 

AN 
□ 



+ r[At, <^]-r(At)-r(A;,_^) 
+ r[A*, N-^^A*]- 2r{A) 
r[A, MA] - 2r(A). 
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Theorem 16.2. Let A e C"^" 
Then 

(a) r{AAl,,-AA^) = r[A, MA]-r{A). 

(b) r(At ^-^U)= ^ ^ 



6e given, M e C"^"* and A'" € C"^" 6e fwo positive definite matrices. 



AN 



r{A). 



(c) AA]^ jv = A^t ^ i?(My4) = R{A). 

(d) = AtA ^ i?[(AiV)*] = ii(A*). 

Proof. Note that both AA^ and AA^j^ are idempotent. It follows from (3.1) that 



AA"! 



+ r[AA\ AAl^^]-r{AA^)-r{AAl^^) 

+ r[A, A]-2r{A) 



r{ AA''' AA^j^^^j^ ^ 

A* 
{MAY 

= r[A, MA]-r{A), 
as required for Part (a). Similarly we can show Part (b). □ 

Theorem 16.3. Let A S C"'^™ be given, and M, N G C™^™ be two positive definite matrices. Then 

(a) r{AAl^^-Al^^A) = r[A*, MA]+r[A*, NA]-2r{A). 

(b) AA^j^^j^ = A^j^^j^A <^ R{MA) = R{NA) = R{A*) <^ both MA and NA are EP. 
Proof. Note that both AA^ and AAj^^^ are idempotent. It follows by (3.1) that 



A A^ 
A^m,nA 

a'' 

A 

(MA)* 
A 



+ r[AA]^^^, A]^^^A] r{AA\^^j^) r{A]^^^A) 

-r[A, Al^^]-2r{A) 

+ r[A, N-'^A*]-2r{A), 

□ 



as required for Part (a). Part(b) follows immediately from Part (a). 

Based on the result in Theorem 16.3(b), we can extend the concept of EP matrix to weighted case: A 
square matrix A is said to be weighted EP if both MA and NA are EP, where both M and N are two 
positive definite matrices. It is expected that weighted EP matrix would have some nice properties. But 
we do not intend to go further along this direction in the thesis. 

Theorem 16.4. Let A e C™'^™ be given, and M, N G C™^"* be two positive definite matrices. Then 

(a) r{AAl^^-^^) = r[A'^, MA]+r[A^, N^A]-2r{A). 

(b) A^L.iv = ^L,jv^ R{MA) = R{N'^A) = R{A'^) <^ both MA and N'^A are EP. 

Proof. Follows from (3.1) by noting that both AA\^ jy and AA^j^^ ^ are idempotent. □ 

Theorem 16.5. Let A e C™^™ be given with Ind(A) = 1, and M, N e C™^'" be two positive definite 

matrices. Then 

(a) riA^j^^j^-A*)^r[A*, MA]+r[A*, NA]-2riA). 

(b) AI^j^ =A*^ R{MA) = R{NA) = R{A*), i.e., A is weighted EP. 
Proof. Note that both and A* are outer inverses of A. It follows by (5.1) that 



r{Alr^-A*) = r 



= r 



a'' 

A* 

(MA)* 
A 



+ r[Al^^, A*]-r{Al^^)-r{A*) 

-r[N-^A*, A] - 2r{A) 



r[A*, MA]+r[A*, NA]-2r{A), 
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be given with Ind(^) = 1, and M, N & Q^xm positive definite 



as required for Part (a). □ 

Theorem 16.6. Let A e C"^™ 
matrices. Then 

(a) r{AA^j^^j,-AA*) = r[A*, MA]-r{A). 

(b) r{A^^^^A-A*A)=r[A*, NA]-r{A). 

(c) r{ -A*)=r{ AA^^^^ -AA*)+ r{ A^^^^A - A*A). 
In particular, 

(d) = AA* ^ R{MA) = R{A*), i.e., MA is EP. 

(e) A^M,N^ = ^ R{NA) = R{A*), i.e., NA is EP. 

(f) A^j^^^ = A*^ = AA* and A^^^^A = A* A. 

Proof. Note that both AA^ and AA* are idempotent. It follows from (5.1) that 



A A'^ 

AA* 

A* 

{MAy 

A* 



- r[AAl^^, AA* ] - r(A<_^) - r(AA^ 



+ r[A, A]- 2r{A) 
= r[A*, MA]-r{A), 



□ 



as required for Part (a). 

Theorem 16.7. Let A e C"^"* be given with Ind(A) = k, and M, N G C™^™ be two positive definite 
matrices. Then 

+r[iVA^ A*]-r{A)-r{A^). 
(b) r{A^j^^j, - ) = r{A^j^^j,) - r(A^) ^ R{NA^) C r{A*) and i?[(^'=M-i)*] C r{A). 
Proof. Note that both A^j^ and A^ are outer inverses of A. It follows by (5.1) that 



(a) r(Al,.^-^^) = r 



r(4 



A^) 



= r 



A^ 

{MA)* ' 

A* 
A^M-'^ 



+ r[<,^, A^]-r{Al^^)-r{A^) 
+ r[N-^A*, A'']-2r{A) 
+ r[A*, NA^]-2r{A), 



□ 



as required for Part (a). 

Theorem 16.8. Let A e C"^™ be given with Ind(^) = k, and M, N e C"^™ be two positive definite 
matrices. Then 

r{A'^). 



A* 



(a) r{AA^^^^-AA^)^r 

(b) r{A\,ij^A-A^A)^r[NA'', A*]-r{A''). 

(c) r{ Ai,^^ -AD)=r{ - AA^ ) + { - A^ A) + r(A'=) - r{A). 

Proof. Note that both AA^^ ^ and AA^ are idempotent. It follows from (5.1) that 



'r{ Aj^j^ j^ AA^ ) — 



= r 



a'' 



{MA)* 



+ r[AAl^^, AA^]-r{AAl^^)-r{AA^) 



+ r[A, A'^]-r{A)-r{A'') 



r{A) 



A* 
A^M-^ 



r{A), 
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as required for Part (a). Similarly we can show Part (b). Combining Theorem 16.6(a) and Theorem 16.7(a) 
yields Part (c). □ 

Theorem 16.9. Let A G C™^" be given, M, N € &e two positive definite matrices. Then 

(3.) r{Al^^A''-A>^Al^^) = r +r[A\ N-^A*]-2r{A). 

(b) A^^j^A^ = A^Ai.N ^ Ri^^) ^ R{N-^A*) and R[{A^)*] C R{MA). 

Proof. Follows from (4.1). □ 

Based on the result in Theorem 16.9(b), we can extend the concept of power-EP matrix to weighted case: 
A square matrix A is said to be weighted power-EP if both R{A^) C R{N-'^A*) and R[{A'')*] C R{MA) 
hold, where both M and TV are positive definite matrices. 

Theorem 16.10. Let A e C™^"* he given with Ind(A) = k, and M, N & C"^'" be two positive definite 

matrices. Then 



(a) r{A^j^j^A^ 



D /it 



A^A 



M,N 



) 



A*M 



[^fc^ AT-i^* ] _ 2r(A) = r( A^^^A'^ - A'^A^^^ ). 



(b) j^A" = A'^A^j^ ^ ^ R{A'') C R{N-^A*) and R[{A''y] C R{MA), i.e., A is weighted power- 
EP. 

Proof. Follows from (4.1). □ 

Theorem 16.11. Let A G C™^" be given, M, S G C™^™ and N,T G C"^" be four positive definite 

matrices. Then 

AN-'^ 

■r[MA, SA]~2r{A). 



(a) r{A\ 



M,N 



AT- 



(b) A]^^_Jv = A,T ^ R{MA) = R{SA) and R[{AN-'^)*] = R[{AT-'^)*]. 
Proof. Note that both ^jv^ ;v ^^'^ outer inverses of A. Thus it follows by Eq.(5.1) that 



r{A 



t 

M,N 



= r 



A^ 

a'' 

{MA)* 
{SAY 

AN-^ 



+ r[Ar-iA*, T-'^A*]-2r{A) 
+ r[MA, SA]-2r{A), 



establishing Part (a). 



□ 



Theorem 16.12. Let A e C™^" be given, M, S G C™^™, N,T G C"^" be four positive definite matrices. 
Then 

(a) r{AAl^j^ - AAI j. ) = r[MA, SA]-2r{A). 



(b) r(Al,j,A-Al^A)=r 



(c) r{A^j^j^j^ Ag^j,) — r{AA]^^j^ AAgj,) + r{A^j^j^j^A Agj,A). 

Proof. Follows from (3.1) by noticing that AA\^ ^, A\^ ^A, AA^g j. and j.A are idempotent matrices. 

□ 

Theorem 16.13. Let A G C™^™ be an idempotent or tripotent matrix, and M, N G C^x™ two positive 
definite matrices. Then 

(a) r{A~A^j^^j^) = r[A*, MA]+r[A*, NA]-2r{A). 

(b) A = A^i^j^ ^ R{MA) = R{NA) = R{A*), i.e., A is weighted EP. 

Proof. Note that A, A^j^ n ^ ^{2} when A is idempotent or tripotent. It follows by (5.1) that 



1'{ ^ ^M,JV ) 



A 



A^ 



M,N 
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+ r[A, N-'^A*]-2r{A) 



A 
[MA)* 

= r[A*, MA] + r[A*, NA] - r{A) - r{A''), 

as required for Part (a). □ 

Theorem 16.14. Let A, B G C™^"* be given, M, N G C"*^™ be two positive definite matrices. Then 

-r[A, BN-'^A*]-2r{A). 



(a) r{AAljj^B-BAijj^A)^r 

(b) r{Al^^AB~BAAl^^)=r 



A 

A* MB 
AB 
A*M 



+ r[BA, N-^A*]-2r{A). 



(c) AA]^ jY-B = -B^M.JV^ ^ R{BN-^A*) C R{A) and R{B*MA) C R{A*). 

(d) A'^mn^B = BAA^^^j^^ R{BA) C R{N-^A*) and R[{ABy] C R{MA). 



Proof. Parts (a) and (b) Follow from (4.1) by noticing that both AA^j^ and J^j^ j^A are idempotent. 



□ 



(a) r[(PAQ)t-g-iA#p-i] =r 



Theorem 16.15. Let A € C™^™ be given with Ind(A) = 1, and P, Q € C™^™ be two nonsingular 
matrices. Then 

j^4*P +r[A, QQ*A*]-2r{A). 

(b) {PAQY = Q-'^A*P-'^ <^ R{QQ*A*) = R{A) and R{P*PA) = R{A*). 

Proof. It is easy to verify that both (PAQ)^ and Q~^A'^P~^ are outer inverses of PAQ. Thus it follows 
by (5.1) that 

r[{PAQ)^ -Q-^A*P-^] 
(PAg)t 



= r 



Q-lA*p-l 

{PAQ)*P 
A* 



A*P*P 
A 



+ r[ {PAQ)\ Q-^A*P-^ ] - r[{PAQ)^] - r[Q-^A*p-^] 
r[Q{PAQy, A*]-2r{A) 
+ r[QQ*A*, A]-2r{A), 



establishing Part (a) and then Part (a). □ 

Theorem 16.16. Let A e C"^"* be given, M, N G C™^"* be two positive definite matrices, and P, Q € 
Qmxm j,g nonsingular matrices. Then 

A 



(a) r[{PAQy-Q-^Al^^p-^] 



AQQ*N 



r[A, M-'^P*PA*]-2r{A). 



(b) [PAQY = jyP-i <^ R{M-'^P*PA*) = R{A) and R{NQQ*A*) = R{A*). 

Proof. It is easy to verify that both {PAQ^ and Q^^A^j^ j^P~^ are outer inverses of PAQ. Thus it 
follows by (5.1) that 

r[{PAQy-Q-Ul,,p-'] 



{PAQ)*P 

A*P*P ' 
{MA)* 

A 

AQQ*N 



- r[ {PAQ)\ Q-i<_^p-i ] - r[(PAQ)t] - r[Q-' A^^^p-'] 
+ r[QiPAQr, Al,,]-2r{A) 
+ r[QQ*A*, N-^A*]-2r{A) 
+ r[A, M-'^P*PA]-2r{A), 



establishing Part (a). □ 



Chapter 17 



Reverse order laws for weighted 
Moore-Penrose inverses 



Just as for Moore-Penrose inverses and Drazin inverses of products of matrices, we can also consider reverse 
order laws for weighted Moore-Penrose inverses of products of matrices. Noticing the basic fact in (16.2), 
we can easily extend the results in Chapter 8 to weighted Moore-Penrose inverses of products of matrices. 

Theorem 17.1. Let A e C"'^", B e C"^'=, and C G C*^^' be given and let J = ABC. Let M e C"^", 
N G C'^', P E C"^'\ and Q E c''^'' be four positive definite matrices. Then the following three statements 
are equivalent: 

(a) (ABC)]^^ jY = Cq,n-^p,q^''m,p- 

(b) {M^ABCN-iy = (g^CiV-3)t(P^Bg-5)t(M^y4P-5)t. 

" BQ^^B*PB BC 

(c) r -JN-^J*M.J JN-^C*QC =r{B)+r{J). 

AB AP-^A*MJ 

Proof. The equivalence of Part (a) and Part (b) follows directly from applying (16.2) to the both sides 
of (ASC)l, „ 

— C'q jY-^p,O^M,p simphfying. Observe that the left-hand side of Part (b) can also be 

written as 

{M^ABCN-^)'^ = [(M5^p-3)(P5BQ-5)(QiC'Ar-5)]t. 
In that case, we see by Theorem 8.11 that Part (b) holds if and only if 



BiBlBr 


AiB^ 







BiCr 



AiAlJi 



r(Bi) + r(Ji), 



where 



Ai^ M^AP-^, Bi=P^BQ- 



Ci = Q^CN-^, Ji= M^ABCN-^. 



Simplifying this rank equality by the given condition that M, N, P and Q are positive definite, we obtain 
the rank equality in Part (c). □ 

Corollary 17.2. Let A € C"^", B G C"><'= and C G C*^^' be given and let J = ABC. Let P G C"^" and 
Q ^Qkxk positive definite matrices. Then the following three statements are equivalent: 

(a) {ABC)^ =cI,bI,^qA\p. 

(b) (ABC)t = (Q^C)t(P^Bg-5)t(AP-5)t. 
BQ-^B*PB BC 

(c) r -J J* J JC*QC =r{B)+r{J). 
AB AP-^A*J 



Proof. Follows from Theorem 17.1 by setting M and N as identity matrices. 



□ 
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Corollary 17.3. Let A e C™^", B e C"^*^, and C e C'^^' be given and denote J = ABC. Let M G C™^"*, 
N ^ C^^^ be two positive definite matrices. Then the following three statements are equivalent: 

(a) {ABC)l^^ = Cl^B^Al^,. 

(b) {M^ABCN'^y = (C7V-5)tBt(M^A)t. 
BB*B OBC 

r{B)+r{J). 



(c) 




AB 



-JN-'^J*MJ JN-^C*C 
AA*MJ 



□ 



Proof. Follows from Theorem 17.1 by setting P and Q as identity matrices. 

Corollary 17.4. Let A e C™^", B e C"^'', and C e C"""- be given with r{A) = n and r{C) = k. Let 
M e C"^"*, A'' e C'^', P e C"^", and Q G C''^'' be four positive definite matrices. Then the following two 
statements are equivalent 



(a) (ABC) 



t 

M,N 



C'^ R'l' A'^ 

'-^Q,N^P,Q^M,P- 



(b) RiP-^A*MAB) C R{B) and R[{BCN-^C*Q)*] C R{B*). 

Proof. The given condition r{A) = n and r(C) = A; is equivalent to A'^ A 
r{ABC) = r{B). In that case, we can show by block elementary operations that 



In, CC^ 



Ik, and 



BQ'^B*PB 

AB 



BC 
-JN-^J*MJ JN-^C*QC 
AP-'^A*MJ 



and 





B 



B 
BCN-^C*Q 
P-'^A*MAB 



are equivalent, the detailed is omitted here. This result implies that 



BQ-^B*PB 

AB 



BC 
-JN-^J*MJ JN-^C*QC 
AP-'^A*MJ 






B 



B 

BCN-^C*Q 
P-^A*MAB 



= r 



B 

BCN-'^C*Q 



+ r[B, P-^A*MAB]. 



Thus under the given condition of this corollary, Part (c) of Theorem 17.1 reduces to 

BCN^-^C*Q + '■t'^' P~'^*^^B] = 2r{B), 
which is obviously equivalent to Part (c) of this corollary. □ 

Corollary 17.5. Let A e C"""", B G C™''",ana; C G C"""' be given with A and C nonsingular. Let 
M, P e (jmxm Q ^C^^''^ be four positive definite Hermitian matrices. Then 

(a) (ABC)]i^ = C-^B%qA-^ ^ R{ P-'^A*MAB ) = R{B) and R[ {BCN-'^C*Q)* ] = R{B*). 

(b) {ABC)'^j^ j^ = C-^StA-i <^ R{ A*MAB ) = R{B) and R[ (BCN-'^C*)* ] = R{B*). 

(c) {ABCy = C-^bIqA-^ ^ R{ P-^A*AB ) = R{B) and R[ {BCC*Q)* ] = R{B*). 
In particular, the following two identities hold 



{ABC)l^^ = C-'B. 



^ A-^ 

(A*MA), (CJV-iC*)-! ' 



{ABC) 



t 



C~^F}^ 



(17.1) 
(17.2) 



Proof. Let A and C be nonsingular matrices in Corollary 17.4. We can obtain Part (a) of this corollary. 
Parts (a) and (b) arc special cases of Part (a). The equality (17.1) follows from Part (a) by setting 

P ^ A* MA and Q = {CN-^C*)-\ □ 

Theorem 17.6. Let A G C"^", B G C"^'^, and C G C^^' be given and denote J = ABC. Let M G 
(jmxm^ g (jixz^ p g Qnxn^ ^^j^ Q g (jfcxfc y^^j, positive definite matrices. Then the following two 
statements are equivalent: 
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(a) {ABC)l^^ = {BC%^B{AB)l,Q. 
B* {ABfMJ B*PBC 

(b) r JN-^{BC)* 
ABQ-'^B* 



= r{B)+r{J). 



Proof. Write ABC as ABC = {AB)B^pq{BC) and notice that (sJ,q)^ p = B. Then by Theorem 17.1, 
we know that 

{ABC)l^j, = [(AB)4_q(BC)]L_j^ = {BC)^pMBI,q)Ip{AB)1^q = {BC)^j,^j,B{AB)1^q 
holds if and only if 





ABBl^Q 



B^pqBC 
-JN-'^J*MJ JN-'^{BCyP{BC) 
ABQ-'^{AB)*MJ 



:r(4^Q)+r(J). (17.3) 



Note by (1.5) that 

b|,qP-1(bJ,q)*qb|,q = g-^(p^sQ-^)t[(p^5Q-^)t]*(p^^Q-^)tpi. 

Thus by block elementary operations, we can deduce that (17.3) is equivalent to Part (c) of the theorem. 
The details are omitted. □ 

Corollary 17.7. Let A e C'"^^", B e C">^*^, and C e C^^' he given and denote J = ABC. Let M e C™^™, 
g C'^', P e C"^", anrf Q e C*^^*' he four positive definite matrices. If 

r{ABC) = r{B), (17.4) 

then the weighted Moore-Penrose inverse of the product ABC satisfies the following two equalities 

i^BC)l^N = iBC)^p,NB{AB)i^Q, (17.5) 

and 

{ABC)^jy[ff = {BpqBC)q^^bI,q{ABBI,q)^j^q. 
Proof. Under (17.4), wc know that 

r{AB) = r{BC) = r{B), 
which is equivalent to 

R{BC) = R{B), and R{B*A*) = R{B*). 
Based on them we further obtain 

R{B*PBC) = R{B*PB) = R[ {B*P^){B*P^y ] = R{B*P^) = R{B*), 



(17.6) 



and 



R{BQ-'^B*A*) = R{BQ-'^B*) = R[{BQ-^){BQ-^y] = R{BQ-^) = R{B). 



Under these two conditions, the left-hand side of Part (b) in Theorem 17.6 reduces to 2r{B). Thus Part (b) 
in Theorem 17.6 is indentity under (17.4). Therefore we have (17.5) under (17.4). Consequently writing 
ABC as ABC = {AB)bI,q{BC) and applying (17.5) to it yields (17.6). □ 

Some applications of Corollary 17.7 are given below. 

Corollary 17.8. Let A, B e C"^" be given, M G C"^", N e C"^", P € C2'"><2m^ ^^^^ q g Q2nx2n 
four positive definite matrices. If A and B satisfy the rank additivity condition 



r{A + B) = r{A)+r{B), 



(17.7) 
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then the weighted Moore-Penrose of A + B satisfies the two equalities 



N 



' A ' 


t 


■ A 


" 


B 


P,N 





B 



[A, B]\ 



Proof. Write A + B as 



A'^ A 



Q,N I 



A' n 
St ^ 



(17.8) 
(17.9) 



A 
B 



:= UDV. 



A + B=[Im, Im] 

Then the condition (17.7) is equivalent to r{UDV) = r{D). Thus it turns out that 

{UDV)^^^^ = {DV%^D{UD)^^^Q, 
which is exactly (17.8). Next write A + B as, 



A + B=[A, B\ 



a'^ n 




■ A ' 


Bl^^ 




B 



:= UiDiVi. 



Then the condition (17.7) is also equivalent to r{UiDiVi) = r{Di). Thus it follows by (17.5) that 
{UiDiVi)^j^^j^ = {DiVi)li^j^Di{UiDi)^M p, which is exactly (17.9). □ 

A generalization of Corollary 17.8 is presented below, the proof is omitted. 

Corollary 17.9. Let Ai, • • • , Afe e C™^" be given, and let M e C™^™, N e C"^", P e C'^™^'^'", and 
Q g Qknxkn j-^^j, positive definite Hermitian matrices. If 



r{Ai + --- + Ak) = r{Ai) + ■■■+ r{Ak), 
then the weighted Moore-Penrose inverse of the sum satisfies the following two equalities 



{A, + --- + Ak)L^^ 



' A, - 


t 


' A, 




[A, 


. Ak _ 


P,N 




Ak _ 





[Ai, • • • , Ak ]m^q, 



(17.10) 



(17.11) 



M.N 



Q,N 



M,N 



(Ak) 



M,N 



[^i(^i)L,iv. Ak{Ak)l^^]l^p. (17.12) 



Corollary 17.10. Let A € C™^", B e C'"^'^, C e C'^", A e C'^'= be given, M, P G c^rn+i)x{m+i) ^ 
N, Q G Q(n+k)x(n+k) })e four positive definite matrices. If 



A B 
C D 



r{A), 



or equivalently AA^B = B, CA^A = C and D = CA'^B, then 



' A 


B ■ 


t 


■ A 


B ■ 


t 


■ A 


" 




■ A 


" 


C 


D 


M.N 








P.N 










C 






t 

M,Q 



(17.13) 



(17.14) 
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In particular, 



A B 
C D 



M,N 



= [A, B]l^A 



A 
C 



it 

MJ 



Proof. Under (17.13), we see that 



' A B' 






■ 




"AO" 




■ In A^B ' 


CD 




CA^ 


h . 









. h 



ULV. 



A B 
C D 



t 

M,N 



Thus by Corollary 17.6, we obtain 

{LV)%L{UL)l^Q, 
which is exactly (17.14). When P — Im+i and Q = In+k, we have 

= Ar-5 



" A 


B ' 


t 


Im 








/,JV 






" A 


B ' 













{[A, B]N-iy 
[0, 0]^ 



= N-^{[A, B]N-^)^ = [A, B]\ 



N- 



Similarly we can deduce 

[In, 0] 



" A 


■ 


t 


■ A ' 


C 





MJ 


C 



M.I 



Putting both of them in (17.14) yields (17.15). 



□ 



(17.15) 



Chapter 18 

Extreme ranks oi A — BXC 



The basic tool for establishing the whole work in the monograph is the rank formula (2.1) for the Schur 
complement D — CA^B. Motivated by (2.1), one might natm'ally consider the rank of a generalized Schur 
complement D — CA^B, where A~ is an inner inverse of A. Since A~ is not unique in general, the rank 
of -D — CA^B will depend on the choice of A~ . Thus a fundamental problem related to a generalized 
Schur complement D — CA~B is to find its maximal and minimal possible ranks with respect to the choice 
of A~ . Notice that the general expression of is A^ = ^4^ + FaV + WE a, where both V and W are 
arbitrary matrices. As a consequence, 

D - CA-B = D- CA'^B - CFaVB - CWEaB. 

This expression implies that D — CA^B is in fact a matrix expression with two independent variant 
matrices. This fact motivates us to consider another basic problem in matrix theory — maximal and minimal 
possible ranks of linear matrix expressions with variant matrices. In this chapter, we consider the simplest 
case — the maximal and the minimal ranks of the matrix expression A — BXC with respect to the variant 
matrix X and then discuss some related topics. Throughout the symbols Ea and Fa stand for the two 
obHque projectors Ea = I — AA~ and Fa = I — A^A induced by A. 



The following result is well known (see, e.g., |11J|) 



Lemma 18.1. Suppose BXC — A is a linear matrix equation over an arbitrary field J-, where A S 
jrmxn^ S e jc-^xfc^ C e P"""- are given. Then it is consistent if and only if R{A) C R{B) and R{A^) C 
R{C'^), or equivalently BB^ AC^C = A. In that case, the general solution of BXC = A can be expressed 
as 

X = B-AC- + U - B-BUCC-, or X = B' AC- + FbV + WEa, 

where U, V and W are arbitrary matrices. In particular, the solution of BXC = A is unique if and only 
if B has full column rank and C has full row rank. 

In order to determine the maximal and minimal ranks of A — BXC with respect to X, we first establish 
two rank identities for A — BXC through (1.4) and (1.5). 



Theorem 18.2. The matrix expression A 
r{A-BXC) = r ^ 



- BXC satisfies the rank identity 

iA, B]- r{M) + r[ETAX + TM-S )Fs, ], 



(18.1) 



where M — 



A B 
C 



r = [ 0, Ik] and S = 




// 



Ti = TFm, and Si = EmS. 



Proof. It is easy to verify by block elementary operations of matrix that 



r{A-BXC) =r 



A 


B 





C 










Ik 


-X 



k — I ^ r 



M 
T 



S 
-X 



k-l. 



(18.2) 
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M 
T 



S 
-X 



M 
T 

A 
C 



Applying (1.6) to the block matrix in it, we find that 

+ r [ M, S]~ r{M) +r[ETAX + TM-S )Fs, ] 

+ r[A, B]+k + l-r{M)+r[ET,{X + TM-S)FsA- 
Putting it in (18.2) yields (18.1). □. 

Theorem 18.3. The matrix expression A — BXC satisfies the rank identity 



r{A- BXC)=r[A, B]+r 



' A ' 




■ A 


B ' 


C 


— r 


C 






riEA.AFA, - Ea.BXCFa,), 



(18.3) 



where Ai = EbA, A2 = AFc, and the matrix equation Ea^BXCFa^ = Ea^^AFa-^ is consistent. 
Proof. We first establish the following rank equality 

iA, B]-r{A)+r{EA,AFA,). 



r{A), 





' A 


B ' 




■ A ' 


r 


C 





= r 


C 



(18.4) 



Observe that 

r{EBAFc) = r 
and also observe from (1.4) that 



A AFc 
EbA 



A AFc 
EbA 



r{EBA) + r{AFc) + r{EA,AFA,). 



We obtain r{EBAFc) = r{EBA) + r{AFc) - r{A) + riEA^AFA^. Putting it in (1.4) and applying (1.2) 
and (1.3), we get (18.4). Next replace the matrix A in (18.4) by p{X) = A - BXC and notice that 





■ A - BXC B ' 




■ A 


B ' 




■ A - BXC ' 




■ A ' 


r 


C 


= r 


C 





r 


C 


= r 


C 





' A 


B ' 




" A ' 


r 


C 





= r 


C 



r[A-BXC, B]=r[A, B], Eb{A- BXC) = EbA, {A - BXC)Fc = AFc. 
Then (18.4) becomes 

+ r[A, B]-r{A- BXC) + r{EA,AFA, - Ea.BXCFaJ, 

establishing (18.3). On the other hand, from EA2A2 = and AiFa^ = we can deduce that Ea2AC~C = 

Ea2 A and BB-AFa, = AFa,- Thus RiEA^AFA,) = R{Ea.,BB' AFa,) C RiEA^B) smd RHEa^AFa,)'^ ] 
= RKEa^AC-CFaJ^] C R[{CFaJ^]. Both of them imply that the matrix equation Ea^BXCFa, = 
Ea^-AFa^ is consistent. □ 

On the basis of (18.3), we establish the main result of the chapter. 

Theorem 18.4. Let A e jr™x", B e J^™^'= and C e J^'^" he given. Then 
(a) The maximal rank of A — BXC with respect to X is 



m.ayir{A- BXC) =uim.{r[A, B], 



X 



A 
C 



(b) The minimal rank of A — BXC with respect to X is 



iam.r{A- BXC) = r[A, B]+r 



' A ' 




■ A 


B ' 


C 


— r 


C 






(18.5) 



(18.6) 
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(c) The general expression of X satisfying (18.5) can be written as 
X = -TM'S + U, 



(18.7) 



where U is chosen such that r{ETiUFsi) = niin{ r(£^Ti), 'f{Fsi) }, where M, S, T, Si and Ti are defined 
in (18.1). 

(d) The matrix X satisfying (18.6) is determined by the matrix equation Eti{X + TM~S)Fsi = 0, 
and can be written as 



X = -TM'S + TiV + WSi, 
where V and W are arbitrary. 
Proof. Eq. (18.2) implies that 



(18.8) 



niaxr(A-BXC) = r 
X ^ ' 



mmriA- BXC) = r 



A 
C 

A 
C 



+ r[A, B\- r{M) + max r [ E^Ti ( X + TM'S )Fs, [ 



+ r[A, B]-r{M) + imnr[ETAX + TM-S)Fs,]. 



It is obvious that 



m^rlErAX + TM-S)Fs,] = maxr{ET,YFs,) = mm{ r{ET,), r{Fs,) }, 
and the matrix satisfying it can be written as (18.7). According to (1.2) and (1.3), we find that 



(18.9) 
(18.10) 

(18.11) 



r{ET,) =k- r{Ti) =k- r{TFM) =k-r 



M 
T 



+ r(M) = r(M) - r 



A 
C 



r{Fs,)=l-r{Si)=k-r{EMS) = k-r[M, S] + r{M) = r{M) - r[A, B]. 

Putting both of them in (18.11) and then (18.11) in (18.9) yields (18.5). The results in (18.6) and (18.8) 

are direct consequences of (18.10). □. 

The maximal and the minimal ranks of yl — BXC with respect to X can also be determined through 
the rank identity (18.3). In that case, the matrix X satisfying (18.5) and (18.6) can respectively be 
determined by the expression matrix EA2AFA1 — EA2BXCFA1, where the corresponding matrix equation 

Ea^BXCFai = Ea^AFa, is consistent. 

Corollary 18.5. Let p{X) = A- BXC be given over T with B ^ and C ^ 0. Then 
(a) The rank of A — BXC is invariant with respect to the choice of X if and only if 



R 



B 




C R 



A 
C 



or R{[C, of) C R{[A, Bf). 



(b) The range R{A — BXC ) is invariant with respect to the choice of X if and only if 



R 



B 




C R 



A 
C 



(c) The range R[{A-^ BXC )'^ ] is invariant with respect to the choice of X if and only if 

R{[C, Of)CR{[A, Bf). 



(18.12) 



(18.13) 



(18.14) 



(d) The rank of A — BXC is invariant with respect to the choice of X if and only if the range R{A — 
BXC ) is invariant with respect to the choice of X or the range R[{A — BXC )^] is invariant with respect 
to the choice of X. 

Proof. Prom (18.5) and (18.6), we obtain 



X 



X 





' A B' 




■ A ' 




' A B ' 


-r[A, 




C 


— r 


C 




C 
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Let its right-hand side be zero, then we get (18.12). To show Part (b), we use a fundamental fact that 
two matrices P and Q have the same range, i.e., R{P) = R{Q), if and only if r[P, Q] = r{P) = r{Q). 
Applying this fact to A — BXC, we know that the range R{A — BXC) is invariant with respect to the 
choice of X if and only if 



r[A-BXC, A- BYC]=r{A- BXC) = r{A- BYC) 
holds for all X and Y. Obviously this equality holds for all X and Y if and only if 

r{A-BXC) = r{A), 

holds for all X, and 

r[A- BXC, A - BYC] = r ([A, A]-B[X, Y] 



' c 










c 


) 



r{A) 



(18.15) 
(18.16) 

(18.17) 



holds for all X and Y. According to Part (a), the equality (18.16) holds for all X if and only if (18.12) 
holds, and the equality (18.17) holds if and only if 



that is. 



A 


A 


B ' 




r A 


A ' 






' A 


A 


B ' 




c 








= r 


C 





or 


r 


C 








= r[A, A 





C 










c 









C 









■ A 


B 




" A ' 






■ A 


B ' 






B]-r{C). 


r 


C 





= r 


C 


or r 


C 







r[A, 



(18.18) 



Note that B 7^ and C 7^ 0. Thus combining (18.12) with (18.18), we know that (18.15) holds if and only 
if 





' A 


B ' 




■ A ' 


r 


C 





= r 


C 





' A 


B ' 




■ A ' 


r 


C 





= r 


C _ 



which is equivalent to (18.13). Similarly we can show Part (c). Contrasting Parts (a) — (c) yields Part (b). 

□ 

Corollciry 18.6. The matrix satisfying (18.6) is unique if and only if 

r{B)=r[A, B]+r{C). (18.19) 

In that case, the unique matrix satisfying (18.6) is 

X = -[0, 4] ^ I ■ (18.20) 

Proof. The matrix satisfying (18.6) is unique if and only if the solution to the equation Eti{X + 
TM~ S )Fsi = is unique, which is equivalent to 



r{ET^)=k and r{Fs^) = L 



(18.21) 



Recall that 



r{ET^) =r{M)-r 



A 
C 



, and r{Fs^) = r{M) - r[A, B], 



and r{B) < k and r(C) < I. Thus (18.21) is equivalent to (18.19), and the unique matrix is (18.20). □. 

Corollary 18.7. The following four statements are equivalent: 

(a) uAnxr{A- BXC) =r{A). 



(b) r 



A B _ A 
C J [ c 
(c) Et^TM-SFs^ = 0. 



+ r[A, B]-r{A). 
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(d) Ea.AFa, = 0. 

(e) Ec,CA-BFb, = 0, where Ai = EgA, A2 = AFc, Bi = EaB, Ci = CFa- 
Proof. Follows immediately from the combination of (18.6), (18.1), (18.2) and (l.i 



□ 



In the remainder of this section, we present some equivalent statements for the results in Theorem 18.4. 
Suppose that B e jr™xfe^ (j ^ jrixn^ p ^ j:sx,n^ Q g jpnxt^ ^ei e be the matrix set 

I R{Z) C R{B) and i?(Z^) C i?(C^) }. 



e = { Z G J^"' 

Then we have the following results. 

Theorem 18.8. Let A e jc™^" be given and 6 be defined in (18.21). Then 
(a) The maximal rank of A — Z subject to Z (z Q is 



(18.22) 



maxrfyl — Z) = min < r[ A, B], 
zee 1 L J 



A 
C 



and the matrix Z satisfying (18.23) can be written in the form 



Z = -[Q, B] 



' A 


B ' 







C 







C 



- BUC, 



(18.23) 



(18.24) 



where U is chosen such that r{ETiU Fs^) — min{ r(i?T'i), f{Psi) }, where M, S, T, Si and Ti are as in 
(18.1). 

(b) The minimal rank of A — Z subject to Z Cz & is 

A ID 1 

(18.25) 



(18.26) 



minr(74- Z) = r\ A, B] 
zee 

and the general expression of the matrix Z satisfying (18.24) can be written as 



' A ' 




■ A 


B ' 


C 


— r 


C 






[0, B] 



' A 


B ' 







C 







c 



BTiVC + BWSiC, 



where V and W are arbitrary. 

Proof. From the structure of Q in (18.22) we easily see that Q can equivalently be expressed as 

e = {Z = BXC I J^'^^'}. 
Thus the rank oi A — Z subject to Z G 8 can be written as 



r{A - Z) = r{A - BXC) = r[A, B] 



' A ' 




■ A 


B ' 


C 


— r 


C 






iETAX + TM-S)Fs,]. (18.27) 



□ 



In this case, applying Theorem 18.4 to this equality, we obtain the desired results in the theorem. 

The matrix Z G Q satisfying (18.25) is well known as a shorted matrix of A relative to Q. Thus (18.26) 
is in fact the general expression of shorted matrices of A relative to Q. One of the most important aspects 
on shorted matrices is concerning their uniqueness, which has been well examined by lots of authors (see, 
e.g., 1^, |102|, |l06[ ). Now from the general result in Theorem 18.6 and 18.8(b) and we easily get the 
following known result. 



Theorem 18.9 [|102| . Let A e be given and 9 be defined in (18.22). Then the shorted matrix of A 

relative to Q is unique if and only if 

^r{B) =r[A, B]+r{C). (18.28) 
In that case, the unique shorted matrix is 

Z = -[0, B] \ ^ ^1 [ ° 1 , (18.29) 





■ A 


B ' 




■ A ' 


r 


C 





= r 


C 



and this matrix is invariant with respect to the choice of the inner inverse in it. 



Chapter 19 



Extreme ranks of 

A — BiXiCi — B2X2C2 



In order to find the maximal and the minimal ranks of D — CA B with respect io A , we need to know 
maximal and minimal ranks of 

p{Xu X2) = A- BiXiCi - B2X2C2 (19.1) 
under the two conditions 

R{Bi) C R{B2) and i?(Cj) C i?(Cf ), (19.2) 

where A, Bi, B2, C\ and C2 are given, Xi and X2 are two independent variant matrices over T. 

Theorem 19.1. Let p{X\, X2) he given by (19.1) and (19.2). Then the maximal rank of p{X\, X2) with 
respect to X\ and X2 is 

(19.3) 





A 




A 


Bi ' 




r 


. Ci . 


, r 


C2 





} 



max r[p{Xi, X2)] =min< r[A, B2], 

Proof. Applying (18.5) to p{Xi, X2) in (19.1) we first obtain 

maxr[p{Xi, X2)] = mm\ r{A - BiXiCi, B2), r 
X2 



A - BiXiCi 
C2 



Next applying (18.5) to 



A - BiXiCi 

C2 



maxr 



A - BiXiCi 
C2 



maxr 

Xi 



A 
C2 



min I r[^, -B2 ], r 
, we obtain 

XiCi 



A - BiXiCi 
C2 



Bi 




A 



A Bi 
C2 



Combining the above two results yields (19.3). □ 

Theorem 19.2. Let p{Xi, X2) be given by (19.1) and (19.2). Then the minimal rank of p{Xi, X2) with 
respect to Xi and X2 is 



min r[p{XuX2)]=r[A, B2] + r 

^1 , 



A 




A 


Bi ■ 




A 


Bi ■ 




A 


B2 ' 


. Ci . 


+ r 


C2 





— r 







— r 


C2 






(19.4) 



Proof. Applying (18.6) to p{Xi, X2) in (19.1) we first obtain 

: r[A-BrX^Cu B2]+r 

r[A, B2]+r 



minr[p(Xi, X2)] 
X2 



A - BiXiCi 
C2 



A — B\X\C\ B2 
C2 



A - BiXiCi 
C2 



A B2 
C2 
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Next applying (18.6) to 



A - BiXiCi 
C2 



, we find 



minr 

Xi 



A - BiXiCi 
C2 



mmr 



A 
C2 



Bi 




XiCi = r 



□ 



A Bi 
C2 



A 
Ci 



A Bi 
Ci 



Combining the above two results yields (19.4). 

The matrices Xi and X2 satisfying (19.3) and (19.4) can also be derived through the two expressions 
in (18.7) and (18.8). But their expressions are somewhat complicated in form and are omitted them here. 
Eq. (19.4) can also be written as 



mill r[p{XiX2)] 

^1 , -^2 



r[A, B2]+r 



A 




A 


B2 ' 




. ^1 . 


— r 


. ^1 





) 



+ 





A 


B2 ' 


+ r 


A 


Bi ' 




A 


Bi ' 




A 


B2 ■ 






. ^1 





C2 





— r 


. ^1 





— r 


C2 





) 



It is easy to verify that under (19.2) the two quantities in the parentheses on the right hand-side of the 
above equality arc nonncgativc. Thus the right hand-side of (19.4) is also nonnegative, although this is 
not evident from its expression. 

Some direct consequences of Theorems 19.1 and 19.2 are given below. 

Corollary 19.3. Let p{X\, X2) be given by (19.1) and (19.2). Then the rank of p{Xi, X2) is invariant 
with respect to the choice of X\ and X2 if and only if 



or 



or 



A 


Bi 


Ci 





A 


B2 


C2 





A 


Bi 








A 



and 



r[A, B2] and 



A 



and 





A 


B2 ' 




'A Bi' 


r 


C2 





= r 


_C2 




A 


Bi ' 




'A Bi ' 


r 







= r 


C2 




A 


B2 ■ 




A, B2]. 


r 


C2 





= r[ 



(19.5) 
(19.6) 
(19.7) 



Proof. Combining (19.3) and (19.4), we obtain the following 



where 



max r 

Xi, X2 




X2) 


] — min r 

Xi, X2 




,X2) 


] = min{si, 


S2, 


S3}, 


si = r 


A 

. 


Bi ' 



+ r 


A 
C2 


B2 ' 



— r 


A 
. . 


— r 


A 

C2 


Bi ' 



S2 = r 


A 
. Ci 


Bi ' 



+ r 


A 
C2 


B2 " 



-r[ 


A, B2 


]-r 


A 


Bi ' 



S3 = r 


A 
Ci 


Bi ' 



+ r 


A 
C2 


B2 ' 




— r 


A 


-r[A, B2 


]• 



Let the right-hand side of the above equality bo zero. Then we obtain (19.5) — (19.7). □ 

Corollary 19.4. Let p{Xi, X2) be given by (19.1) and (19.2) with Bi ^ and C2 ^ 0. Then 

(a) The range R[p{Xi, X2)] is invariant with respect to the choice of Xi and X2 if and only if 





A 


Bi ■ 




A 


and r 


A 


B2 ' 




A 


Bi ' 


r 


. ^1 





= r 


. ^1 . 


C2 





= r 


C2 






(19.8) 



(b) The range R[p'^{Xi, X2)] is invariant with respect to the choice of Xi and X2 if and only if 



A B2 
C2 



■ r[A, B2 ] and 





A 


Bi ' 




A 


Bi ' 


r 


. ^1 





= r 


C2 






(19.9) 
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Proof. It is obvious that the range R[p{Xi, X2)] is invariant with respect to the choice of Xi and X2 
if and only if 



r[piX,, X2), Y2)] = r[p(Xi, X2)] = r[p{Yi, Y2)] = r{A) 



(19.10) 



holds for all Xi, X2, Yi and Y2. By Corollary 19.3, r[p{Xi, X2)] = r{A) holds for all Xi, X2 if and only 
if one of (19.5)— (19.7) holds. On the other hand, 



Ci 
C'l 



[p{XuX2), piYuY2)] = [A, A]-Bi[Xu Fi] 
Then according to Corollary 19.3, this expression satisfies (19.10) if and only if 

and r 



B2[X2, Y2] 



C2 
C2 



A Bi 
Ci 



A 



A Bi 
C2 



A B2 
C2 



or 



or 



A B2 
C2 



+ r{C2) = r[A, B2] and r 



A Bi 
C2 



+ r(C2) = r 



A Bi 
Ci 





A 


Bi ' 




A 


and r 


A 


B2 ' 


r 







= r 


. ^1 . 


C2 






+ r{C2) = r[A, B2]. 



(19.11) 



(19.12) 



(19.13) 



Contrasting (19.11)— (19.13) with (19.5)— (19.7) and noticing the condition Bi ^ and C2 + 0, we find 
that (19.10) holds if and only if (19.11), i.e., (19.8) holds. Similarly we can show Part (b). □ 

If one of i?2, C\ and C2 in (19.1) is a null matrix, then p{X\, X2) becomes an expression with a 
single variant matrix in it. In that case, the range invariance criterion is listed in Corollary 18.5(b) and 
(c). 

Corollary 19.5. Let A e ^™x", B e J^™^*^ and C e J^'^" he given. Then 



maxr( A - BX - YG ) = min < m, 
x,Y y 



ininr(A- BX -YC) =r 



A B 
C 



A B 
G 



r{B)-r{C). 



(19.14) 

(19.15) 



A pair of matrices X and Y satisfying (19.5) can be written as 

X = B-A + UG + {Ik-B-B)Vu Y = {Im - BB' )AG- - BU + V2{Ii - GG' ), (19.16) 

where U, Vi and V2 are arbitrary. 

Proof. Eqs. (19.14) and (19.15) follow immediately from (19.3) and (19.4). Putting (19.16) inA-BX- 
YG yields 

A- BX -YG = {Ira- BB-)A{In-G-G). 
Thus we have (19.15) by (1.4). □ 



Chapter 20 



Extreme ranks of Ai — BiXCi subject 
to B2XC2 = A2 



Based on the results in Chapter 19, we are now able to find the maximal and the minimal ranks of 
Ai — B\XCi subject to a consistent linear matrix equation B2XC2 = A2. The corresponding results will 
widely be used in the sequel. 

Theorem 20.1. Suppose that the matrix equation B2XC2 ^ A2 is a consistent. Then 
(a) The maximal rank of p{X) = Ai — BiXCi subject to B2XC2 = A2 is 



max r[p(X)] = min < r 



Ai Bi 
-A2 B2 
Ci C2 



-r{B2)-r{C2), r 
(b) The minimal rank of p{X) = Ai— BiXC\ subject to B2XC2 = A2 is 



Ai 



r[Au Bi] ^.(20.1) 



min r[p{X) ] 



r[Ai, Bi]+r 



' ^1 ■ 




. ^1 . 


— r 



Ai Bi 
Ci C2 





' 


Bi ' 









Bi ' 




r 


Ci 





+ r 





-A2 


B2 


(20.2) 







B2 




Ci 


C2 








Proof. Note from Lemma 18.1 that the general solution of the consistent linear matrix equation B2XC2 = 
A2 can be written as X = Xq + Fb^V + WEc^, where Xq = B^ A2C2 , V and W are arbitrary. Putting 
it in p{X) = Ai- CiXBi yields 

p{X) = A- BiFb,VCi - BiWEc.Ci, 

where A = Ai-BiXqCi. Observe that R{BiFb^) C R{Bi) and RKEc^Ci)'^] C R[{Ci f]. Thus it follows 
by (19.3) and (19.4) that 

max r[p(X)] 
32X02—^2 

= maxr( A - BiFb,VCi - BiWEc,Ci ) 
v,w 



= min| r[A, Bi], 





A 




A 


r 


. ^1 . 







and 



min r[p{X)] 
32X02=^2 

= min r(A- BiFb^VCi - BiWEc^Ci ) 

V.W ^21 



r[A, Si] 





A 




r 




+ r 



A BiFb, ' 




■ A BiFb, ■ 




A Bi 


Ec,Ci 


— r 


Ci 


— r 


_ Ec.Ci 
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Simplifying the ranks of the block matrices by Lemma 1.1, we see that 
r[A, Bi]^r[Ai-BiXoCi, Si]=r[Ai, SJ, r 



A 
Ci 



A\ — B\XqC\ 





■ A, ' 


= r 


. ^1 . 



A BiFb, 
Ec.Ci 



A BiFb, 
Ci 

A Bi 



Ai - BiXoCi Bi 
Ci C2 

B2 

Ai Bi " 
Ci C2 
B2 -A2 

Ai — BiXqCi Bi 
Ci 
B2 

Ai - BiXqCi Bi 
Ci C2 



- r{B2) - r{C2) 



- r{B2) ~ r{C2) 
r{B2) = r 



r{C2 



Ai Bi 

Ci - r{B2), 
B2 _ 

Ai Bi 
Ci C2 



r(C2). 



Putting them in the above two rank equalities yields (20.1) and (20.2). 
Eq. (20.2) can also be written as 



min r{Ai - BiXCi) = { r[Ai, Bi]+r 



□ 



" ^1 ■ 










. ^1 . 


— r 


. ^1 





) 



Ai 





Bi 





-A2 


B2 


Ci 


C2 








■ Ai 


Bi ' 




r 


. ^1 





— r 



Ai Bi 
Ci C2 



Ax Bi 
Ci 
B2 



and the two quantities in the parentheses on the right hand-side of the above equality are nonnegative. 

Some direct consequences are given below. 
Corollary 20.2. Suppose that BiXCi = Ai and B2XC2 — A2 are consistent, respectively. Then 



and 
min 











' A, 





Bi ' 


BiXCi ) 


= min < 







-A2 


B2 








: 


. ^1 


C2 









" A, 





Bi ' 




BiXCi ) 


= r 





-A2 


B2 


— r 






Ci 


C2 








r{B2)-r{C2), r{C,), r{B,) 



Bi 
B2 



(20.3) 



(20.4) 



Proof. The consistency of BiXCi = Ai imphes that R{Ai) C R{Bi) and i?(Af) C i?(Cf ), the 
consistency of B2XC2 = A2 implies that R{A2) C R{B2), and RiA^) C R{C^). In that case, (20.1) and 
(20.2) simplify to (20.3) and (20.4). □ 

Notice a simple fact that the pair of matrix equations BiXCi — Ai and B2XC2 = A2 have a common 
solution if and only if BiXCi — Ai and B2XC2 — A2 are consistent, respectively, and 

min r( Ai - BiXCi ) = min r( A2 - B2XC2 ) = 0. 

-62^02—^42 -BiJCCi— Ai 

We immediately find from (20.4) the following well-known results. 



Corollary 20.3 1 103 1 1 14^. The pair of matrix equations BiXCi = Ai and B2XC2 — A2 have a common 
solution if and only if BiXCi = Ai and B2XC2 — A2 are consistent, respectively, and 



Ai Bi 
-A2 B2 
Ci C2 



Bi 
B2 



-r[Ci, C2]. 
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Corollary 20.4. Suppose that the pair of matrix equations BiXCi = Ai and B2XC2 ~ A2 are consistent, 
respectively, and denote their solution sets by 

r^i = { X I BiXCi = v4i } and n2^{X\B2XC2 = A2}. 

Then 



(a) CI2 ^ ^^1 holds if and only if Bi = or Ci — or r 



Ai 





Bi 





~A2 


B2 


Ci 


C2 






riB2)+r{C2). 



(b) Under Bi ^ and Ci ^ 0, i ~ I, 2, the two equations BiXCi — Ai and B2XC2 — A2 have the 
same solution set, i.e., fJi — ^2, if md only if 

Ai Bi ' 

B2 ^r{B,)+r{C,)^r{B2)+r{C2). 

Ci C2 _ 

Another result related to the pair of matrix equations BiXCi = Ai and B2XC2 = A2 is given below, 



which was presented by the author in |139 



Corollary 20.5. Suppose that BiXiCi = Ai and B2X2C2 = A2 are consistent, respectively, where Xi 
and X2 have the same size. Then 



min r( Xi — X2 ) = r 

BiXiCi = Ai 
B2X2C2 — A2 



Ai Bi 
-A2 B2 
Ci C2 



Bi 
B2 



-r[Ci, C2]. 



(20.5) 



Finally we present two results on rank invariance and range invariance of Ai — BiXCi subject to 
B2XC2 = A2. 

Theorem 20.6. Suppose that B2XC2 — A2 is consistent. Then the rank of Ai — BiXCi is invariant 
subject to B2XC2 — A2 if and only if 



Ai 


Bi 


Ci 








B2 



Ai 
Ci 



+ r{B2) and r 



Ai Bi 
-A2 B2 
Ci C2 



Ai Bi 
Ci C2 



or 



or 



Ai Bi 
Ci C2 







' Ai 





Bi ' 




' A, 


Bi ' 


r[Ai, Bi] 


+ r{C2) and r 





-A2 


B2 


= r 


Ci 









Ci 


C2 










B2 



r{B2), 



r{C2 



Ai 


Bi 


Ci 








B2 



Ax 
Ci 



r{B2) and r 



Ai Bi 
Ci C2 



r[Ai, Bi]+riC2 



Proof. It is obvious that the rank of Ai — BiXCi is invariant subject to B2XC2 — A2 if and only if 

max r{Ai~ BiXCi) =^ min r{Ai-BiXCi). 

B2XC2—A2 

Applying Theorem 20.1 to it produces the desired result in the theorem. □ 

Theorem 20.7. Suppose that B2XC2 ~ A2 is consistent with B1FB2 7^ and CiEc2 7^ 0. Then 
(a) The range R{Ai — BiXCi) is invariant subject to B2XC2 — A2 if and only if 



Ax Bx 
Cx 
B2 



Ax 
Cx 



r[B2) o-nd r 

(b) The range R[{Ax — BxXCx)'^] is invariant subject to B2XC2 = A2 if and only if 



Ax Bx 
-A2 B2 
Cx C2 



Ax Bx 
Cx C2 



Ax Bx 
Cx C2 



Proof. Follows from Theorem 19.4. 







' Ax 





Bx ' 




' Ax 


Bx ' 


r[Ax, Bx] 


+ ^(Ca) and r 





-A2 


B2 


= r 


Cx 









Cx 


C2 










B2 



'■{B2). 



r{C2 



□ 



Chapter 21 

Extreme ranks of the Schur 
complement D — CA~B 



With the proper background of rank formulas presented in the previous chapter, we are now able to 
systematically deal with ranks of generalized Schur complements and various related topics. As is well 

A B 

over an arbitrary field T ^ where A, B, C and D are 



known, for a given block matrix AI 



C D 



m X n, ni X k, I X n and I x k matrices, respectively, a generalized Schur complement of A in M is defined 
to be 

Sa = D-CA-B, (21.1) 

where A~ is an inner inverse of A, i.e., A^ E {X\AXA = ^}. As one of the most important matrix 
expressions in matrix theory, there have been many results in the literature on generalized Schur com- 
plements and their apphcations (see, e.g., ||, |l|, |l|, ||, ||, |44[ |8|, |lO§, |lO|, |l^). Some of the work 
focused on equalities and inequalities for ranks of generalized Schur complements. The two rank well-known 
inequalities (see ^ related to the Schur complement Sa are given by 



A 
C 

A 

C 



B 
D 

B 
D 



> r{A) 



< r 



A 
C 



r{D-CA-B), 

r{D - CA-B). 



B 

CA-B 



(21.2) 
(21.3) 



Both of them in fact give upper and lower bounds for the rank of the the Schur complement D — CA^B, 
but they are not, in general, the maximal and the minimal ranks of -D — CA^B with respect to A^ . Note 
that A~ is in fact a solution of the matrix equation AX A — A. Thus Schur complement D — CA~B may 
be regarded as a matrix expression D — CXB, where A" is a solution of the matrix equation AX A = A. 
In that case, applying the rank formulas in Chapter 20, we can simply establish the following. 

Theorem 21.2. Let Sa = D - CA-B be given by (21.1). Then 
(a) The maximal rank of Sa with respect to A- is 



maxr{D- CA-B) ^min \r[C, D], 

A- 



(b) The minimal rank of Sa with respect to A is 



mmr{D~CA-B) ^r{A)+r[C, D]+r 

A- 



Proof. It is quite obvious that 





■ B ' 




■ A 


B ' 


-r(A)| 


r 


D 




C 


D 



" B ' 




■ A 


B ' 




■ A 





B ' 




D 


+ r 


C 


D 


— r 





C 


D 


— r 



A 
B 
C D 



(21.4) 



(21.5) 



ia&yir{D-CA-B)= max r(D-CXB), mhir( D - CA- B ) = min r(D-CXB). 

A- AXA=A A- AXA=A 
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Thus we obtain (21.4) and (21.5) by Theorem 20.1. 
Eq. (21.5) can also be written as 



□ 



mmr(D-CA-B' 

A- 



r[C, D]+r 



' B ' 







B ' 




D 


— r 


C 


D 


) 



+ 



A B 
C D 



+ r 



B 
C D 



+ r{A) - r 



A B 
C D 



A 
B 
C D 



and the two quantities in the parentheses on the right liand-side of the above equality are nonnegative. 

The two formulas in (21.4) and (21.5) can further simplify when A, B, C and D satisfy some conditions, 
such as, R{D) C R{C) and R{D^) C R{B^)- R{D)r]R{C) = {0} and R{D'^)nR{B'^) = {0}; R{C) C R{D) 
and R{B^) C R{D^). The reader can easily list the corresponding results. 



Corollary 21.3. 


The rank 


ofD- 


- CA B is invariant 


r 


' A 




C 


B ' 
D 


= r 


' A B ' 
CD 


and r 


or 














r 


■ A 




C 


B ' 
D 


= r[ 


C, D]+r{A) and 


or 














r 


■ A 





c 


B ' 
D 


= r[ 


C, D]+r{A) and 



A 
B 
C D 



B 
D 



■r{A), 



A 

B 

C D 

A 

B 

C D 



A B 
C D 



B 
D 



+ r{A). 



Proof. It is obvious that the rank of D — CA B is invariant with respect to the choice of A if and only 
if 

maxr(£>-CA-B) = '[mnr{D - CA'B). 

A- A- 

Applying Theorem 20.6 to it leads to the desired result in the corollary. □ 

Corollary 21.4. Let Sa be given by (21.1) with EaB ^ and CFa ^ 0. 

(a) The range R{D — CA~B) is invariant with respect to the choice of A~ if and only if 





■ A 





B ' 




■ A 


B ' 


r 





C 


D 


= r 


C 


D 



A 
B 
C D 



B 
D 



r{A). 



and r 

u 

(b) The range ii[(D — CA~BY^\ is invariant with respect to the choice of A~ if and only if 

[C, D]+r{A) and r 



A B 
C D 



A 
B 
C D 



A B 
C D 



Proof. Follows from Theorem 20.7. □ 

Combining (21.2) and (21.4), (21.3) and (21.5), we derive the following several results. 
Theorem 21.5. Let Sa be given by (21.1). Then 



(a) There is an A G {A } such that 

r{A)+r{D-CA-B), 



A B 
C D 



if and only if 



A B 
C D 



< r(A) +min<^ r[C, D] 



B 
D 



(21.6) 
(21.7) 
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(b) The equality (21.6) holds for all A G {A } if and only if 



A B 
C D 



r{A) +r[C, D] and r 



A 
B 
C D 



r{A) + r 



B 
D 



(21. 



Proof. Note from (21.2) that 



A B 
C D 



— r{A) is an upper bound for r{D — CA B). Thus there is 



an A e {A } such that (21.6) holds if and only if 



mayiriD-CA B 
A- ^ 



A B 
C D 



r{A). 



Putting (21.4) in it immediately yields (21.7). On the other hand, (21.6) holds for all A~ G {A~} if and 
only if 



mmr(D - CA B) =r 

A- 



Putting (21.5) in it yields (21. 



A B 
C D 

□ 



iA). 



The rank equality (21.6) was examined by Carlson in [g^ and Marsaglia and Styan in Their 
conclusion is that (21.6) holds if and only if ( / - AA- )B{I - S^Sa) = 0, (I - S^Sa )C( / - A' A ) = 
and ( / — AA" )BS^C{I — A" A ) = 0. In comparison, (21.7) has no inner inverses in it, thus it is simpler 
and is easier to verify. 

Theorem 21.6. Let Sa be given by (21.1). Then 
(a) There is an A" G {^~} such that 



' A 


B ' 
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D 


= r 
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B ' 
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D 





A B 
C CA-B 



r{D -CA-B), 



= r[A, B]+r[C, D] and 



A 
B 
C D 





■ A ' 




■ B ' 


r 


C 


+ r 


D 



(b) The equality (21.9) holds for all A G {A } if and only if 
R{B) C R{A) and R{C'^) C i?(A^), 



or 



or 



A B 

C D 

A B 

C D 



A 
C 



B 
D 



and R{B) C R{A), 
r[A, B]+r[C, D] and R{C^) C R{A^). 



(21.9) 
(21.10) 

(21.11) 
(21.12) 

(21.13) 



Proof. Note from (21.3) that 
(21.9) holds if and only if 
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— r 
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CA-B 
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B ' 
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— r 
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CA-B 


= r 




D 


— r 


C 



is a lower bound for r{D — CA B ) . Thus 



r[A, B]+r{A). 



Combining it with (21.5) yields 



A Q B 
C D 
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r[A, B]+r[C, D], 
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which is obviously equivalent to (21.10). On the other hand, (21.9) holds for all A E {A } if and only if 





■ A 


B ' 




r 


C 


D 


— r 



A B 
C CA-B 

Combining it with (21.4) yields (21.11)— (21.13). □ 

As a special case of Schur complements, the rank and the range of the product CA~B and their 
applications were examined by Baksalary and Kala in Baksalary and Mathew inQ] and Gross in [5^ . 
Based on the previous several theorems and corollaries, we now have the following three corollaries. 

Corollary 21.7. Let A e jr™x», B e J""^*^ and C € J^'^" be given. Then 
(a) The maximal rank ofCA^B with respect to A^ is 



maxr(CA _B) = min <j r{B), r{C), r 



A B 
C 



r{A) 



A- 





■ A 


B ' 




■ A ' 


r 


C 





— r 


C 



(b) The minimal rank of CA B with respect to A is 

-r[A, B] +r{A). 

(c) There is an A" e } such that CA^B = if and only if 

-r[A, B] -r{A). 





■ A 


B ' 




■ A ' 
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C 





= r 


C 



(21.14) 



(21.15) 



(21.16) 



A B 

(d) CA^B = holds for all A^ e {A^} if and only if B = or C ^ or r ^ ^ 

(e) [^ The rank ofCA^B is invariant with respect to the choice of A~ if and only if 

R{B) C R{A) and i?(C^) C R{A^), 



- r{A). 



or 



or 



A B 

C 

A B 

C 



^r[A, B]+r{C) and R{C'^) C R{A^), 
r{B) and R{B) C R{A). 



A 
C 



(21.17) 
(21.18) 

(21.19) 



Corollary 21.8. Let A £ jr™x«, B e T"''"' and C G J^'""" be given with B j^O andC ^0. Then 

(a)[ |53| The range R{CA-B) is invariant with respect to the choice of A^ if and only if R{B) C R{A) 
and R{C^) C i?(A^), or 



A B 
C 



= r[A, B]+r{C) and R{C'^) C R{A'^). 



(21.20) 



(b) [^ The range R[{CA i?)^] is invariant with respect to the choice of A if and only if R{B) C R{A) 
and R{C^) C R{A^), or 





■ A 


B ' 




■ A ' 
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C 





= r 


C 



-r{B) and R{B) C R{A). 



(21.21) 



(c)[0 The rank of CA B is invariant with respect to the choice of A if and only if R{CA B) 
R\{CA-BY'] is invariant with respect to the choice of A^ . 



Corollary 21.9. Let A e jr™x», B e J'"^'' and C € J^'^". Then 
maxr(A"i3) = r{B), maxr(i3"A) = r{A), 

A- B- 



(21.22) 
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maxr{AA B)=maxr{BB A)=min{r{A), r{B)}, 

A- B- 

maxr(CA") = r(C), ma.xr{AC^) = r{A), 

A- C- 



ma.xr(CA' 

A- 


-A) 


= max r (AC 

c- 


-c) = 


- min{ r{A), 




min riAA" 

A- 


B) 


= min rlBB^ 

B- 


A) = 


minriA^ B) 

A- 


= minr 

B- 


min r(Cyl" 

A- 


A) 


= min r(AC^ 

c- 


C) = 


minriC A^) 

A- 


= min r 

c- 



A 
C 



(21.23) 
(21.24) 
(21.25) 
(21.26) 

(21.27) 



In particular, 

(a) There are A~ and B~ such that A~ B = and B~ A = if and only if R{A) n R{B) = {0}. 

(b) There are A' and C" such that CA- = and AC- = if and only if R{A^) O R{C^) = {0}. 

The two formulas in (21.4) and (22.5) can help to establish various rank equalities for matrix expressions 
that involve inner inverses of matrices, and then to derive from them various consequences. Below are 
some of them. 



Theorem 21.10. Let A, B 



he given. Then 



maxr{A-AB A) = min{ r(A), r{B - A) - r{B) + r{A) } , 

B~ 

mmr{ A - AB~ A) =^ min r( A~ - B' ) = r{ A - B) + r(A) + r(B) - r\ A, B] 

B- A-,B- 



A 
B 



(21.28) 
(21.29) 



In particular, 

(a) A and B have a common inner inverse if and only if r{A — B) = r 



A 
B 



+ r[A, B]~r{A)-r{B). 



(b) The inclusion {B } C {A } holds if and only if A = or r{ B — A) = r{B) — r{A). 

(c) [p^ {A-} = {B-} holds if and only ifA^B. 

(d) {A-}n{B-} = 0holdsifandonlyifr{A-B)>r ^ 



B 



r[A, B] - r{A) - r{B). 



(e) IfR{A)nR{B) = {0} and R{A^)r]R{B'^) = {0}, then there must exist A- e {A-} and B- e {B-} 
such that A^ = B^ . 

Proof. Eq. (21.28) follows from (21.4); (21.29) follows from (21.5) and (20.5). The results in Parts (a)— (e) 
are direct consequences of (21.28) and (21.29). □ 

A lot of consequences can be derived from Theorem 21.10. For example, let B ~ A^ in (21.29). Then 
we get 



min r \ A 

A- ,(A'')- 



{A"")-] = r{A- A'')+r{A'')^r{A). 



(21.30) 



Thus A and A^ have a common inner inverse if and only \i r{A — A^ ) = r{A) — r{J^\ In that case, 
{A-} C {{A^)-} holds by Theorem 21.10(b). 

Replacing A and B in (21.29) by — A and A, respectively, we can get by (1.16) 



min r[ (/,„ -A)--A-\= r(/,„ - 2 A) + r(/„, - A) + r{A) - 2m = r{A{U, - A){I^ -2A)\. (21.31) 

Thus Ira — A and A have a common inner inverse if and only if A(Im — A){Im — 2A) — 0. 
Replacing A and B in (21.29) by A — and A, respectively, we can get 



min r\{A-I„i) -A \ ^ rilm - A) + riA) ~ ra ^ ri A^ - A). 

{A-h^)-,A- 



(21.32) 



Thus A is idempotent if and only \i A — Im and A have a common inner inverse, this fact could be regarded 
as a new characterization of idempotent matrix. 
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Replacing A and B in (21.29) hy Im+ A and A, respectively, we can get by (1-11) 

^min ^_ r[ (/„ +A)- -A-]= r{Im + A) + r{A) -m = r{A + A^). (21.33) 

Thus Im + A and A have a common inner inverse if and only if A^ = —A. 

Replacing A and B in (21.29) hy Im + A and — A, respectively, we can get by (1.15) 

^^min _^^_r[{Im + Ar -{I^-Ay]=r{A)+r{I^+A)+r{Im-A)-2m = r{A'^ -A). (21.34) 

In particular, /,„ + A and J„i — A have a common inner inverse if and only if A is tripotent. 
Replacing A and B in (21.15) by ^ + /„, and A — /„, respectively, wo can get by (1.12) 

min r[{A + Im)- -{A-Im)-]=r{A + Im)+r{A-Im)-m = r{A^ -Im). (21.35) 

{A+I^)-,{A-I^)- 

This implies that A is involutory if and only if ^ + and A — Im have a common inner inverse, this fact 

could be regarded as a new characterization of involutory matrix. 

Now suppose Ai ^ A2 are two scalars. Then it is easy to show by (21.29) and (1.16) the following two 
rank equalities 



min r[{XiI,n-A) - (A2/™ - ^)" ] = r[ (Ai/„ - ^)(A2/„ - yl) ], 

min r[ilm - Ai^)" - (J„ - AaA)" ] = r[A(/„ - AiA)(/„ - X2A)]. 

(/m-AiA)-, (J^-AsA)- 



(21.36) 

(21.37) 



Thus the two matrices Xilm — A and A2/TO — ^ have a common inner inverse if and only if {Xilm — 
A){X2lm — A) = 0. The two matrices — XiA and Im — A2A have have a common inner inverse if and 
only if A{Im - XiA){Im - X2A) = 0. 

Again replacing A and B in (21.15) hy A'^ + A and A'^ — A, respectively, we can get by (1.14) 

min r[ (A'' + A)' - {A'' -A)-]= r(A'= + A) + HA'' -A)- r(A) = r{ A^'"'^ -A). (21.38) 

In particular, ^^fc-i = ^ jf ^^cJ only if A^ + A and A^ — A have a common inner inverse. 

In general, suppose that p{x) and q{x) are two polynomials without common roots. Then there is 



min r[p-{A)-q-{A)]=T[p\A)q{A) - p{A)q\A)]. 

p-{A),q-{A) 

Thus p{A) and q{A) have a common inner inverse if and only if p^{A)q{A) = p{A)q^{A). 
^From (21.29) we also get 

min r\{A + B)~-A~] 

{A+B)-,A- 

min r\{A-\-B)--B-]=riA + B)+r{A)+r{B)-r[A,B]-r 

(A+B)-,B- 



(21.39) 



A 
B 



(21.40) 
(21.41) 



Hence we see that if R{A) n R{B) = {0} and R{A^) n i?(S^) = {0}, then A + B sxid A must have a 
common inner inverse, meanwhile then A + B and B must have a common inner inverse. 



Now let M 



\ B 
C 



and N 



II B 

C 



. Then we get from (21.29) that 



min r(M -N )=r ^ „ "'^ ^ -A A, S]+r(A). 

M-,N- [ O U J L J 

Hence M and N have a common inner inverse if and only if 

■r[A, B]-r{A). 





' A 


B ' 




■ A ' 


r 


C 





= r 


C 



(21.42) 



(21.43) 
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Next let M 



A B 
C 



and N = 



A 




min r{M — N ) = r 

M- ,N- 



' A 


B ' 




■ A ' 


C 





— r 


C 



Then we can also get from (21.29) that 



-r[A, B]+r{A). 



(21.44) 



Hence M and N have a common inner inverse also if and only if (21.43) holds. 



Furthermore let M — 



min r( M~ - N' 

M- ,N- 



' A 


B ' 


and N = 


■ A 





C 


D 





D 



. Then we can also derive from (21.29) that 



r{A) + r{B) + r(C) + r{D) + r 



A B 
C D 



-t[A, B]-t[C, D] 





■ A ' 




■ B ' 


r 


C 


— r 


D 



(21.45) 



(21.46) 



holds. In particular, if r{M) = r{A) + r{B) + r{C) + r(Z?), then AI and N must have a common inner 
inverse. 



Hence M and N have a common inner inverse if and only if 

+ r[A, B] + r[C., D]-r{A)- r{B) - r{C) - r{D) 





■ A 


B ' 




■ A ' 




■ B ' 


r 


C 


D 


= r 


C 


+ r 


D 



Finally let M = 



A B 
C D 



and iV = 



A 




. Then we derive from (21.29) that 



min r(M^-N 

M- .N- 



A B 
C D 



B 
C D 



+ r{A) - r 

Hence M and N have a common inner inverse if and only if 



A B 
C D 



A 
B 
C D 



(21.47) 



A B 
C D 



A 
B 
C D 



A 





B ' 







B ' 





C 


D 


~ r 


C 


D 



r{A). 



(21. 



Theorem 21.11. Let A, B e T' 

max r\A{A + BYB\ 

(A+B)- 



6e given. Then 



max r[B(A + B)"A] = min{r(A), r(B), r(A) + r(B) - r(A + B) } , 



(21.49) 



and 



min r\A{A + B) B\ 

(A+S)- 



min r\B{A^BY A\=r{A^B)^r{A)^r{B)-r\A, B\- 
(A+B)- 



A 
B 



A 
B 



(21.50) 

-r{A, B\- 



In particular, 

(a) There is an {A + By such that A{A + ByB = if and only ifr{A + B) ^ r 
r{A) - r{B). 

(b) A{A + B)-B = holds for all{A + B)- if and only if A ^ or B = orr{A + B) = r{A)+r{B). 

(c) [ |ll7| The rank ofA{A + B)^B is invariant with respect to the choice of {A + B)^ if and only if 
R{B) C R{A + B) and R{A^) C _R( + ), that is, A and B are parallel summable. 

A parallel result to Theorem 21.11 is 

Theorem 21.12. Let A, B e J^™""" be given. Then 



max r\A-{A + B)B-] = max rlB^ { A + BjA^ ] = r{ A + B), 

A-,B- A-.B- 



(21.51) 
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and 



min r\A~(A + B)B~] 
A-,B- 



min r[B~{A + B)A~]=r{A + B) + r{A) +r{B) -r[A, B]-r 

A- , B- 



A 
B 



In particular, 

(a) There are A' , B' such that A-{A + B )A- =0 if and only ifr{A + B)=r 



A 
B 



(21.52) 



+r[A B] 



r{A) - r{B). 

(b) The rank of A~{A + B)B~ is invariant with respect to the choice of A^, i3~ if and only if 
R{A) = R{B) and RiA^) = RiB"^). 

Proof. According to (21.22) and (21.26) we first get 

maxr[A-{A + B)B-]=r[{A + B)B-], 

A- 



inmr[A-{A + B)B-] = r{A) + r[{A + B)B- ] - r[A, {A + B)B-] 



r{A) +r[{A + B)B-]-r[A, B] 



Next by (21.24) and (21.27), we find 



maxr[(A + B)B-] =r(A + B), 

B- 



mmr[{A + B)B-] = r{B) + r{A + B) - r 

B 

Combining them yields (21.51) and (21.52). □. 



A + B 
B 



r{B)+r{A + B)-r 



A 
B 



Prom (21.52) we can also find some interesting consequences. For example, let B = 1^ — A in (21.52), 
we can get 

min r\A-iIm- A)-]= min r\A- il^ - A)' ] = riA - A^). (21.53) 

A-,(/„-A)- A-,(/„-A)- 

Thus A is idempotent if and only if there are A~ and (/„ — A)~ such that A~{Im — A)~ =0, which could 
be regard as a new characterization for idempotent matrix. 

Replacing A and B in (21.52) by + ^ and — A, respectively, we can get 

(I^+Ay'(}^-A)- ^^"^ + ^^'^^"^ - ] = ^[ (-^™ - ^)"(^™ + ] = r{Im - ). 

(21.54) 

Thus A is involutory if and only if there are (/„ + A)~ and (/„ — A)~ such that {Im + A)~{Im — A)~ =0, 
which could be regard as a new characterization for involutory matrix. 

In general replacing A and B in (21.52) by Xilm — ^ and —{X2lm — A), respectively, where Ai ^ A2, 
we can get 



min r[ (Ai/,„ - A) [Mlm -A) ] = r[ (Ai7„ - A){\2lm -A)]. 

(Ai/m-A)-,(A2/m-A)- 



(21.55) 



Thus there are [Xilm — A) and {MIm — A) =0 such that {Xilm — A) {\2lm — A) = if and only if 

{Xxlm-A){\2lm-A)=0. 

Motivated by (21.55), we find the the following general result. 
Theorem 21.13. Let A e ^™x" and X-i, ■ ■ ■ , Xk & T with Xi i= Xj for all i j. Then 

min r[{XiIm-A)----{XkIm-A)-]=r[{XiIm-A)---{XkIm-A)]. (21.56) 

(Al/m-A)-, {Xklm-A)- 
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Proof. According to (21.26) we first get 
min r[ (Ai7„ - A)~ ■ ■ ■ {Xkim - A)~ ] 

(\lIm-A)- 

= r(Ai/„ -A)+r[ {MIm -A)---- {XkIm -A)-]- r[ (Ai7„ - A), {MIm -A)---- [Xulm - A)" ]. (21.57) 

Notice that ^ Xj for i ^ j. Then there must be 

r[{XiI^-A), {X2lm-A)----{XkIm-A)-]=m (21.58) 

for all (A2/TO — A)~, ■ ■ ■ , {XkIm — A)~ . To show this fact, we need the following two rank formulas 

mm.r[A, B'] = r{A)+r{B) - r{BA), (21.59) 
mi_nr[A B'C] = r{A) + r{B) - r{BA) + r[BA, C]-r[B, C], (21.60) 

We see first by (21.59) and (1.16) that for Aj ^ Xj, j = 1, ■ ■ ■ , i there is 
min r[{XiIm- A)---{XiIm- A), (Xtlm-A)-] 
= r[ {Xilm -A)--- {Xilm -A)]+ r{XtIm -A)-r[ [X^Im -A)--- {Xilm - A){XtIm -A)]=m. 
That is to say, 

r[ {Xilm -A)--- {Xilm - A), [Xtlm - A)' ] = m 
holds for any {Xtlm — A)~ with At ^ Xj, j = 1, ■ ■ ■ , i. Now suppose that 

r[ {Xilm -A)--- {Xilm - A), {Xt+llm - A)' ■ ■ ■ {XkIm - A)' ] = m 

holds for all {Xf^ilm ~ A)~ , ■ ■ ■ , {X^Im — A)~ and 1 < i < t < k. Then we can obtain by (21.60), (1.16) 
and induction hypothesis that 

min r[ (Ai7„ - A) ■ ■ ■ {Xilm - A), {XJm -A)' ■■■ {XkIm - A)' ] 

(\tI^-A)- 

= r[ {Xilm - A) • • • {X,Im -A)]+ r{XtIm -A)-r[ {XJm -A)--- {Xilm - A){XtIm - A) ] 

+ r[ {Xllm -A)--- {Xilm - A){XtIm - A), {Xt+llm - A)' ■ ■ ■ {XkIm - A)' ] 
- r[ {XJm - A), {Xt+llm -A)---- {XkIm - A)' ] 

= m + m — m = m, 
that is, 

r[ (Ai/„ -A)--- {XJm - A), {Xtlm -A)---- {XkIm -A)-]=m (21.61) 

holds for all {Xtlm — A)^ , ■ ■ ■ , {XkIm — A)~ and 1 < i < t < k. When i = 1 and t = 2, (21.61) becomes 
(21.58). In that case, (21.57) reduces to 

min r[ {XJm - A)- ■ ■ ■ {XkIm -A)-]= r(Ai/„ -A)+r[ {X2lm -A)---- {XkIm -A)-]-m. (21.62) 

Repeatedly applying (21.62) for the product (A2/TO — A)~ ■ ■ ■ {XkIm — A)~ in (21.62), we eventually get 

min r[ {XJm - Ay ■ ■ ■ {XkIm -A)-]= r(Ai/„ - A) + • • • + r(Afe/„ -A)- m{k - 1), 

which, by (1.16), is the desired formula (21.56). □ 

When two square matrices A and B of the same size arc nonsingular, it is well known that A^^ + B~^ = 
A~^{A + B)B~^ . This fact motivates us to consider the relationship between A~ +B~ and A~ {A + B)B~ 
in general case. Using the rank formula (21.5) we can simply find that 

min r[A- + B- - A-{A + B)B-] =0, 



21. EXTREME RANKS OF THE SCHUR COMPLEMENT D - CA-B 



151 



which implies the following. 

Theorem 21.14. Let A, B G j:my.n given. Then there must exist A~ and B~ such that 

A- +B- = A- {A + B)B- (21.63) 

holds. 

As applications, we can simply get from (21.63) that there must exist A~ and (/„ — A)~ such that 

A- + {I^ - A)- = A- {I^ - A)- . (21.64) 
and there must exist A{Im + A)~ and (/„ — A)~ such that 

{Im + A)- + (7„ - A)- = 2{Im + A)-{Im - A)-. (21.65) 
This result leads to the following conjecture . 

Conjecture 21.15. Let A e and Ai, A/j e with A, ^ Xj. Then there exist {Xilm — 

A)~, ■ ■ ■ , {Xkim — ^)~ such that 



where 



— {Xilm -A)-+--- + —{XkIm - A)- = {XJm " A)" • • • (Afe/„ - A)". 

Pi Pk 



Pi = (Ai - Aj) • • • (Aj_i - Ai)(Ai+i - Ai) • • • (Afe - A^), i = 1, • • • , fc. 



(21.66) 



Theorem 21.16. Let A, B G ^™x" be given and let M = diag( A, B) and N = A + B . Then 

N-[A, BU =r{A)+r{B)-r{N). (21.67) 



maxr ( M — 

N- 



A 
B 



N-[A, B] ) = minr ( M- 



A 
B 



That is, the rank of M — 



A 
B 



N [A, B\ is invariant with respect to the choice of N .In general, for 



Ai, Aa, Ak e jc-™x", there is 



( 



maxr 

N- 



M ■ 



\ 



Ai 



N-\A-i, Ak 



11, ^fc = mmr 

jv- 



M 



Ai 



A, 



N-[Ai, Ak 



where M = diag( Ai, ■ ■ ■ , Ak) and N = Ai 
Ai 



Ak 



= r{Ai) + ---+r{Ak)-r{N), 
Ak. In particular, the equality 
Ai 



{Ai + --- + Ak)-[Ai, Ak] = 



Ak 



(21.68) 



holds for all {Ai-\ bAk)~ if and only ifr{Ai-\ \- Ak) = r{Ai) H h r{Ak). 



Theorem 21.17. Let M 



A B 
C D 



be a partitioned matrix over T. Then 



max r\M 

A- 



A 
C 



A-\A, B\ ) =mi_nr ( M 



That is. 



A B 
C D 



= r{A) + r{M 



A 
C 



A 
C 



A-[A, B]^ =r{M)-r{A). 

A-[A, B] 



152 



YONGGE TIAN 



which is exactly the formula (1.5). 

Theorem 21.18. Let A e ^'"X'" be given. Then 

maxr{AA~ - A~A) = niin{ 2m - 2r{A), 2r{A) }, 

A- 

mmr{AA- - A' A) = 2r{A) - 2r{A'^). 

A- 



(21.69) 
(21.70) 



Proof. Since both AA and A A are idempotent, we see by (3.1) that the rank of AA — A A can be 
written as 



AA- 
A-A 



r{AA- -A'A) = 
Note that r{AA-) = r{A-A) = r{A), r 
r{AA~ - A~A) = r 



AA- 
A 



+ r[AA-, A-A]-r{AA-)-r{A-A). 

&nd r[AA-, A-A]=r[A, A' A]. Then 
+ r[A, A-A]-2r{A). 





■ AA- ' 




■ AA- ' 


r 


A- A 


= r 


A 



On the other hand, form the general expression of A~ = A'" + FaV + WEa, we also know that AA- = 
AA~ + AWEa, and A- A = A^A + FaVA. Thus AA- and A- A are in fact two independent matrix 
expressions. In that case, we see that 



maxr( AA 

A- 



A A) = max r 

A- 



minriAA —A A) = minr 

A- A- 



' AA- 
A 

AA- 
A 



+ maxr[A, A-A]-2r{A), 

A- 



minr[A, A A] - 2r{A). 

A- 



(21.71) 
(21.72) 



According to (21.4) and (21.5), we easily find that 



maxr 

A- 



mmr 

A- 



AA- 
A 

AA- 
A 



= maxr 
A- 



mmr 

A- 




A 

" 
A 



A 


A ' 




A 

A- 



= min{2r(A), m}, 
2r{A) - r(A2), 



□ 



maxr[A, A A]=maxr{[A, 0]+A [0, A]) = mia{2r{A), m}, 

A- A- 

minr[A, A-A]=mmr{[A, 0]+A-V[0, A]) = 2r{A) - riA"^). 

A- A~ 

Putting the above foiu results in (21.71) and (21.72) yields (21.69) and (21.70). 

Corollary 21.19. Let A G jF^x™ be given. 

(a) There is an A- such that AA- — A- A is nonsingular if and only ifm is even and r{A) = to/2. 

(b) There is an A- such that AA- = A- A if and only ifr{A'^) = r{A). 

(c) The rank of AA- — A- A is invariant with respect to the choice of A- if and only if A^ = or 
r{A^) = 2r{A) - to. 

The two rank formulas (21.69) and (21.70) manifest that the maximal and minimal ranks of AA-—A-A 
are even. Recall from (6.1) that the rank of AA^ — A'^A is even, too. Thus we have the following conjecture. 

Conjecture 21.20. Let A e ,P"xm given. Then the rank of the matrix expression AA- — A- A is 

even for any A- . 

In the same way we can establish the following. The details are omitted. 

Theorem 21.21. Let A & J^^^fc and B G P"""" be given. Then 

(a) The maximal and the minimal ranks of AA- — B-B with respect to A- and B~ are 

m&K r{AA- -B-B) = rmn{2m-r{A)-r{B), r{A)+r{B)}, (21.73) 



min riAA- - B-B) = r{A)+r{B)-2r{BA). 

A-,B- 



(21.74) 
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(b) There are A and B such thai AA — B B is nonsingular if and only ifr{A) + r(B) = m. 

(c) There are A' and B^ such that AA~ = B~ B if and only if r{A) + r{B) = 2r{BA). 

(d) The rank of AA~ — B~B is invariant with respect to the choice of A~ and B~ if and only if 
BA = {) or r{BA) = r{A) + r{B) - m. 

As for extreme ranks of AA^ + B^ B we shall present them in Chapter 27. Moreover, we can also 
determine the maximal and the minimal ranks of BB^ A — AC~C . 

Theorem 21.22. Let A € JT'^x", B € JP"^*^ and C £ J^'^" be given. Then 



max r(BB-A-AC-C) 

B-,C- 



min < r[^, B], r 



A 
C 



, r{B)+r{C), r 



A 
C 



+ r[A, B]-r{B) -r{C) 



and 



min r{BB-A-AC~C) 
B-,c- 



A 
C 



+ r[A, B]+r{B)+r{C)-2r 
Proof. According to (4.1), the rank of BB~ A — AC~C can be written as 



A B 
C 



r{BB-A- AC'C) 



BB-A 

c-c 

BB-A 
C 



+ r[AC-C, BB- ] - r{BB-) - r{C-C) 
+ r[AC-C, B]-r{B)-r{C). 



Hence 



max r{BB A- AC C) = maxr 



B-,c- 



min r{BB A -AC C)=minr 



B-,c 



BB-A 
C 

BB-A 
C 



According to (21.4) and (21.5), we easily find that 

= min I r{B) + r{C), r 



maxr 

B- 



mmr 

B- 



BB-A 
C 

BB-A 
C 



maxr[AC-C, B] - r{B) - r(C), 



+ mi_nr[AC-C, B]- r{B) - r{C). 
c 



A 
C 



r{B)+r{C)+r 



' A ' 




■ A 


B ' 


C 


— r 


C 






maxr[AC-C, B]=min{r[^, B], r{B) + r{C)}, 
c 



mi_nr[AC-C, B] = r{B) + r{C) + r[A, B]-r 

c 



A B 
C 



Putting them in (21.77) and (21.78) yields (21.75) and (21.76). 



□ 



(21.75) 
(21.76) 



(21.77) 
(21.78) 



Corollary 21.23. Let A £ jr^x", B £ and C £ J"'^™ be given. 

(a) Assume A is square. Then there are B- and C~ such that BB-A — AC-C is nonsingular if and 
only if A, B and C satisfy the following rank equality 



A 
C 



r[A, B] = r{B) + r{C) = m. 



(21.79) 



(b) There are B and C such that BB A = AC C if and only if A, B and C satisfy the rank 
additivity condition 





' A 


B ' 




■ A ' 


r 


C 





= r 


C 



iB)=r[A, B]+r{C). 



(21.80) 
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(c) The rank of BB A — AC C is invariant with respect to the choice of B and C if and only if 
^ ^ =r{B)+r{C), or r ^ ^ =r ^ =r[A,B]. (21.81) 
Proof. Follows from (21.75) and (21.76). □ 

Theorem 21.24. Let A e jcmxn^ ^ ^ j:kx,n q ^ j:nxi ^•^g^_ 

(a) The maximal and minim,al ranks of B^BA — ACC'~ with respect to B~ and C~ are given by 



max_ r( B'BA - ACC ) = inin{ r{BA) + r{AC), m + n- r{B) - r{C) }, 
min_ r( B'BA - ACC ) = r{BA) + r{AC) - 2r{BAC). 



(21.82) 
(21.83) 



(b) There are B and C such that B BA = ACC if and only if A, B and C satisfy the rank 
equality r{BAC) = r{BA) = r{AC). 

(c) The rank of B~BA — ACC~ is invariant with respect to the choice of B~ and C~ if and only if 



BAG = or r{BAG) = r{B) + r{AC) - m = r{BA) + r{C) - n. 



(21.84) 



The proof of Theorem 21.24 is similar to that of Theorem 21.22 and is, therefore, omitted. Replacing A 
in (21.82) and (21.83) by and B and C in (21.82) and (21.83) by A, we directly obtain the following. 



Corollary 21.25. Let A e jr^x™ be given. 

(a) The maximal and the minimal ranks of A^A" — A~ A^ with respect to A^ are 

maxr( A'' A' - A' A'' ) = min{ 2m - 2r{A), 2r{A^) }, 

A- 

minr(^'=^- - A' A'' ) = 2r{A^) - 2r{A^+^). 

A- 



(21.85) 
(21.86) 



(b) There is an A~ such that A'^A~ — A~A'' is nonsingular if and only if m is even and r(A'^) = 
r{A) = m/2. 

(c) There is an A' such that A^A' = A' A'' if and only if r{A''+^) = r{A''). 

(d) The rank of A''A~ — A~A'' is invariant with respect to the choice of A~ if and only if A'^'^^ = 
or r(^''+^) = r{A'') + r{A) - m. 

Theorem 21.26. Let A e :P"X", B G J^^'p and C G .F'^" be given. Then 

(a) The maximal and minimal ranks of Im — A A~ — BB~ and Im — A~A—C~C with respect to A~ , B~ 
and C~ are 

(21.87) 
(21.88) 
(21.89) 

(21.90) 



max 


r{Ira 


- AA- 


A-,B- 




min 


r{Im 


~AA- 


A-,B- 




max 


r{In 


-A-A 


A-,C- 




min 


r{In 


-A- A 


A-,B- 





A 
C 



(b) There are A~ and B~ .such that Im — AA^ — BB~ is nonsingular if and only if r{A) = r{B). 

(c) There are A~ and B~ such that AA~ + BB~ = if and only if r[A, B] = r{A) + r{B) = m. 

(d) There are A~ and C~ such that In — A~ A — C~C is nonsingular if and only if r{A) = r{C). 



(e) There are A and C such that A A + C C = In if and only if r 

Proof. According to (3.8), the rank of — AA~ — BB~ can be written as 
r{Im-AA--BB-) 



A 
C 



= r{A) + r(C) = n. 



= r{AA-BB-) + r{BB-AA-) - r{AA-) - r{BB-) + m 
= r{AA-B) + r{BB-A)-r{A)-r{B)+m. 
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Hence 

max_ r{Im - AA' - BB' ) = maxr(^^-S) + m^riBB'A) - r{A) - r{B) + m, (21.91) 
min r{Im-AA--BB-) = mmr(AA-B)+mmr(BB-A)-r(A)-r(B)+m. (21.92) 

A-,B- A- B- 

It follows from Corollaries 21.7 and 21.9 that 

m&Kr{AA~ B) = maxr(BB~A) = min{r(A), r(B) }, 

A- B- 

minr(^^"B) = minr{BB~ A) = r{A)+r{B) - r[A, B]. 

A- B- 

Putting them in (21.91) and (21.92) yields (21.87) and (21.88). By the similar approach, we can get (21.88) 
and (21.89). □ 

Replace B in (21.88) and (21.90) by - A, we get by noticing (1.11) 
min r[Im - AA- - [Irn - A){Im - A)- ] 

A-,{I^-A)- 

min r[Im- A-A-{Irn- A)-{I^- A)] 

A-,(/™-A)- 

= r{A-A^). (21.93) 

Thus the following three statements are equivalent: 

(a) There are A' and (/„ - A)' such that AA' + (/„ - A){Im - A)~ = /„. 

(b) There are A~ and (/„ - A)~ such that A~A+ (/„ - A)~{Im - A) = Im- 

(c) A is idempotent. 

The two two statements in (a) and (b) could be regarded as new characterizations of idempotent matrix. 
Replace A and B in (21.88) and (21.90) by + ^ and Im — A, respectively, we get by noticing (1.12) 

min r[/„ - (/„ + A){Im + A)' - (/„ - ^)(/„ - A)' ] 

(I^+A)-,(I^-A)- 

min r[ - (/„ + A)-{Im + A) - (/„ - A)" (/„ - A) ] 
= r{Im-A^). (21.94) 

Thus the following three statements are equivalent: 

(a) There are (J„ + A)~ and (/„ ~ A)~ such that (J„ + A){Im + A)~ + (/„ - A)(/„ - A)~ = Im- 

(b) There are (/„ + A)' and (/,„ -A)' such that (/,„ + A)-{Im + A) + {Im - A)-{Im - A) = Im- 

(c) A is involutory. 

The two two statements in (a) and (b) could be regarded as new characterizations of involutory matrix. 
In general, suppose that p{x) and q{x) are two polynomials without common roots. Then there is by 
(21.88), (21.90) and (1.17) the following 

min r[Im-p{A)p-{A)-q{A)q-{A)]= min r[Im-p- {A)p{A)-q- {A)q{A)] = r[p{A)q{A)]. 

p-{A),q-{A) p-(A),q-(A) 

(21.95) 

Thus there exist p~{x) and q~{x) such that p{A)p~{A) + q{A)q~{A) = Im if and only if p{A)q{A) = 0. 
We leave its verification to the reader. 

Theorem 21.27. Let A e jF™^™ he given. Then 

maxr{Im ± - AA' ) = minr(7„ ± A'' - AA' ) = r(A'=+i) - r{A) + m, (21.96) 

A- A- 

max r{Im ± A'' - A- A) = mmr{Im ± A'' - A- A) = r (A'=+i )-r{A)+m. (21.97) 

A- A- 

That is, the equalities 

r(A'=+i) = r{A) - m + r( ± - AA- ) = r{A) - m + r{Im ± A'' - A- A) (21.98) 
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hold for any A . 

Proof. Applying (21.4) and (21.5) to Im ± A'' - AA~ and Im± A^ - A~A yields the desired results. 

□ 



We leave the proof of the following result to the reader. 
Theorem 21.28. Let A € j:^^"^ be given. Then 

fe-i 



and 



max r 
{im-A)- 



mm r 



{i^-a)--J2a^ 



i=0 
fe-1 



min{ m, m + r{Im — A' ) — r{A)}, 



{I^-A)--^A' 



i=0 



= min r[{I^-A){I^-A)--{I„,-A'')] 

= min r[{Im-A)-{Im-A)-{Im-A'')]=r{A''-A''+'). 

(I^-A)- 

In particular, the following four statements are equivalent: 

(a) E-Jo^'e{(7„-A)-}. 

(b) {Im-A){Im-Ar^I^-A'^. 
(C) {Im - A)-{Im -A)=Im- 

(d) A'^'^^ = A'^, i.e., A is quasi-idempotent. 
A parallel result to (21.100) is 

/k-l \ ~ 



mm r 



Ki=0 J 



{Im - A) 



r{A'' + A''+'^ + --- + A'^''). 



(21.99) 



(21.100) 



(21.101) 



2k 



0. 



It imphes that Im - A G { (Ei=o ^0"} if and only if A'' + A''+'^ + --- + A 

It is expected that one can further establish numerous rank equalities among A~ , (/ — A)~ and 
polynomials of A, and then derive from them various conclusions related A~ and {I — A)~. we leave 
this work to the reader. 

In the remainder of this chapter, we consider the rank of the difference A~ — PN~Q and then present 
some of their consequences. 



Theorem 21.28. Let A e .F" 



P e jP"><P7V e and Q G be given. Then 



min riA--PN-Q) = r{N-QAP)+riA)+riN)-r[A, QAP]-r 

A- ,N- 

In particular, there are A~ and N~ such that A~ = PN~Q if and only if 



A 
QAP 



(21.102) 



r{N -QAP) =r 



N 
QAP 



+ r[N, QAP]-r{A)-r{N). 



(21.103) 



Proof. From (21.5) we can get the following simple result 



minr{A- - D) =r{A- ADA). 

A- 



Applying it to A — PN Q we first get 



minr(A- - PN'Q) =r{A- APN'QA). 

A- 
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Next applying (21.5) to its right hand side and simphfying, we then have 



min r{A- APN' QA)=r{N - QAP ) + r{A) + r{N) - r\A, QAP 1 - r 
Combining the above two equahties results in (21.102). □ 



A 
QAP 



Clearly (21.29) could be regarded as a special case of (21.102). Now applying (21.102) to the block 
, we can simply get following 



matrix M 



C 



min r{A-- [/„, OlM" 

A-,M- ' 







: r{A) + r{M) + r 






B ' 




■ A 





B ' 




c 


D 


— r 





c 


D 


— r 



A 
B 
C D 
(21.104) 

This result implies that there is an M~ which upper left block is an inner inverse of A if and only if 



A Q B 
C D 



+ r 



A 
B 
C D 



r{A) +r{M) +r 



B 
C D 



Applying (21.102) to a block circulant matrix M generated by k matrices Ai, A2, 
A = A\+ A2-\ + Ak, we can also get 



(21.105) 



Ak and their sum 



mm r 

A- ,M- 



I]M- 



= 0, 



(21.106) 



that is, there must exist A and M such that 



A- = [!,■■ ■,I]M^ 



(21.107) 



Besides the result in Theorem 21.28, we can also determine the relationship between the two matrix 
sots {PN^Q} and {A^}. Here we only list the main results without proofs. 

Theorem 21.29. Let A e jF'»x», N € JT^x', p g and Q G be given with r{P) = n and 

r{A) = m. Then 



m&xr{A- APN-QA) =min{r(A), r{N - QAP) + r{A) - r{N)}, 

N- 



In particular, the following set inclusion 



{PN-Q} C {A-}, 



holds if and only if 



r{N - QAP) = r{N) - r{A). 



(21.108) 



(21.109) 



(21.110) 



Theorem 21.30. Let A e N e .F'^^', P € J?^"^' 

r{A) = m. Then 



Q e j^Kxm given with r{P) = n and 



max min r( A — PN Q) = mm < n + r(N) — r 

A- N- I 



N 
P 



, m + r{N)+r[N,Q] 
m + n + r{N - QAP) + r{N) - r{A) - r[N, Q]-r 
In particular, the following set inclusion 



N 
P 



(21.111) 



{A-} C {PN-Q}, 



(21.112) 
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holds if and only if R{N) n R{Q) ^ {0}, or R{N'^) D R{P'^) {0}, or 



r(iV - QAP) = r 



N 
P 



+ r[N, Q] - r{N) + r{A) -m-n. 



(21.113) 



Theorem 21.31. Let A E jr^^", N e T'''^^ , P E J^"""' and Q e T'"''"' he given with r{P) = n and 
r{A) = m. Under the condition R{N) n R{Q) = {0} and i?(A^^) n -R(P^) = {0}, the following equality 



holds if and only if 



' N 


Q ' 




P 





= r 



{PN-Q} = {A-} 

+ r{Q)=r[N,Q]+r{P), 



N 
P 



and 



N Q 
P 










. In _ 



A = -[0, Im] 

Based on the above three theorems, we can estabhsh the following several results. 



(21.114) 
(21.115) 
(21.116) 



Theorem 21.32. Let Ai, A2, • • • , Ak be given matrices of the same size, and let A — Ai + A2 + ■ ■ ■ + Ak. 
Denote by M the block circulant matrix generated by Ai, A2, ■ ■ ■ . Ak- Then A and M satisfy 



k 



[I,...,I]M- 



I 



(21.117) 



Theorem 21.33. Let A + iB be an m x n complex matrix. Then 

' 1 



{iA + tB)-} = l -[/„, zJ„] 



A -B 
B A 



-il„ 



(21.118) 



Theorem 13.34. Let Aq + lAi + iA2 + kA^ be an mx n real quaternion matrix. Then 
{{Ao + iAi + iA2 + kA3)-} = \ i[/„, fc/„ ] 



^0 


-A, 


~A2 


-^3 " 




-^711 


A, 


Ao 


A3 


-A2 






A2 


-A; 


Ao 


Ai 






A3 


A2 











(21.119) 



Chapter 22 



Generalized inverses of multiple 
matrix products 



Generalized inverses of products of matrices have been an attractive topic in the theory of generahzed 
inverses matrices. Various results related to reverse order laws for g-inverses, reflexive g-inverses, and 
the Moore-Penrose inverses of matrix products can be found in the literature. Generally speaking, this 
work has two main directions according the classification of generalized inverses of matrices, one of which 
is concerned with reverse order laws for the Moore-Penrose inverses of matrix products. Up till now, 
necessary and sufficient conditions for the reverse order laws {AB)^ = B'^A'', {ABCY = (BC)^ BlAB)"^ , 
{ABCy = CtSt^t^ • • • AkY = • • • AIa\ to hold have weU been established. The other direction 

of this work is concerned with reverse order laws for inner inverses, reflexive inner inverses, as well as several 
other types of generalized inverses of matrix products. Some earlier and recent work gives a complete 
consideration for the reverse order laws (AB)^ — B~A~, {AB)~ = B~A~, {ABY = B~^^Aj^, and 
[AB)\ij^ = B-A- (see, e.g., |ll|, |l23[ [l49[ [50[ |l5l)). In this chapter we first present some rank 



equalities related to [BC) B{AB) and C B A , and then apply them to establish the relationships 
between {BC)- B{AB)- and {ABC)-, C' B' A' and {ABC)-. 

The following lemma comes directly from (22.4) and (22.5), which will be used in the sequel. 

Lemma 22.1. Let A e jr™x"^ b e C e J^'""" and D e P'^^ he given. 

(a) IfR{D) C R{C) and R{D^) C R{B^), then 



imixr{D - C A- B) = mini r{B), r(C), 

A- 



mmr{D-CA-B) = r{A)-r[A, B]-' 

A- 



A B 
C D 



-r{A)}, 





■ A ' 




■ A 


B ' 


r 


C _ 


+ r 


. ^' 


D 



(b) In particular, 



maxr{D-CA ) = min{m, r[C, D], r{C - DA) - r{A) + m} . 

A- 







■ B ■ 


1 n, 


r 


D 



ma,xr{D~A B' 
A- ^ 



Proof. Follows immediately from (21.5) and (21. 



r{B - AD) ~r{A) +n 



(22.1) 
(22.2) 

(22.3) 
(22.4) 



□ 



It is quite obvious that there are {AB)- e { {AB)-} and {BC)- e { {BC)-} such that {BC)- B{AB)- 
C { {ABC)-} if and only if 



min r\ ABC - {ABC){BC)- B{AB)- {ABC)] =0, 

(AB)-,(BC)~ 

and the set inclusion {{BC)- B{AB)-} C {{ABC)-} holds if and only if 
max r\ ABC - {ABC){BC)- B{AB)- {ABC)] =0. 

(AB)-,(BC)- 



(22.5) 



(22.6) 
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These two equivalence statements clearly show that the relationship between (BC)^ B{AB)^ and (ABC)~ 
can be characterized by extreme ranks of matrix expressions involving (BC)" , (AB)^ , and {ABC')~ . 
According to the rank formulas in Lemma 22.1, we easily find the following special result. 

Theorem 22.2. Let A e ^™x", B e and C e be given, and let M = ABC. Then 

m.m._r[M - M{BC)-B{AB)-M]=0, mm_r[M - M{BC)- B{AB)- M] = 0, (22.7) 

and 

^^^max^^_ r[M- M{BC)- B{AB)- M] = min { r(M), r(M) - r{AB) - r{BC) + r{B) } . (22.8) 
Proof. Applying (22.2) to M - M{BC)- B{ABy M , we find 



^min_ r[M- M{BC)- B{AB)- M] 



= r{AB)-r[AB, M]-r 
= r{AB)-r[AB, 0] -r 



AB 

M{BC)~B 

AB 
M{BC)-B 



+ r 
+ r 



AB M 
M{BC)-B M 

AB 
M{BC)-B 





■ BC ' 


+ r 


■ BC 


r 


M 


M 




■ BC ' 




■ BC 


r 





+ r 






^nnn_ r[M - M{BC)- B{AB)- M] 
= r{BC)-r[BC, B{AB)-M] 



Both of them are (22.7). Next by (22.1), we find 
max r[M - M{BC)-B{AB)-M] = min |r[M(BC)-S], r(M), 

= min'|r(M), r 
Accroding to (21.4) and r(M) < r{BC), we also find that 

^ [BCyB 



M 

iB)- 




0. 



AB 

M{BC)-B 



AB M 

M{BC)-B M 

-r{AB)\ . 



- r{AB) 



max r 

(BC)- 



AB 

M{BC)-B 



= max r 

(BC)- 



mmr < r 



AB 





-M 



AB 
-M 



AB ' 




BC B 





, r 


AB 


B 




-M 


{B) + 


r(M) 


-r(BC)} 



r{BC) 



= min{ r(^B) + r(M), r{B) + r{M) - r{BC)}. 
Combining the above two equalities, we obtain 



max r\M - M(BC)-B(AB)-M] 

{AB)-,{BC)- 



min < r(M), max r 

' (BC)" 



r{AB) 



AB 
M{BC)-B 

= min {r(M), r{M) - r{AB) - r{BC) + r{B)} , 



which is exactly (22.8). □. 

Combining (22.5) and (22.6) with (22.7) and (22.8), we obtain the main result in this chapter. 
Theorem 22.3. Let A e JT^'X", B e JP"^^, and C e J^p^« be given. 
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(a) For every {AB)- e {{AB)-}, there must be a (BC)- G {{BC}-} such that [BC)- B{AB)- € 
{ [ABC)-} holds. 

(b) For every [BC)- E {(BC)-}, there must be an (AB)- e {{AB)-} such that [BC)- B{AB)- e 
{ [ABC)-} holds. 

(c) The set inclusion { [BC)- B{AB)-} C { [ABC)-} holds if and only if 



ABC = or r{ABC) ^r[AB) +r[BC) -r{B). 

(d) In particular, if r[ABC) = r[B), then { [BC)-B{AB)-} C { (ABC)'} holds. 
As a direct consequence by setting B = I in Theorem 22.3, we obtain the foUowing. 

Corollary 22.4. Let A e J^™''" and B e be given. 

(a) For every A- e { A-}, there must he a B- e { B-} such that B- A- e { [AB)-} holds. 

(b) For every B- e { B-}, there must he an A- e { A-} such that B- A- e { [AB)-} holds. 

(c) The set inclusion { B- A-} C { [AB)-} holds if and only if 

AB = or r[AB) = r[A) + r[B) - n. 



(22.9) 



(22.10) 



Necessary and sufficient conditions for {B-A-} C {[AB)-} were previously examined by Gross in 
p^ , Werner in |149| and [150|. The results given there are in fact equivalent to (22.10) The results in 
Theorem 22.3 and Corollary 22.4 can help us to establish various relationship between generalized inverses 
of matrices. We next present one of them. 



Corollary 22.5. Let A, B e J^™""' be given and let M = diag(^, B), N = A + B, S 
T= [A, B]. Then 



A 
B 



and 



max r \ N — N 

S-,T- \ 



A 
B 



M[A, B]-Nj =min|r(7V), r[N) ~ r 
In particular, the set inclusion 

' ^ [A, B]-\c{[A + B)-} 



A 
B 



A 
B 



A 
B 



r[A, B]+r[A) +r[B) 

(22.11) 

(22.12) 



holds if and only if 

A + B = or r[A + B)^r 
Proof. Writing A + B as the product 

A + B = /„] 



A 
B 



' A 







■ /„ " 





B 




. In _ 



r[A, B] -r[A) -r[B). 



PDQ. 



(22.13) 



Then (22.11) follows from (22.8). Consequently (22.12) and (22.13) follow form (22.11). 



□ 



Eq. ( 22.12) has some interesting consequences. For example, in the case oi N = A + [Im — A) — /„ 
then 



max r I„ 

S-,T- \ 



A 

Im A 



A 

Im.-A 



[A, I„ 



A] 



r[A) + r[Im ~ A) -m^ r[A - A^). 



This implies that A is idcmpotcnt if and only if 



A 

Im A 



A 

/„,, - A 



\ A, I„i A] — 
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holds for any inner inverses in it. This fact could be regarded as a characterization for idempotent matrix. 
In addition for any two idempotent matrices A and B, there is 



^max r \{A- B) - {A - B) 



A 




'A " 


-B 




-B 



[A, -B]-{A-B)\ =0. 



Thus 



A 

-B 



A 
-B 



[A, -B]-\C{{A-B)-} 



holds for any two idempotent matrices A and B. 
An extension of Corollary 22.5 is given below. 

Corollary 22.6. Let Ai, A2, ■ ■■ , Ak G ^™><" be given. The set inclusion 

Ai 



Ai 
Ak 



Ak 



> C { + + } 



holds if and only if 

A-i_ + ---+Ak = Q or r{A-i_ + ---+Ak) = r 



Ax 
Ak 



+ r[^i, • • • , ^fe ] - r{A{) r{Ak). 



For some products of matrices, the two equalities in (22.10) and (22.11) are satisfied, for example, 
(1.10) (1.12), (1.14), (3.1), (4.1) and so on could be regarded as the special cases of (22.10) and (22.11). 
Thus based on them and Corollary 22.4(c) and Corollary 22.5(c), one can establish various set inclusions 
for inner inverses of products of matrices. We leave them to the reader. 

Without much effort, we can also find a necessary and sufficient condition for the set inclusion { C~ B~ A~} 
C { {ABC)~} to hold. A rank formula related to this inclusion can be established using the rank formulas 
in (22.3) and (22.4). 

Theorem 22.7. Let A e JT^X", B e JT^xf and C e J^p'"^ be given, and let M = ABC. Then 

max r{M - MC-B-A-M) = mm{r{M), r{M) - r{A) - r{B) - riC) + n + p} . (22.14) 

A- , B- , C- 

Proof. We determine the maximal rank of M — MC~B~A~M subject to A~ , B~, and C~ through the 
following step 



max r(M- MC~B~A~M) = maxmaxmaxr(M - MC~B~A~M). 

A-,B-,C- C- B- A- 

According to (21.4) we first find 

xa&yiriM - MC~ B- A- M) 
A- 



(22.15) 



= min I r[M, MC r^^^, ^ [ AfC-fi- M J " ^^^^ / 

= min { r(M), r{A- MCB- ) + r(M) - r{A) ) . 
Next applying (22.3) to yl — MC~ B^ and noticing that r{A) < n, wc obtain 

maxr{A- MC-B-) = mm {r[ A, MC'], r{MC- - AB) - r{B) + n, n] 

= min{r(^), r{MC~-AB)-r{B)+n, n] 
= min{r(A), r{AB - MC' ) - r{B) + n ] . 



(22.16) 
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Consequently applying (22.3) to AB — MC~ and the noticing that r{AB) < p, we further find 

maxr{AB-MC-) = mm{r[AB, M], r{M - ABC) - r{C) + p, p} 

c 

= min{r(^B), p-r{C)}. 

Putting the above three results in (22.16) and noticing the Sylvester's law r{AB) > r{A) + r{B) — n, we 
eventually obtain 

max r[M - MC-B'A-M] 

A-,B-,C- 

= min < r(M), max max r( A - MC~B" ) + r(M) - r(A) 

= min I r(M), maxr( AS - MC~ ) + r(M) - r(yl) - r(B) + n 

= min {r(M), r{M) + r{AB) - r{A) - r{B) + n, r{M) - r{A) - r{B) - r{C) + n + p} 
= min {r(M), r{M) - r{A) - r{B) - r{C) + n + p} , 

establishing (22.14). □ 

It is quite obvious that the sot inclusion { C~ B~ A~} C { {ABC)~} holds if and only if 

max r(M-MC~B-A-M)=0. 

A-,B-,C- 

Thus from Theorem 3.1, we immediately obtain the following. 

Theorem 22.8. Let A e :r™x", B e J^"^^, andC £ J^p""" be given. Then the set inclusion { C'B-A-} C 
{ {ABC)~} holds if and only if 

ABC = or r{ABC) = r{A) + r{B) + r{C) - n - p. (22.17) 

The results in Theorems 22.7 and 22.8 can easily be extended to inner inverse of multiple matrix 
products and its proof is omitted. 

Theorem 22.9. Let Ai e ^ix"^, A2 e ^"^xna^ ■ ■ ■ , Ak e jF^'^xn^+i i,e given, and denote M = 
AiA2---Ak. Then 

max r{M-MA-^ ■■■A^M) = mm{r{M), r{M) - r{Ai) r{Ak)+n2-\ h rife }. (22.18) 

Theorem 22.10. Let Ai e jr»ix»2^ e • • • , Afe e jT^'oXnfc+i ^^^g„_ j^f^^^ ^f^^ inclusion 

{A^--- A^A^ } C { ( A1A2 ■■■Ak)-} (22.19) 

holds if and only if 

A1A2 ■■■Ak = or r{ A1A2 ■ ■ ■ Ak) ^ r{Ai) + r{A2) + ■■■ + r{Ak) - na - rik- (22.20) 

Combining Theorem 22.10 and the rank equality (1.16), we then get the following interesting result. 

Theorem 22.11. Let A e J^™xm given, Ai, A2, € with Aj ^ Xj for i ^ j, and denote 

M = (All — A)*^{X2l — A)*^ • • • (AfcJ — A)**", where ti, t2, ■ ■ ■ , tk are any positive integers. Then the 
following set inclusion holds 

{[{XkI-A)''']----[iX2l-Ay-]-[iXJ-Ay-]-}c {M'}. (22.21) 

In general, the following set inclusion 

{ [ {XiJ- A)*-]-[ (A,,/ - A)*-]- • • • [ (A,,/ - A)*'^ ]- } C { M- } . (22.22) 
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also holds, where ii, (2, ■ ■ • , ik are any permutation 0/ 1, 2, • • • , fc. 

As a special consequence, we see from (22.22) that the following six set inclusions all hold 

{A-{Im-A)-}c{{A-A'')-}, {{Im-A)-A-}C{{A-A'')-}, (22.23) 

{ {Im - A)-{I,n + A)-}C{ (/^ - A^r } , { (J™ + A)-{I^ -A)-}C{ (/„ - A^)- } , (22.24) 

{ A-(J„ - A)-(/™ + A)-}c{iA- A^r } , { A-(/„ + A)-(J„ - A)- } C { (A - A3)- } , (22.25) 

{ (/„ - A)-A-{I^ +Ar}c{{A- A^r } , { (/„ + A)-A-(/„ - A)- } C { (A - A^)- } , (22.26) 

{(I^-A)-{I^ + A)-A-}Q{iA-A^r}, {{Im+Ar{Im-ArA-}c{iA-A'r}- (22.27) 



Chapter 23 

Generalized inverses of sums of 
matrices 



In this chapter we estabhsh some rank equahties related for sums of inner inverses of matrices and then 
use them to deal with the following several problems: 

(I) The relationship between + and {A + B)^. 

(II) The relationship between A^ + A^ ^ \- A'^ and {Ai+ A2^ h Ak)^. 

(III) The relationship between {A^ + B^} and { }. 

(IV) The relationship between {A]; + A^ ^ ^ ^fc } and { }. 

We first present a formula for the dimension of the intersection of k matrices, which will be applied in 
the sequel. 



(23.1) 



Lemma 23.1[^. Let [Ai, A2, ■■■ Ak] G jr™x". Then 

<Xlm[R{A^)f^R{A2)f^■■■f^R{Au)]=r{N)+r{Q)~r[N, Q], 

where N = diag( Ai, A2, ■ ■ ■ Ak ), Q ~ [Im, Inn ' ■ ' ImY' ■ In particular, 
R{Ai) n R{A2) n • • • n R{Ak) = {0} R{N) n R{Q) = {O}. 



(23.2) 



Proof. Let X e J^™x* be a matrix satisfying R{X) = d^^iR{Ai). The this X can be written as 
X = AiXi 
written as 





A2X2 = AkXk- Consider it 


as a system of matrix equations 




" Im ~Ai 




X 






Im ~A2 




Xi 












= 0, 




Im Ajfi 




Xk 






—N]Y = 0. Solving for X, wc obtain its 


general solution is 


X^[Im, 0](/-[Q, -N]-[Q, 




Nm 





where V is arbitrary. The maximal rank of X, according to (1.3) is 

r{X) = r{[Im, 0]iI-[Q, -N]-[Q, -N])) 

Irn 



-N 



r[Q, -N] 



+ r{N)-r[Q, -N] = r{N) + r{Q) - r[N, Q] 
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which is the dimension of n^^i-R(Aj). 



□ 



23.1. The relationships between A' + B' and ( A + 5 ) 

We first establish some rank equalities related to ^ + i? and + B~ . 
Theorem 23.2. Let A, B G J^™^" be given, and let M ^ A + B. Then 



maji r[M - M{A~ + B~)M]=min\r{M), r 



M A 
B M 



and 



min r\M-M{A-+B-)M] 

A-,B- 



= r{A) + r{B) + r{M) + r 
Proof. We first show that 



' M 


A ■ 




' A 





B ' 


B 


M 


— r 





B 


A 



+ r{M) - r{A) - r{B) 



A 
B 
B A 



(23.3) 



where N 



A 
B 



In fact, the general expression of A + B can be written as 

A- +B- =A~ + B"' + FaVi + V2EA + FbWi + W2EB, 



(23.4) 



(23.5) 



(23.6) 



where A'" and B'" are two special inner inverses of A and B, Vi, V2, Wi, and W2 are arbitrary. The 
general expression of N~ is 



N- 



N~ + FnS + TE_ 



A~ 
B"^ 



N 



Fa 
Fb 



Si S2 
S3 S4 



Ti T2 
T3 Ti 



Ea 
Eb 



A- + FaSi + TiEa FaS2 + T2EB 
FbSs + T^Ea B'^ + FbS4 + T^Eb 



where Si — S^ and T\ — T4 are arbitrary. In that case, we have the general expression 

[In, In]N- 



= A'- + B'- + FaSi + TiEa + FaS2 + T2EB + FbSs + T^Ea + FbSa + T^Eb 

= A- + Fa (Si + S2) + {Ti+T3)Ea + B- + Fb {S3 + S^) + (T2 + T4)Eb . 
This expression is the same as (23.6). Thus (23.5) holds. This fact implies that 



max r\M-MiA- +B-)M]=maxr[M-\M, M]N- 

A-,B- AT- ' 

min r\M - M(A^ + B~ )M]=m:m.r[ M -\M, M]N~ 

A-,B- N- ^ 



M 
M 

M 
M 



Applying (22.1) and (22.2) to the right-hand sides of the above two equalities, we obtain 



maxr(M-fM, M]N~ 
jv- ' 




+ r(M) - r{A) - r{B) \ , 
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which is exactly (23.3), and 



minr M - \M, M]N~ 
JV- ' 



M 
M 



A M 
B M 



= r{N) - r 
= r{A) + r{B) + r{M) + r 





A 





— r 





B 




M 


M 


' M 


A ' 




B 


M 


— r 



A 





M 





B 


M 


M 


M 


M 



A B 
B A 



A 
B 
B A 



which is exactly (23.4). □ 

Two direct consequences can be derived from (23.3) and (23.4). 

Theorem 23.3. Let A, B € jP'^x" be given, and let M = A + B. Then there exist A' e {A'} and 
B- € {B-} such that A' + B' € {{A + B)' } holds if and only if 



M A 
B M 



A 
B 
B A 



A B 
B A 



r{M) - r{A) - r{B). 



Theorem 23.4. Let A, B e ^'"X" fee given, and let M = A + B ^ Q. The the following four statements 
are equivalent: 

(a) {A-+B-}C{{A + B)-}. 

^ ^ ^ r{A)+r{B)-r{A + B). 



(b) r 

(c) r 



B M 

A M 

{) B M 

M M M 



AO B 
Q B A 
B A -2M 



A 
B 



(d) R{A)=R{B), R{A^) = R{B'^) and A + B = -\{AB- A + BA' B). 

Proof. The equivalence of Parts (a) and (b) follows immediately from (22.3). The equivalence of Parts 

(b) and (c) follows from the rank equality 



A Q M 
B M 
M M M 



M A 
B M 



+ r(M). 



The equivalence of Parts (c) and (d) follows from (1.5). □ 
Theorem 23.5. Let A, B e ^™x" be given, and let M = A + B. Then 



min r( M —A 
A-,B- 



B- 



r{M - AM- B) 



A 
B 



min r(M~ - A~ - B~) 
M-,A-,B- 



r{M) +r(A) + r(B) +r 



" M 


A ' 




' A 





B ' 




B 


M 


— r 





B 


A 


— r 



[A, B]+r{A)+r{B), 



A 
B 
B A 



(23.7) 



(23.8 



max min r( M —A — B ) = min < r(A) + r(B) — r 
M- A-,B- 1 V / V y 



A 
B 





■ M 


A ' 




■ A ' 


r 


B 


M 


— r 


B 



r{A)+riB)-r[A, B], 
-r[A, B]-r{M)+r{A)+r{B)Y (23.9) 



Proof. According to (23.5) and (22.2) we first find 



min r( M~ - A~ - B~ ) 
A-,B- 
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= min I M 

N- 



= r{N) - r 
= r{N) - r 



-[In, In]N- 

A Im 
B Im 

0/™ 
-ABO 





' A 







' A 







r 





B 


+ r 





B 






/„ 


In 




In 


In 


M- 








-A ' 







-M + AM-B 





r 





B 


+ r 




























= r{M - AM-B)-r 



A 
B 



-r[A B]+r{A)+r{B), 



which is eaxactly (23.7). Next applying (21.4) and (21.5) to M - AM'B, we obtain 
min r(M - AM~ B) 



M- 



' B ' 




■ M 


B ' 




' M 





B ' 




M 


+ r 


A 


M 


— r 





A 


M 


— r 



' A ' 




■ M 


A ' 




■ A 





B ' 




B 


+ r 


B 


M 


— r 





B 


A 


— r 



M 
B 
A M 

A 
B 
B A 



r{M) + r[A, M] 



r{M) + r[A, B]+r 



maxr{M - AM~B) = mini r[A, B], r 

M- 

Putting them in (23.7) resprctively yields (23.8) and (23.9). □ 

Two direct consequences of Theorem 23.5 are given below. 

Theorem 23.6. Let A, B € JT™^" be given. Then for a given {A + B)', there exist A' e {A'} and 
B- G {B-} such that A' + B' = {A + B)- if and only if 





■ A ' 




■ M 


B 


- r{M) 1 


r 


B 




A 


M 



r[A + B - A{A + B)-B] =r 



A 
B 



+ r[A, B]-r{A)-r{B). 



Theorem 23.7. Let A, B & jr™x" he given. Then {{A + B)-} (Z {A- + B- } holds if and only if 
R{A) n R{B) = {0}, or RiA^) n R{B'^) = {0}, 



or 





■ A + B A 




■ A ' 


r 


B A + B 


= r 


B 



■r[A, B]+r{A + B)-r{A)-r{B). 

Combining Theorems 23.4 and 23.7, one can easily establish a necessary and sufficient condition for 
{{A + B)~} = { A~ + B~ } to hold, we shall, however, to present it in Section 23.3 as a special case of a 
general result. 

23.2. The relationships between A]; + -\ h and (^i + A2 + 

••• + A)" 

The results in the preceding section can directly be extended to sums of k matrices. We present them 
below without detailed proofs. 

Theorem 23.8. Let Ai, A2, AkG ^'"X" be given, and let M = Ai + A2 -\ h Ak. Then 

max r[M - M{A^ + --- + A-,^)M]=mm{r{M), r{N - QMP) +r{M) - r{N)} , (23.10) 

and 



_min _r[M-M{A^ + --- + A-^)M]=r{M) + r{N) + r{N-QMP)-r[N, QM]-r 
^1 > ■••> 



N 
MP 



,(23.11) 
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where N = diag( Ai, A2, Ak), P = [In, In, 
Proof. It is easy to verify that 

{A^ + --- + A-}^{PN-Q}. 
In that case, it follows by (22.1) that 

max _r[M - M{A'{ ^ \- Al)M] 

= msxyir{M - MPN-QM) 

N- 



In], Q 



[ ) I'm ) * * * -^77 



(23.12) 



= mill < r(M), r 



N QM 

MP M 



r{N) 



= min {r(M), r{N - QMP) + r{M) - r{N)] , 
which is exactly (3.1). Applying (22.2), we also obtain 
min r[M - M{A'{ ^ \- A'^)M] 



mmr(M - MPN-QM) 

N- 



r{N)-r[N, QM]-r 
r{N)-r[N, QM]-r 



N 
MP 

N 
MP 



N QM 
^'^ MP M 

r{N -QMP)+r{M), 



which is exactly (23.11). □ 

Two direct consequences of (23.10) and (23.11) arc listed below. 

Theorem 23.9. Let Ai, A2, • • • , >lfe € J^™^" be given, and denote M = Ai + A2 -\ \- A^. Then there 

exist A^ e {^7}' ^ = 1, 2, • • • , fc such that A^ + A^ H + A'^ e if and only if 



r{N -QMP) 



N 
MP 



+ r[N, QM]-r{M)-r{N), 



where N, P and Q are defined in Theorem 23.8. 

Theorem 23.10. Let Ai, A2, ■ ■ ■ , Ak G ^'"X" he given, and let M = Ai + A2 -\ h Ak. The the 

following four statements are equivalent: 

(a) {A^+A2--- + A^}C{{Ai+A2 + --- + Ak)-}. 

(b) r{N-QMP) = r{N)-r{QMP). 
N QM 

MP M 

(d) R{M) = R{Ai), R{M'^) = R{Af), i = 1, 2, ■ ■ ■ , k, and M = MPN'QM, where N, P and Q 

are defined in Theorem, 23.8. 

Proof. The equivalence of Parts (a) and (b) follows immediately from (23.10). The equivalence of Parts 
(b) and (c) is evident. The equivalence of Parts (c) and (d) follows from (1.5). □ 

Theorem 23.11. Let Ai, A2, ■ ■ ■ , Ak e be given, and denote M = Ai + A2 -\ \- Ak. Then 



(c) r 



= r{N). 



min r{M — A-^ 



Ak)=r{N)-r[N, Q]-r 



' N ' 




' N 


Q 


P 


+ r 


P 


M- 



min r{M--A^ A^ ) = r{M) +r{N) +r{N - QMP) - r[N, QM]-r 

M-,A-,-,A- 

max min r{M~ - A^ AZ ) = min \ r{N) + m - r[N, Q], r{N)+n-r 



N 

MP 



N 
P 



m + n + r{N - QMP) + r{N) -r{M) -r[N, Q] 



N 
P 



(23.13) 
,(23.14) 

(23.15) 
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where N, P and Q are defined in Theorem 23.8. 

Proof. According to (23.12) and (22.2) we first find that 



min r{M — A-^ 



= mm{M- - PN-Q) = r{N)-r[N, Q]-r 

N- 



N 
P 



+ r 



N Q 
P M- 



which is eaxactly (23.13). Applying (21.5) to the 2x2 block matrix in the above equality, we further 
obtain 



minr 

M- 



N Q 
P M- 



minr 

M- 



r(M) + r 





■ N 


Q ' 







( 


P 





+ 


. In _ 



M-[0, Im] 



N Q 

P In 



N 


Q ' 




' -M 







P 





+ r 





N 


Q 









In 


P 






— r 



-MO Im 
N Q 

Ir,. P 



= r{M)+r[N, Q]+r 



= r{M)+r[N, Q]+r 



N 
P 



-M 

Im 

N Q 

In P 



N- QMP 

/„ 



M Q Im 
N Q 



M 

N 

In P 



N 
P 



N 
MP 



+ r{N -QMP)-r[N, QM]-r 
Putting it in (23.13) yields (23.14). Next applying (21.5), we obtain the following 

M-[0, Im] 



maxr 

M- 



N Q 
P M- 



maxr | 

M- 



min < r 





" N 


Q ' 







( 


P 





+ 


. In _ 




■ N 


Q 







r 


P 





In . 





N Q 
P 

In 



-M Im 

N Q 

In P 



= min < n + r[ A'^, Q], m + r 



N 
P 



-r{M) 

, m + n + r{N -QMP)-r{M) \ . 



Putting it in (23.13) yields (23.15). □ 

Two direct consequences of Theorem 23.11 are given below. 

Theorem 23.12. Let Ai, A2, ■ ■ ■ , Ak € :P"X" be given, and let M = Ai + A2 -\ + Ak. Then for a 

given M~ , there exist A^ G {^7)' « = Ij 2, • • • , fc such that A^ +A2 H \-A^ = M~ if and only if M~ 

satisfies 



' N 


Q 




' N ' 


P 


M- 


= r 


P 



+ r[N, Q]-r{N), 
where N, P and Q are defined in Theorem 23.8. 

Theorem 23.13. Let At, A2, ■ ■ ■ , Ak & he given, and let M = Ai + A2 -\ h Ak. Then the set 

inclusion 



{{Ai + A2 + ■ ■ ■ + Ak)- } C {A^ + A2 + ■ ■ ■ + A^ } 



(23.16) 
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holds if and only if 

n i?(A2) n • • • n i?(Afe) = {0}, 



or 



or 



R{Al) n R{A^) n • • • n R{Al) = {o}, 



r{N -QMP] 



N 
P 



+ r[N, Q]-r{N)+r{M) -m-n, 



where N, P and Q are defined in Theorem 23.8. 

Proof. It is easy to see that the set inclusion in (23.16) hold if and only if 
max min r( M^ — A7 — • • • — A7 ) = 0. 

In light of (23.15), the above equality is equivalent to 



r[N, Q]^r{N)+r{Q), or r 



TV 
P 



r{N)+r{P), 



(23.17) 
(23.18) 

(23.19) 



(23.20) 



or (23.18) holds. The two rank equalities in (23.20) are equivalent to (23.17) and (23.18) according to 
(23.1). □ 

23.3. The relationships between { A~ + } and { C~ }, and par- 
allel sum of two matrices 



It is well known (see |107| , |118| ) that the parallel sum of two matrices A and B of the same size is defined 
to be C := A{A + B)'B, whenever this product is invariant with respect to the choice of {A + B)~. 
One of the well-known nice properties on parallel sum of two matrices is { A^ + B^ } = {C^}. This set 
equality motivates us to consider the relationship between the two sets { A" + B^ } and {C^} in general 
cases, where A, B, and C are any three given matrices of the same size. Just as what we do in Section 
23.1, we first establish several basic rank equalities related to generalized inverses of A, B, and C, and 
then deduce from them various relationships between {A^ + B^ } and { C^}. 



Theorem 23.14. Let A, B, C e T"" 



he given. Then 



max r{C -C{A- ^B- )C\^ min <^ r(C), r 



A-C C 
C B-C 



+ r{C) ~ riA) - r{B) 



min r[C-C{A-+B-)C] = r{A)+r{B)+r{C)+ r 

A- , B- 



Proof. By (23.5) and (22.1), we easily find 



mux r\C -C(A- +B-)C] = ma.xr { C - \C, C]N 

A-.B- N- ^ 



A-C C ' 




■ A 





C ' 


C B-C 


—r 





B 


c 



(23.21) 

A 
B 
C C 
(23.22) 



min < r{C), r 



= mm <, r{C), 

which is (23.21). Next applying (23.5) and (22.2), we obtain 



C 
C 

A Q C 
B C 

c c c 

A-C -C 
-C B-C 



r{N) 

+ r{C) - r{A) - r{B) 



min r\C -C(A- + B-)C] 

A-,B- 
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minr C - [C, CJiV" 

N- 



c 
c 



A C 
B C 



: r{N) - r 
: r{A) + r{B) + r(C) + r 





' A 







' A 





c ' 


r 





B 


+ r 





B 


c 




C 


C 




C 


C 


c 



A-C C 
C B-C 





■ A 





C ' 


— r 





B 


c 





' A 





r 





B 




c 


C 



which is exactly (23.22). □ 

Two consequences can directly be derived from (23.21) and (23.22). 

Theorem 23.15. Let A, B, C G be given. Then there exist A' G {A'} and B' e {B'} such that 

A~ + B~ e { C~ } holds if and only if 



A-C C 
C B-C 



C B 
A A + B 



A 
B 
B A 



+r 



A Q B 
B A 



-r{N)-r{A)-r{B). (23.23) 



Theorem 23.16. Let A, B, C G j^m^n g^y^^ yj^ffi q q Then the following four statements are 
equivalent: 

(a) {A-+B-}C{C-}. 



(b) r 

(c) r 



= r{A)+r{B)-r{C). 



A-C C _ C B 

C B-C \ ~^[ A A + B 
A C ' 
B C 
C C C 

(d) RiC) C R{A), R{C) C R{B), R{C^) C i?(A^), R{C^) C r{B^) and C = CA'C + CB'C. 



A 
B 



Proof. The equivalence of Parts (a) and (b) follows from (23.21). The equivalence of Parts (b) and (c) is 
evident. The equivalence of Parts (c) and (d) follows from (1.5). □ 



Theorem 23.17. Let A,B,C& JP"^" he given. Then 
B-) = r{A + B- AC-B)-r 



min r(C —A 

A-,B- 



r[A, B]+r{A)+r{B), 



min riC —A 

c-,A-,B- 



max min r(C —A 

c- A-,B- 



■B-)= r{C) + r{A) + r{B) + r 



B- 



C B 




■ A 





C ' 




A A + B 


— r 





B 


c 


— r 



(23.24) 

A 
B 
C C 
(23.25) 



min < r{A) + r{B) — r 





' C 


B 




■ A ' 


r 


A 


A + B 


— r 


B 



, riA)+r{B)-r[A, B], 

r[A, B]- r{C) + r{A) + r{B) | . (23.26) 

The proof of this theorem is much similar to that of Theorem 23.5 and is, therefore, omitted. Two 
direct consequences of Theorem 23.17 are given below. 

Theorem 23.18. Let A, B, C G .P"><" be given. Then for a given C~ , there exist A~ e {A~} and 
B~ e {B~} such that A~ + B~ = C~ if and only if A, B and C~ satisfies 



r[A + B - AC'B] 



A 
B 



+ r[A, B]-r{A)-r{B). 



(23.27) 
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Theorem 23.19. Let A, B, C & JT"*^" be given. Then {C"} C { A" + } holds if and only if 

R{A)nR{B) = {0}, or RiA^) D R{B^) = {0}, (23.28) 



or 





■ C 


B 




■ A ' 


r 


A 


A + B 


= r 


B 



+ r[A, B] + r(C) - r{A) - r{B). 



(23.29) 



The two conditions in (23.28) have no relation with the matrix C, which impUes that under (23.28), 
{C-} C {A- + B-} holds for any choice of C. Now setting C = 0, then {0"} = ^"x™. Thus under 
(23.28), there is 



{A^ +B-} = {0-}=J^" 



(23.30) 



Conversely, if (23.30) holds, then it is easy to see from Theorem 23.19 that (23.28) holds. Thus (23.28) is 
a necessary and sufficient condition for (23.30) to hold. 

Now combining Theorems 23.16 and 23.19, we obtain the following result. 

Theorem 23.20. Let A, B, C G ^™x" be given and suppose that 

R{A)nR{B) {0}, and R{A^) n R{B^) {0}. (23.31) 

Then the equality 

{A-+B-} = {C-} (23.32) 
holds if and only if 

R{B)CR{A + B), R{A'^)CR{A'^ +B'^) and C = A{A + B)-B, (23.33) 

that is, A and B are parallel summable and C is the parallel sum of A and B. In that case, the rank of C 
satisfies the following rank equality 



r(C) = r{A) + r{B) -r{A + B). 



(23.34) 



Proof. Assume first that (23.32) holds. By Theorem 23.19, we know that A, B and C satisfy (23.29). 
On the other hand, (23.32) implies that 



min r{A +B ) =min r(C ). 

A-,B- c- 



(23.35) 

It is well-known that the minimal rank of C~ is r(C). On the other hand, it follows from (23.24) that 



min r{A- +B-)=r{A + B)+r{A)+r{B)-r[A, B]-r 

A- , B- 



A 
B 



Thus (23.35) is equivalent to 

r{C)=r{A + B)+r{A)+r{B)-r[A, B]-r 
Putting it (23.29) yields 

r{A + B), 



A 
B 



C B 
A A + B 



(23.36) 



(23.37) 



which, by (1.5), is equivalent to (23.33), meanwhile 
r(C) = min r\A{A + B)-B] 

(A+B)~ 

= r{A + B)-r[A + B, B]-r 
= r{A)+r{B)-r{A + B). 



A + B 
B 



+ r 



A + B B 
A 
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Conversely, if (23.33) holds, then (23.34) and (23.37) also hold. Combining both of them shows that the 
two rank equalities in Theorem 23.16(b) and (23.29) are satisfied. Therefore (23.32) holds. □ 



The equivalence of (23.32) and (23.33) was previously proved by Mitra and Odell in 107 . But the 
assumption (23.31) is neglected there. As shown in (23.30), if R{A) n R{B) = {0} and i?(A^) n i?(B^) ^ 
{0}, then the equality {A^ + } = {0~}. This, however, does not imply that A and B are parallel 
summable and A{A + B)^ B — 0, in general. An example is 



A 



B 



both of which satisfy { A 
(A + B)- = 

then 



B-} = { 0-}, since R{A) n R{B) = {0}. If we let 



1 


■ 1 ■ 


[1, 1] 


■ ■ 


1 


■ 1 " 






2 





1 


^ 2 






^0. 



If we let 



then 



:i, 0], 



" 1 ■ 


[1, 0] 


■ ■ 




■ " 





1 








A 



' A + B' 



A{A + B)-B 



Therefore A and B are not parallel summable. 

Some interesting consequences can be derived from the above results. For example, let i? = 7 
and C = Im in (23.24), we then get 

min r[Ira - A' - - Ay ] = r[{A - A^) -{A- A^f]. 

A-,(I^-A)- 

Thus there are A^ and (/„ — A)^ such that A^ + (/,„ — A)^ ~ /,„ if and only li A — A^ is idempotent. 

Replace B — Im — A and C ^ A — A^ in Theorem 23.20. Then it is easy to verify that these A, B and 
C satisfy the condition (23.33). Thus the set equality 

{{A-A^)-}^{A- + {Im-A)-} 

holds for any A. In other words, the matrices A and 1^ — A are always parallel summable, and A — is 
their parallel sum. Recall (22.23), we then get the following 



{A-iI,n-A)-}C{A- + {Im-A)-} and { (/„ 
When one of A and — ^ is nonsingular, say. A, there is 

{A~\lm-A)-}C{A-^ + {Im~A)-} and { (/„ 



A)-A-}C{A- + iIm-A)-}. 
A)-A-^}C{A-^ + {Im-A)-}. 



When both A and Im~A nonsingular, the above becomes a trivial result (/,„—/!) = A^^ + {Im—A)^^ . 

Replace A^ B and C in Theorem 23.20 by Im + A, Im — A and (/„ — yl'^)/2, respectively. Then it is 
easy to verify that they satisfy the condition (23.33). Thus the set equality 



{{Im-A')-}=\ Ulm+A) 



l{i,n-Ay 

holds for any A. In other words, the matrices Im + A and Im — A are always parallel summable, and the 
matrix (/„ — A^)/2 is their parallel sum. Recall (22.24), then we also get the following 



{{Im+A)-{Im-A)-}C 



^{Im+A) +!(/„_ A)- 
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{ (7„ - A)-{I^ + A)- } C I i(7„ + A)- + - A)- I . 
When one of + A and — ^ is nonsingular, say, 1^ + A, there is 

{ {Im + A)-\I^ _ ^)- } c I + A)-' + - A)- I , 

{ {Im - A)-{Im + A)-' } c I + A)-' + - A)- I . 
When both I,n + A and 7^ — A are nonsingular, the above becomes a trivial result 2{Im + A)~^{Im — A)~^ = 

{I^ + A)-^ + {Ira - A)-\ 

In general, suppose that Ai ^ A2 are two scalars, and replacing A, B and C in Theorem 23.20 by 
Xilm — A, \2lm — A and {Xilm — A){\2lm ~ A)/(Ai — A2), respectively. Then it is easy to verify that they 
satisfy the condition (23.33). Thus the set equality 

{ [ {Xilm - A){\2lm -A)\-} = { -A^(Ai/„ - A)- + -A_(A27™ - A)- \ 

Ai — A2 A2 — Ai J 

holds for any A. In other words, the matrices Xilm — A and A2/m — A are parallel summable, and the 
matrix {Xilm — A){X2lm — — -^2) is their parallel sum. Recall (22.22), we then get the following 

{ (Ai7„ - A)-{X2lm - A)- } C ( ^^(Al - ImA)- + -^—{X2lm -A)-]. 

Ai — A2 A2 — Ai J 

This result motivates us to guess that for Ai, • • • , Xk with A^ ^ Xj for all i ^ j, there is 

{(Ai7„ -A)---- {XkIm - A)-} C |l(Ai - ImA)- + ■■■ + —{Xklm -A)-\, 

where 

Pi = (Ai - Aj) • • • (Ai_i - Ai)(Ai+i - Aj) • • • {Xk - Xi), i = l,2, k. 
We leave it as an open problem to the reader. 

23.4. The relationships between {A^ + A2 -i H } and {C~}, 

and parallel sum of k matrices 

The results in Section 23.3 can easily be generalized to sums of k matrices, which can help to extend the 
concept of the parallel sum of two matrices to k matrices, and establish a set of results on parallel sums 
of k matrices. 

Theorem 23.21. Let Ai, A2, ■ ■ ■ , Ak, C € ^™x" be given. Then 

_max _r[C-C(Aj- + ••• + A" )C] =min{ r(C), r{N - QCP) + r{C) - r{N)} , (23.38) 
^1 ' '"'^k 



_min _r[C -C{A]; +---+A^)C]=r{C)+r{N)+r{N -QCP)-r[N, QC]-r 

where N = diag( Ai, A2, ■ ■ ■ , Ak), P = [7„, 7„, • • • , 7„ ], and Q = [Im, Im, ■ ■ ■ , Im]^ ■ 
Proof. According to (23.12), (22.1) and (22.2), we easily find that 

max r[C-C{A^ + ---+A7)C] = maxr{C - CPN-QC) 

AT, -.AT N- 



N 
CP 



(23.39) 



= min < r{C), r 



N QC 

CP c 



r{N) 



min {r(C), r{N - QCP) + r{C) - r{N)} ^ 
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min r[C-C{A^ +--- + A^)C] = mmr{C - CPN-QC) 



N- 



N 
CP 

N 
CP 



N QC 
^ CP c 

+ r{N -QCP)+r{C), 



= r(N)-r[N, QC]-r 
= r{N)-r[N, QC]-r 

establishing (23.38) and (23.39). □ 

Two consequences can directly be derived from (23.38) and (23.39). 

Theorem 23.22. Let Ai, A2, ■ ■ ■ , Ak, C e JP™^" be given. Then there exist Ar e {A~}, i = 1, 2, • • • , fc 
such that A^ + H + A'^ G {C*"}, «/ and only if 



N 
CP 



r{N -QCP) = r 
where N, P and Q are defined in Theorem 23.21. 



r[N, QC]-r{N)-r{C), 



Theorem 23.23. Let Ai, A2, ■ ■ Ak, C G jrmxn given. The the following four statements are 

equivalent: 

(a) {A^+A^--- + A-}C{C-}. 

(b) r{N-QCP)=r{N)-r{QCP). 
N QC 
CP c 

(d) R{C) = r{Ai), RiC^) = r{Af), i = 1—k, and C = CPN-QC, where N, P and Q are defined in 
Theorem 23.21. 



(c) r 



r{N). 



Theorem 23.24. Let Ai, A2, ■ ■ ■ , Ak, C e ^™x" be given. Then 

^k)=r{N)-r[N, Q]-r 

..-A^)= r{C) + r{N) +r{N- QCP )-r[N, QC]-r 



min r( C — A^ 



N 
P 



+ r 



N Q 

P c- 



min r( C — — • 

max min r ( C~ — A^ — ... — A^ ) = min < r{N) +m — r[N, Q], r{N) +n — r 



N 
CP 



N 
P 



m + n + r{N -QCP)+r{N)-r{C)-r[N, Q]-r 
where N, P and Q are defined in Theorem 23.21. 



N 
P 



The proof of this theorem is much like that of Theorem 23.17 and is, therefore, omitted. Two direct 
consequences of Theorem 23.24 are given below. 

Theorem 23.25. Let Ai, A2, ■■■ , Ak, C G J^^^^i^ be given. Then for a given C~, there exist A~ g {A^}, 
i = 1, 2, ■ ■ ■ , k such that 

^J" + + ••• + = C", 

if and only if C~ satisfies 



+ r[N, Q]-r{N), 





' N Q ' 




■ N ' 


r 


p c- 


= r 


P 



where N, P and Q are defined in Theorem 23.21. 
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Theorem 23.26. Let Ai, A2, • • • , A^, C € ^'"X" be given. Then the set inclusion 

{C-}C{A^+A^ + ... + A^} 
holds if and only if 

R{Ai)nR{A2)n---nR{Ak) = {0}, or R{Aj)nR{Al)n---nR{Al) = {o}, 

or 

' N 



r{N -QCP) =r 



■r[N, Q]-r{N) + r{C) -m-n, 



(23.40) 
(23.41) 

(23.42) 



where N, P and Q are defined in Theorem 23.21. 

The result in Theorem 23.26 impUes the following special case. 
Corollary 23.27. Let Ai, A2, ■■■ , Ak ^'"><" be given. Then the equality 
{A^ +A^ + ---+A^} = {0-} = jr"x™ 

holds if and only if Ai, A2, ■ ■■ , Ak satisfy (23.41). 

Theorem 23.28. Let Ai, A2, ■ ■ ■ , Ak, C e ^™x" be given with 

niiii(A,) ^ {0} and nil ii(^n ^ {0}- 

Then the equality 



+ K} = {c-} 



holds if and only if they satisfy the following rank additivity condition 
"[p ^Q]=r[p]+r{Q)=r[N,Q]+r{P), 

and 

C = -[0, Im] 

where N, P and Q are defined in Theorem 23.21. In that case, the rank of C satisfies the equality 



' N 


Q ' 







P 







. In _ 



r{C) = r{N) + r{Q) -r[N, Q]= r{N) + r(P) - r 

or more precisely 

r{C) = dim[ntii?(A,)] = dim[ntii?(Af )]. 



N 
P 



(23.43) 

(23.44) 
(23.45) 

(23.46) 
(23.47) 

(23.48) 
(23.49) 



Proof. Assume first that (23.45) holds. Then it follows from Theorem 23.26 and (23.44) that Ai, A2, 
■ ■ ■ , Ak, and C satisfy (23.42). On the other hand, (23.45) implies that 



min r{A-^ H + A^. ) = minr(C ), 

c- 

which, by the first equality in Theorem 23.24, is equivalent to 



r[N, Q]+r{N). 



m — n. 



' N 


Q ' 




■ N ' 


. Q 





— r 


P 



r{C) = r 
Putting it (23.42) yields 

r{N -QCP) =r 

On the other hand, it is easy to verify that 



N Q 
P 



(23.50) 



(23.51) 



(23.52) 





" N 


Q 







r 


P 





In 


— r 









-c 





N - QCP 

In 

/„,, 



m + n + r{N -QCP). 
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Thus (23.52) is equivalent to 





' N 


Q 







r 


P 





In 


= r 









-c 





N Q 
P 



In light of (1.5), the rank equality is further equivalent to 



and 



N Q 

P In 



C=-[0, /„ 





■ N 


Q ' 


= r 


P 






N Q 
P 

Im. 



N Q 
P 



(23.53) 



" N 


Q ' 







P 







. In _ 



which are exactly (23.46) and (23.47). Consequently combining (23.51) with (23.46) yields (23.48), and 
then yields (23.49) by Lemma 23.1. Conversely if (23.46)— (23.48) hold, then it is easy to verify that 
(23.42) and Theorem 23.23(c) are all satisfied, both of which imply that (23.45) holds. □ 

On the basis of Theorem 23.28, we now can reasonably extend the concept of parallel sums of two 

matrices to k matrices. 

Defination. The k matrices Ai, A2, ■ ■ ■ , Ak € JF™^" are said to be parallel summable, if the matrix 
product 



-[0, Im] 



' N 


Q ' 







P 







. In _ 



(23.54) 



is invariant with respect to the choice of the inner inverse in it, where N, P and Q are defined in Theorem 
23.21. In that case, the matrix product in (23.54) is called the parallel sum oi Ai, A2, • • • , A^ and denoted 
byp(Ai, A2, ■■■,Ak). 

Various properties on parallel sums of k matrices can easily be derived from Theorem 23.28. Below are 
some of them, which are quite analogous to thosc^ for parallel sums of two matrices. 

Theorem 23.29. A null matrix is parallel summable with any other matrices of the same size, and their 
parallel sum is also a null matrix. 



Proof. Let A 



N Q 
P 



in (23.54). If one of Ai, A2, ■ ■ ■ , A^ is null, then it is easy to verify that 



Q 

P 



r{N) + m + n. 

In that case, applying Corollary 21.7(a) to (23.54), we obtain 



maxr [0, Im]A 

A- 





I. 



= mm < TO, n, r 



N Q 

P In 
Im. 



N Q 
P 



min < TO, n, m + n + r{N) 



N Q 
P 



0. 



This result implies that (23.54) is always null with respect to the choice of A . Thus Ai, A2, • • • , A^ are 
parallel summable. □ 

Theorem 23.30. Let Ai, A2, ■ ■ ■ , Ak G be nonnull matrices. Then they are parallel summable if 

and only if 



R 

or equivalently 
r 





In 



C R 



N Q 
P 



" N 


Q ' 




■ " 


P 





= r 


P 



and R{[0, Imf) C R 

+ r{Q)=r[N, Q]+r{P), 



N Q 
P 



(23.55) 



(23.56) 
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where N, P and Q are defined in Theorem 23.1. 



Proof. It is well-known that (see |118|1 , |103|) that a product AB~C is invariant with respect to the choice 
of A~ if and only if R{A^) C R{B'^) and R{C) C R{B). Applying this assertion to (23.54) immediately 
leads to (23.55). The equivalence of (23.55) and (23.56) is obvious. □ 

Theorem 23.31. Let Ai, A2, • • • , Afc G j:rnxn given. If they are parallel summable, then 

(a) {[p{Ai,A2, ■ ■ ■ , Ak)]- } = {A^ + A^ + ■ ■ ■ + A^ }. 

(b) p( Ai, y42, • • • , Ak) — p{ Ai^ , Ai^ , • • • , Ai^ ), where ii, 12, • • • , ik are any permutation o/l, 2, • • • , k. 

(c) p{ Aj,Al---,Al)^[p{A,,A2,---,Ak)r. 

Proof. If any one oi Ai, A2, ■ ■ ■ , Ak is null, then Parts (a) — (c) are naturally valid by Theorem 23.29. 
Now suppose that Ai, A2, ■ ■ ■ , A^ are nonnuU and parallel summable. Then by Theorems 23.30 and 
23.28, we immediately see that the equality in Part (a) holds. The equality in Part (b) comes from a 

trivial equality {A^ + A2 ^ \- Aj^ } = { Af^ + A:^^ -\ ^ ^i^^ }> and Theorem 21.10(c). By Theorem 

23.30, we also know that if Ai, A2, , ■ ■ ■ , Ak satisfy (23.56), then Aj , A2 , • • • , A]^ naturally satisfy 

+ r(P^) = r[iV^, P^]+r(Q^), 

where N, P and Q are defined in Theorem 23.21. Thus Aj^ , , ■ ■ ■ , Al are also parallel summable. In 
that case, it follows from (23.54) that 











r 





= r 





p{ Ai, A2 , • • • , A'^ ) — 




NT pT 









" N 


Q ' 







P 





-) 





N Q 
P 







[p{Ai. A2 



A, 



□ 



which is the result in Part (c). 

Theorem 23.32. Let Ai, A2, ■ ■ ■ , Ak e jr^^" he given, and B g jr^x™, C € J^"^" are two nonsingular 
matrices. Then Ai, A2, • • • , Ak are parallel summable if and only if BAiC, BA2C, • • • , BAkC are are 
parallel summable. In that case, 



p{BAiC, BA2C, BAkC)^Bp{Ai, A2, ■■■,Ak)C. 



(23.57) 



Proof. If any one of Ai, A2, ■ ■ ■ , Ak is null, then (23.57) is a trivial result by Theorem 23.30. Now 
suppose that Ai, A2, ■ ■ ■ , Ak are nonnuU and denote 

i3 = diag(P, B, B), C' = diag(C, C, • • • , C). 

Since B and C are nonsingular, B and C are nonsingular, too. In that case, it is easy to verify that 



BNC Q 
P 



BNC 
P 



N B-^Q 
PC-^ 



N 

pc-^ 



N 
CPC-^ 



N B-^QB 
CPC'-^ 

' N ' 
P 



N Q 
P 



r[BNC, Q]=r[N, B-^Q]=r[N, B-^QB]=r[N, Q]. 

Combining them with (23.56) clearly shows that Ai, A2, Ak are parallel summable if and only if 
BAiC, BA2C, • • • , BAkC are parallel summable. From the nonsingularity of B and C, we also see that 



" BNC Q ' 




■5-1 ■ 




■ N 


Q ' 




' 


P 




B 




P 







c 
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Thus it follows from (23.54) that 
p{BAiC, BA2C,---,BAkC) 



-[0, Im] 
-[0, Im] 
-B[0, Im] 

Bp{Ai, A2, 



BNC Q 
P 





Ir, 



■ 




■ N 


Q ' 




' B-^ 







B 




P 







C 







' N 


Q ' 







P 







. In _ 



c 



Ak)C, 



which is (23.57). 



□ 



Chapter 24 



Ranks and independence of 
submatrices in solutions to BXC = A 



Suppose that BXC = Ais a. consistent matrix equation over an arbitrary field JF, where A e 
■pmxk g^^^ C e JF'^" are given. Then it can factor in the form 



[Bi, B2] 





X2 ' 




■ " 


. X3 


Xi . 




. ^2 . 



B G 



(24.1) 



where Xi e j^fcixd^ ^3 G T''^-^'^ X^ e jr'^^xd ^^^^ ^4 e jr'^axi^^ fci + fca = k, h + h ^ 1- In this chapter, 
we determine maximal and minimal possible ranks of submatrices Xi — X4 in a solution to (24.1). 

Possible ranks of solutions of linear matrix equations and various related topics have been considered 
previously by several authors. For example, Mitra in_j38| examined solutions with fixed ranks for the 
matrix equations AX = B and AXB = C; Mitra in |9£ 1 gave common solutions of minimal rank of the 
pair of matrix equations AX = C, XB = D; Uhlig in [142| presented maximal and minimal possible ranks 
of solutions of the equation AX ~ B; Mitra [103| described common solutions with the minimal rank to 
the pair of matrix equations AiXBi — Ci and A2XB2 = C2. Besides the work in the chapter, we shall 
also consider in the next two chapters possible ranks of the two real matrices Xq and Xi in solutions to 
the complex matrix equation B{ Xq + iXi )C — A, as well as possible ranks and independence of solutions 
to the matrix equation BiXCi + B2YC2 = A. 

For convenience of representation, we adopt the notation for the collections of the submatrices Xi — X4 
in (24.1) 



S^ = X, 



Xi X2 
X3 X4 



Ci 

C2 



= A 



[Bi, B2] 

It is easily seen that Xi — X4 in (24.1) can be written as 



i = 1, 2, 3, 4. 



Xi = [Ik,, 0]X 



= [0, h,]X 








= PiXQi, X2 = [Ik,,0]X 
^P2XQi, X4^[0,Ik,]X 











= P1XQ2, 
= P2XQ2. 



(24.2) 

(24.3) 
(24.4) 



Since BXC — A \s consistent, its general solution can be written as X = B AC + FbV + WEc- 
Putting it in (24.3) and (24.4) yields the general expressions of Xi — X4 as follows 

Xi=PiXqQi+PiFbVi+WiEcQi, X2 = PiXaQ2 + PiFbV2 + WiEcQ2, (24.5) 
X3^P2XoQi+P2FbVi+W2EcQi, X4 = P2X0Q2+P2FBV2 + W2ECQ2, (24.6) 



where Xq = P- AC- , V = [Vi, ^3] and 



1^1 

14^2 
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Theorem 24.1. Suppose that the matrix equation (24.1) is consistent. Then 



max r(Xi) = mm < fci, 



A B2 
C2 



min r(Xi) = r 



A B2 
C2 



h, r 

- r{B2) - r{C2). 



r{B) - r{C) + ki + h 



(24.7) 
(24.8) 



Proof. It is quite obvious that to determine maximal and minimal ranks of Xi in (24.1) is in fact to 
determine maximal and minimal ranks of PiXQi subject to the consistent equation BXC = A. Thus 
applying (20.3) and (20.4) to Xi = PiXQi produces the following two expressions 



max r(PiXQi) = min < r(Pi), r(Qi), r 

BXC=A 1 V / V / 



Pi 
A B 
Qi C 



- r{B) - r{C) 



min r(PiXQi) = r 

BXC=A ^ ' 



Pi 
GAP 
Qi C 



Pi 
B 



t\Qu G\. 



Putting the given matrices B =\B\, P2 ] , C 



Ci 
C2 



P\ and Qi in them and simplifying yields the 



desired formulas (24.7) and (24.8). The details are omitted. 



□ 



Maximal and minimal ranks of the submatrices X2, X3, and X4 in (24.1) can also be derived in the 
same manner. We omit them here for simplicity. The two formulas in (24.7) and (24.8) can help to 
characterize structure of solutions to (24.1). Next are some of them. 

Corollary 24.2. Suppose that the matrix equation (24.1) is consistent. Then 

X2 
X3 X4 

r{C2). 

X2 



(a) Eq. (24.1) has a solution with the form X = 

>2). 

(b) All the solutions of (24.1) have the form X 
= r{B)+r{C)-ki-h, 



Xz X4 



if and only if r 
if and only if 



A B2 
C2 



r(P2) + 



A B2 
C2 



(24.9) 



or equivalently 

A B2' 
G2 



= r(P2)+r(C2), r(Pi) = h, r(Ci) = h, P(Pi)nP(P2) = {0} and P(Cf )nP(Cj) = {0}. 



(24.10) 

Proof. Part (a) and (24.9) follows directly from (24.7) and (24.8). On the other hand, observe that 



A B2 
C2 





A 


B2 ' 




C2 






- r{B) - r{C) +ki+h 

r{B2)-r{C2) ]+[k,+r{B2)-r{B)] + [h + r{C2)-r{C)]. 



□ 



Thus (24.9) is equivalent to (24.10). 

Theorem 24.3. Suppose that the matrix equation (24.1) is consistent. Then 

Xi 



(a) Eq. (24.1) has a solution with the form X = 

(b) Eq. (24.1) has a solution with the form X = 

(c) Eq. (24.1) has a solution with the form X = 
R{CT). 



X3 

Xi X2 


Xi 





if and only if R{A^) C P(Cf ). 

if and only if R{A) C P(Bi). 
if and only if R{A) C P(Pi) and R{A^) C 
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Proof. According to (20.3) and (20.4), we find that 



mm r 

BXC=A 



X2 



= min rlXOo) = r 

BXC=A ^ ' 



A 



min rfXa, X4l= min r(P2X) ^ r\ A, Bi] - r(Bi) 

BXC=A BXC=A 

Thus we have Parts (a) and (b). The result in Part (c) is evident. 



□ 



Note from (24.5) and (24.6) that Xi and X4, X2 and X3 are independent in their expressions, i.e., 
both of them do not involve the same variant matrices, thus we have the following. 

Theorem 24.4. Suppose that the matrix equation (24.1) is consistent. Then 
(a) Eq. (24.1) must have two solutions with the forms 



X = 


' Xi 


X2 ' 


x = 


' Xi 


X2 ' 




X3 


X4 




X3 


X4 



where Xi — X4 in them with the ranks 



r{X,) 


— min r(Xi ) 


= r 


A 
C2 


B2 ' 



-r(B2) 


-r{C2). 


r(X2) 


= min r(X2) 

X2eS2 


= r 


A 
. ^1 


B2 ' 



-r{B2) 




r{%) 


= min r(X-i) 

XseSa 


= r 


A 
C2 


Bi ' 



-r{B,) 


-riC2), 


r{X4) 


— min r(X4) 


= r 


A 
Ci 


Bi ' 



-r{B,) 


-r(Ci). 



A Bi 
Ci 



(b) Eq. (24.1) has a solution with the form X = 

r{Bi) + r{Ci), and r 

(c) Eq. (24.1) has a solution with the form X = 

r{Bi)+r{C2), and r 



A Bi 
C2 






X2 


X3 





A 


B2 


C2 





Xi 








Xi 


A 


B2 


Ci 






if and only if 
^r{B2)+r{C2). 
if and only if 
= r{B2)+r{Ci). 



The result in Theorem 24.4(c) in fact implies a necessary and sufficient condition for the matrix 
equation BiXiCi + B2X4C2 = A to be solvable, which was first established by Ozgiiler in [110|. 
The uniqueness of the submatrices Xi — X4 in (24.1) can be determined by (24.5) and (24.6). 

Theorem 24.5. Suppose that the matrix equation (24.1) is consistent. The submatrix Xi in (24.1) is 

unique if and only if (24.1) satisfies the following four conditions 



r{Bi) = h, r{Ci) = h, R{Bi)nR{B2)^{0}, R{Cf)nRiC^)^{0}. 



(24.11) 



Proof. It is easy to see from (24.5) that Xi is unique if and only if P,i Fb — and Eq'Qi — 0, where we 
find by (1.2) and (1.3) that 



PiFb = 0^r 



Pi 
B 



= r{B) ^ fci + r{B2) = r{B) r{Bi) = h and R{Bi) (1 R{B2) = {0}, 
EcQi - r[Qi, C] = r{C) h + r{C2) = r(C) ^ r{Ci) = h and R{Cf) n i?(Cj) = {0}. 
Thus we have (24.11). □ 
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The following result is concerning the independence of submatrices in solutions to (24.1). 

Theorem 24.6. Suppose that the matrix equation (24.1) is consistent with B ^ and C ^ 0. 
(a) Consider Si — ^4 in (24.1) as four independent matrix sets. Then 



Xi X2 
X3 X4 



C2 



= mm{r{B), r{C), r(Bi) + r(B2) - r(B) + r(Ci) + r(C2) - r(C)} . 



(24.12) 



(b) The four submatrices Xi — X/^ in (24.1) are independent, that is, for any choice of Xi G Si{i 

Xi X2 
X3 X4 



1, 2, 3, 4), the corresponding matrix X = 



is a solution of (24.1), if and only if 



R{Bi) n R{B2) = {0} and R{Cf)nR{C^) = {0}. 



(24.13) 



Proof. According to (24.5) and (24.6), the general expressions of Xi — X4 in Si — ^4 can independently 
be written as 

Xi = PiXoQi + PiFbVi + WiEcQi, X2 = P1X0Q2 + PiFbV2 + W2ECQ2, 

X3 = P2X0Q1 + P2FBV3 + WsEcQi, Xi ^ P2XaQ2 + P2FBV4 + W4ECQ2, 
where Xo = B^AC^, Vi — V4 and Wi — W4 are arbitrary. Putting them in X yields 

Xi X2 
X3 X4 

Pi] Y n \ ^i^s 1 [ 14 ^2 1 , r W^i 1 [ EcQi 

P2 J + ^ P2FB \[V3 V4 \ ^ [Ws W4 \[ EcQ2 

= Xo + GV + WH, 

where G = diag(PiFB, P2-FB )■, H = d.\B,g{EcQi, EcQ2 )• Applying (1.6) to it, we find 



max r A — \Bi, B2 



Xi X2 

X3 X4 



Ci 

C2 



= ma,xr{BGVC + BWHC) =mm{r{B), r(C), r{BG) + r{HC)} . 
V, w 



(24.14) 



According to (1.2) and (1.3), we see that 

r{BG) 

' BiPi B2P2 ' 

- 2r{B) = r 



r[BiPiFB, B2P2FB] 

BiPi B2P2 
B 
B 



Bi B2 

Bi B2 
Bi B2 



2r{B)=r{Bi)+r{B2)-r{B), 



r{HC) 



= r 



' EcQiCi ■ 




ECQ2C2 


= r 



QiCi C 
Q2C2 C 



2r(C) = r 



Ci Ci 

C2 

Ci 

C2 C2 



2r{C)=r{Ci)+r{C2)-r{C). 



Putting them in (24.14), we obtain (24.12). The result in Part (b) is a direct consequence of (24.12). 
□ 



Let 



M 



A B 
C D 



(24.15) 
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be a partitioned matrix over C, where A e JT'^X", B e J^'^x'', C e P""" and D e P""", and write its 
inner inverse in the block form 



M- 



G3 G4 



(24.16) 



where Gi € j^nxm^ ^^lis section, we determine maximal and minimal ranks of the blocks Gi — G4 in 
(24.16) and consider their relationship with A, B, C and D. 
For convenience of representation, we adopt the notation 



Gi 



Gi G2 
G3 G4 



G{M-} , 



1, 2, 3, 4. 



(24.17) 



Notice that M is in fact a solution to the matrix equation MXM = M. Thus applying the results in 
Theorem 24.1 to (24.15) and (24.16), we find the following. 



Theorem 24.7. Let M and M" be given by (24.15) and (24.16). Then 
max r(Gi) = min{m, n, m + n + r{D) — r{M)} , 

GiGTi 



min r{Gi) = r{M) + r{D) - r[C, D]-r 

GiGTi 

Proof. Follows from (24.7) and (24.8). □ 



B 
D 



(24.18) 
(24.19) 



Corollary 24.8. Let M and M" be given by (24.15) and (24.16). Then 

G2 



(a) M has a g-inverse with the form M = 
r(D). 

(b) All the g-inverses of M have the form M 



G3 G4 



if and only if r{M) = r 



B 
D 



-r[C, D] 



G2 
G3 G4 



if and only if r{M) = m + n — r{D). 



Proof. Follows from Theorem 24.7. 



□ 



Corollary 24.9. Let M and M" be given by (24.15) and (24.16) 

Gi 



(a) M has a g-inverse with the form M~ 

(b) M has a g-inverse with the form M~ 

(c) M has a g-inverse with the form M~ 
Proof. Follows from Corollary 24.3. □ 



Gs 

Gi G2 



Gi 





if and only if R{[C, D)'^]CR{[A, Bf). 



if and only if R 



B 
D 



C R 



A 
C 



if and only if r{M) = r{A). 



Corollary 24.10. Let M and M" be given by (24.15) and (24.16). Then 
(a) M has a g-inverse with the form M~ 



r{M) = r 



A 
G 



+ r[G, D]-r{C)=r 



(b) M has a g-inverse with the form M = 



r(M) 



B 
D 



+ r[C, D]-riD) 



Proof. Follows from Theorem 24.4 (b) and (c) 



Gi 












" B ' 


= r 


D 





G2 









" A 


= r 


G 




□ 



if and only if 
r[A, B]-r{B). 
if and only if 
+ r[A, B]-r{A). 
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Corollary 24.11 (Rao and Yanai 1111911 ). Let M and M" be given by (24.15) and (24.16). Then the 
submatrix Gi in (24.16) is unique if and only if M satisfies the following three conditions 



A 
C 



r[A, B]=m, 
Proof. Follows from Theorem 24.5. 



= n, r(M) = n + r 
□ 



B 
D 



= m + r 



[C, D]. 



Theorem 24.12. Let M and M- be given by (24.15) and (24.16). 

(a) Consider Ti — T4 in (24.17) as four independent matrix sets. Then 



max r{M-M 



Gi G2 
G3 G4 



M 



min < r{M), r 



A 
C 



B 
D 



r[A, B]+r[C, D] ~ 2r{M) 



(b) (Rao and Yanai [119|) The four submatrices Gi — G4 in (24.16) are independent if and only if M 
satisfies the following rank additivity condition 



r{M) = r 
Proof. Follows from Theorem 24.6 



A 
C 



r[A, B]+r[C, D]. 



□ 



In the remainder of this section, we consider the relationship between {A } and Ti, {B } and Ts, 
{C-} and T2, {D-} and T4, where Ti— T4 are defined in (24.17). 



Theorem 24.13. Let M and Ar be given by (24.15) and (24.16). Then 

- r{M) 



msiK r{A~ AGiA) =Timi\ r{A), r{A) + r 



min r{A- AGiA ) ^ r{A) + r{M) + r 

Gi gTi 



B 
C D 






B ' 




■ A 





B ' 




c 


D 


— r 





G 


D 


— r 



A 
B 
G D 



Proof. Let P = [/„, 0] and Q = 0]^. Then according to (22.1) and (22.2), we find that 



max r(A- AGiA ' 



maxr(yl - APArQA ' 

M- 



min|r(ylP), r{QA), r 
min { r[A)^ r\ 
min < r(j4), r 



M QA 
AP A 



r{M) 



= min{r(A), r{M - QAP) + r{A) - r{M)} 

B 
G D 



+ r{A) - r(M) 



(24.20) 
(24.21) 



min r(A-AGiA) = mmr( A - APM~QA) 

GiSTi M- 





M 




M 


QA 


r 


AP 


+ r 


AP 


A 



^ r{A)+r{M)+r{M -QAP)-r[M, QA]-r 
= r{A) + r(M) + r 



M 
AP 






B ' 




■ A 





B ' 




G 


D 


— r 





G 


D 


— r 



A 








B 


G 


D 



establishing (24.20) and (24.21). □ 

A similar result to (24.21) was presented in (21.104). 
Corollary 24.14. Let M and M" be given by (24.15) and (24.16). Then 
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(a) M has a g-inverse with the form M 



A- G2 
G3 G4 



if and only if 



A 








B 


C 


D 




i.e. 



+ r 



A B 
C D 



= r{A) +r(M) +r 



B 
C D 



B 
C D 



Proof. Follows immediately from Theorem 24.13. 



□ 



Corollary 24.15. Let M and M" be given by (24.15) and (24.16), and T1—T4, are given by (24.17). 
Then 



Ti C {A-}, T2 C {C-}, Ts C {B-}, 
are all satisfied if and only if 

r{M) = r{A) + r{B) + r{C) + r{D). 
Proof. If (24.22) holds, then 



T4 C {£»-} 



(24.22) 
(24.23) 



r(M) = r{MM~) = tr{MM~) = tr 



AGi + BG3 AG2 + BG4 
CGi + DG3 CG2 + DGa 
= ir(AGi) + triBGi) + tr{CG2) + tr{DG4) 
= tr{AA- ) + tr{BB- ) + tr{CC- ) + ir (£>£>" ) 
= r{A)+r{B)+r{C)+r{D). 



Conversely, if (24.23) is satisfied, then (24.22) naturally holds by Corollary 24.14(b). 



□ 



When D = in the above theorems and corollaries, the corresponding results can further simplify. We 
leave them to the reader. 



Chapter 25 

Extreme ranks of Xq and Xi in 

solutions to B{Xo + iXi)C ^ A 



Suppose BXC = A is a complex matrix equation. Then it can be written as 



(25.1) 



where Ao, Ai € 7^'"^", Bo, Bi G 7^'"^'=, Co, Ci e 7^'^", andXo, Xi € 7^'=^^ In this chapter we determine 
maximal and minimal ranks of two real matrices Xq and Xi in solutions to the complex matrix equation 
in (25.1), and then present some consequences. To do so, we need the following result. 

Lemma 25.1. The complex matrix equation (25.1) is consistent if and only of the following real matrix 
equation 



' Bo 


-B, ■ 






Y2 " 




■ Co 


-Ci ■ 




■ Ao -Ai ' 




Bo . 




. ^3 


^4 . 






Co . 




_Ai Ao _ 



(25.2) 

is consistent over the real number field TZ. In that case the general solution of (25.1) can be written as 

(25.3) 



X = Xo + iXi = ^{Yi+Yi)+'-{Y3-Y2), 



where Yi — 14 are the general solutions of {2b. 2) overTZ. Written in an explicit form, Xo and Xi in (25.3) 
are 



Xo = 



\p^4>-{.B)4>{A)r{C)Ql + \p2r{B)<k{A)r{C)Q2 



V2 



E4,{c)Qi 



^P2c^-{B)cPiA),l>-{C)Q, - ^PiriBmA)cp-{C)Q2 



+ [P2F^^B), -PlF^iB) ] 



V2 



+ [Wi, W2] 



-E^(C)Q2 

F4,(c)Qi 



Mo -Ml 
Ml Mo 
Vi, V2, Wi and W2 are arbitrary over TZ. 



where cj){M) = (j){Mo + iMi) 



, Pi = [4, 0], P2 = [0, 4], Qi = 







Q2 = 







Proof. It is well known that for any M = Mq + iMi e C™^", there is 



-iln 



iln 



Mo + iMi 
Mo - iMi 



T iT 

Hm -4 





" Mo 


-Ml " 




Ml 


Mo _ 



= </.(M), (25.4) 



where ^(•) satisfies the following operation properties 
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(i) M = N ^ 4>{M) = (f>{N). 

(ii) 4>{M + N)^ (j}{M) + (t>{N), (j){MN) = 4>{M)(j>{N) 

(iii) ct>{M) = K2m(l>{M)K^n^ where i^st = ^ ° ^* 



<t>{kM) = k<t){M), ken. 

t = m, n. 



-It 

(iv) r[(l>{M)] = 2r(M). 

Suppose now that (25.1) has a solution X over C. Applying the above properties (i) and (ii) to it yields 



<j>{B)(^{X)^{C) = 4>{A), 



(25.5) 



which shows that 4'{X) is a sohition to (25.2). Conversely suppose that (25.2) has a sohition Y = 
^ e 7?,2fcx2'^ i.e., (j){B)Y (j){C) = (j){A). Then applying the above property (iii) to it yields 

consequently 

HB){K-,'YK2imC)=^{A), 

which shows that K2i}YK2i is a solution of (25.5), too. Thus ^{Y + K2kYK2i ) is a solution of (25.2), 
and this solution has the form 

1 

2' 



'■2k 



1 


" n 


Y2 ■ 


1 

+ 2 




-Y3 ■ 


1 


2 


. ^3 


^4 . 


-Y2 




" 2 



Yi+Yi 
Y3-Y2 



-{Ys-Y2[ 
Yi+Yi 



Let X = i(yi + n ) + i(F3 - F2 )• Then (f>{X) = |(F + i^2fc^?ii'2; ) is a solution of (25.5). Thus by 

the above property (i), we know that X is a solution of (25.1). The above derivation shows that the two 
equations (25.1) and (25.2) have the same consistency condition and their solutions satisfy the equality 
(25.3). Observe that Yi — Y4 in (25.2) can be written as 



Fi=PiyQi, Y2 = PiYQ2, Y3 = P2YQ^, Yi = P2YQ2, 



where Y = 



Yi Y2 
Ys Yi 



, and the general solution of (25.2) can be written as 



Y = r{B)(t>{A)r{C) + 2F^(B)[Vu V2 ] + 2 



Wi 
W2 



E. 



Hence 



Yi = PiYQ, = P,cl)-{B)<j>{A)c^-{C)Qi + 2P^F^>^b)Vi + 2WiE^^c)Qi, 
Y2 = P1YQ2 = Pi4>~ {B)(t>{A)4)- {C)Q2 + 2PiF^^B)V2 + 2WiE^^c)Q2, 
Ys = P2YQ1 = P2<p-{B)cP{A)<l>-{C)Qi + 2P2F^^B)Vi + 2W2E^^c)Qi, 
Yi = P2YQ2 = P2(l>- {B)(j){A)(j>- {C)Q2 + 2P2F^^B)V2 + 2W2E^^c)Q2. 



Putting them in (25.3) yields the general expressions of the two real matrices Xq and Xi. 
Theorem 25.2. Suppose the matrix equation (25.1) is consistent, and denote 

So = {Xo& 7^'=^' I B{Xo + iXi)C = A}, Si={Xi& 7^'=><' I B{Xo + iXi)C = A } 

Then 



□ 



(25.6) 



(a) The maximal and the minimal ranks of Xq are given by 



max r{Xo) = min ^ k, I, k + l + r 



Ai 

Co 



-Ai Bo 

Ao Bi 
-Ci 



2r{B) - 2r{C) 



min r{Xo) = r 



-Ai Bo 
Ao Bi 
-Ci 



Bo 
Bi 



r[Co, Ci, 



(25.7) 



(25.8) 
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(b) The maximal and the minimal ranks of Xi are given by 

k + l + r 



max r{Xi) = min { k. 



min r(Xi) = r 



Ai 
Co 



Ai Bo 
Ao Bi 
Ci 



2r{B) - 2r{C) 



-Ai Bo 
Ao Bi 
Ci 



Bo 
Bi 



-r[Co, Ci, 



Proof. Applying (19.14) and (19.15) to Xo in (25.3) yields 
max r{Xo) = min{ k, I, r{M) }, 

Xq^Sq 

min r(Xo) = r(M) - r[PiF^(s), ^2^0(5) ] - r 



-E^0(C)Ql 



(25.9) 
(25.10) 

(25.11) 
(25.12) 



where 



M 



Prcl)-{B)(l>{A)cj)-{C)Q^ + \P2ci>-{B)(l>{A)cl>-{C)Q^ P^F^^b) P2F^(b) 



Etj,{c)Qi 



Note that (j){B)(j)- {B)(j){C) = (j)iA) and <^(A)0- (C)0(C) 
difficult but tedious to find that 



(piA). By (1.3), (1.4) and (1.5), it is not 



r(M) 



Pi(t>-{B)cl>{A)^-{C)Qi + ^P2(t>-{B)^{A)cl>-{C)Q2 Pi P2 

Qi 0(C) 

Q2 <^(C) 

(/)(P) 

(p{B) 





-2r[0(B)] - 


2r[0(C)] 











Pi 


P2 











Qi 










cb{C) 




= r 


Q2 










</.(C) 


- 2r[0(B)] - 



























HB) 


<^(A) _ 









Co 


-Ci ' 








= r 


Bo 


Ao 






r[(p{B)] - r[(/)(C)] +k + l 






Ai 


Ao _ 










" Ao 


-Ai 


Bo ' 








= r 


Ai 


Ao 


Bi 




2r{B)-2r{C)+k + l, 




Co 


-Ci 














= r 







Pi 



-A, 
Ao 





Bo 
Bi 



P2 


<^(B) 

-Ao 
-^1 

Ai Ao 



2r[HB)] 



- 2r[^{B)] + k 



4>{C) Qi 
(1>{C) Q2 



r[(j)iB)] + k = r 

- Mm] 



Bo 
Bi 



2r{B)+k, 
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- 2r[<^(C)] + 1 



Ci Co 
Co -Ci 
—Co Ci Ci Co 

= r[Co, Ci]-r[</.(C)]+Z = r[Co, Ci]-2r(C)+Z. 

Putting them in (25.10) and (25.12) yields (25.7) and (25.8). Similarly we can establish (25.9) and (25.10). 

□ 

Below is a direct consequence of Theorem 25.2. 

Corollary 25.3. Suppose the matrix equation (25.1) is consistent. Then 
(a) Eq. (25.1) has a real solution X e T?.'^^' if and only if 



Ao 


-^1 


Bo 


Ai 


Ao 


Bi 


Co 


Ci 






Bo 

Bi 



■r[Co, Ci]. 



(25.13) 



(b) All the solutions of (25.1) are real if and only if 

: 2r(B) + 2r(C) -k-l. 



Ao 

Ax 
Co 



-Ar Bo 

Aq Bi 
Ci 



(25.14) 



(c) Eq. (25.1) /las a pure imaginary solution X = iXi, where Xi e T?.*^^', if and only if 

+ r[Co, Ci]. 



Ao -Ai Bo 
Ai Ao Bi 
Co -Ci 



Bo 
Bi 



(25.15) 



(d) All the solutions of (25.1) are pure imaginary if and only if 

■■ 2r{B) + 2r(C) -k-l. 



Ao ~Ai Bo 

Ai Ao Bi 
Co -Ci 



(25.16) 



Wc next consider extreme ranks of Ao — BoXoCo and Ai — BiXiCi with respect to the real matrices 
Xo and Xi in solution of (i3o + iBi ){Xo + iXi )(Co + iCi ) — Ao + iAi, the corresponding results can 
be used in the next section to determine the relationships of A and C, B and D in generalized inverse 
(A + iB)' + iD. 

Theorem 25.4. Suppose the matrix equation (25.1) is consistent, and So is defined by (25.6). Then 
(a) The maximal rank of Ao — BoXqCq is 

max r( Ao - BoXqCq ) 



= mm < 



r[Ao, Bo], r 



Ao 
Co 



-Ao 


Bo 











Co 








Co 


-Ci 











Ci 


Co 





Bo 


-Bi 


Ao 


-Ai 





Bi 


Bo 


Ai 


Ao 



- 2r(B) - 2r(C) 



(b) The minimal rank of Ao — BoXqCq is 



min r( Ao - BqXoCo ) 



r[Ao, Bo]+r 



Ao 
Co 



+ r 



Ao 


Bo 





Co 











Bo 


-Bi 





Bi 


Bo 



-Ao 


Bo 











Co 








Co 


-Ci 











Ci 


Co 





Bo 


-Bi 


Ao - 


-Ai 





Bi 


Bo 


Ai 


Ao 


" Co 


Ao 










Bo 





Bo 


-Bi 










Bi 


Bo 





192 



YONGGE TIAN 



Proof. Putting the general expression Xq in (25.3) in Aq — BoXqCq yields 



Ao-BoXoCo = Ao-^BoP,cj>-{B)cP{A)cj>-{C)QiCo-^BoP2<p-{B)cf>{A)cj>-{C)Q2Bo 



V2 



- Bo[PlF^(B), P2F^(B)] 

= TV - BqGVCo - BoWHCq. 
Then according to (19.3) and (19.4), we get 



max r( Aq - BqXqCo ) = max r{N - BqGVCq - BqWHCq ) 

XoeSo ' v,w ^ ' 



E^(C)Qi 

£'0(C)<92 



Co 



mini r[N, Bq], 





N ' 




N 


BoG 


r 


Co 




HCo 






min r(ylo " B^XqCq ) 

= min riN - BoGVCo - BoWHCo ) 
v,w 



r[N, Bo]+r 





' N " 




r 




+ r 



N 


BoG ■ 




■ N 


BoG ' 


— r 


N 


Bo ' 


HCo 





— r 


. Co 





_ HGo 






Simplyfying the rank equalities by Lemma 1.1 may eventually results in the two equalities in parts (a) and 
(b). The processes, however, are quite tedious and are therefore omitted them here. □ 

Theorem 25.5. Suppose the matrix equation (25.1) is consistent, and Si is defined by (25.6). Then 
(a) The maximal rank of Ai + BiXiCi is 

max r(Ai + BiXiCi ) 
XieSi 



mm < 



r[Au Bi], r 



Ai 



Ai 


Bi 











Ci 








Ci 


Co 











-Co 


Ci 





Bi 


Bo 


-Ai 


-Ao 





-Bo 


Bi 


Ao 


-Ai 



2r{B) - 2r(C) 



> . 



(b) The minimal rank of Ai + BiXiC\ is 



min r{Ax + BiXiCi) 



r[Au Bi]+r 



Ai 
Ci 



+ r 



— r 



Ai Bi 

Ci 

Bi Bo 

-Bo Bi 



Ai 


Bi 











Ci 








Ci 


Co 











-Co 


Ci 





Bi 


Bo - 


-Ai 


-Ao 


- 


-Bo 


Bi 


Ao 




" Ai 


Bi 










Ci 





Ci 


Co 










-Co 


Ci 





Proof. Writing (25.1) in the following equivalent form 

{Ai-iAo){Xi-iXo){Bi-iBo) 
and then applying Theorem 2.4 to it yields (a) and (b). □ 



-Ci + iCo, 



Corollary 25.6. Suppose the matrix equation (25.1) is consistent, and the two sets So and Si are defined 
by (25.6). 
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(a) // BqXoCo = Aq is consistent over TZ, then 



min r( Ao - BoXqCq ) 



-Ao 


Bo 















Co 








Co 






' Bo 














c\ 


Co 


— r 





Bi 





Bo 


-Bi 


Ao 


-A, 




Bi 


Bo 





Bi 


Bo 


Ai 


Ao 







Co 




Ci 
Ci Co 



(b) If BiX\C\ = —A\ is consistent over TZ, then 
min r(Ai+BiXiCi) 





Bi 















Ci 








Ci 


Co 




' Bo 














-Co 


Ci 


— r 





Si 





Bi 


Bo 


-^1 


-Ao 




Bi 


Bo 





-Bo 


Bi 




-Ai 







Co 




Ci 
Ci Co 



(c) r/ie iwo linear matrix equations 

{Bo+iBi){Xo+iXi)iCo+iCi) = Ao+iAi and BoXoCq = Ao 

have a common solution for Xq G TZ^^'' if and only if 



Co Ci 



-Ao 


Bo 















Co 








Co 


-Ci 




" So 














Ci 


Co 












Bo 


-Bi 


Ao 


-Ai 




Bi 


So 





Bi 


Bo 


Ai 


Ao 







Ci Co 



(d) T/ie two linear matrix equations 

{Bo+iBi){Xo+iXi){Co + iCi)=Ao+iAi and BiXiCi 
have a common solution for Xi e TZ^^'^ if and only if 



-Ai 



Ax 


Si 















Ci 








Ci 


Co 




' Bo 














-Co 


Ci 


= r 





Si 





Si 


So 


-Al 


-Ao 




Si 


So 





-So 


Si 


Ao 


-Ar 







Co Ci 
Ci Co 



Proof. Follows from simplification of Theorems 25.4 and 25.5 under the assumptions of the corollary. 

□ 



Applying Theorem 25.2 to the real matrices C and D in in the inner inverse ( A + ii? ) 
get the following. 



Theorem 25.7. Let N = A + iB € C™^" be given, and denote 
Ti = { CeTe"^™ I C + z£> e {TV-} }, T2 = {S'e7e"^ 

(a) The maximal and the minimal ranks of C in (25.17) are 



C + iDG {N-} }. 



C + iD, we 



(25.17) 



max r(C) = min < m, n, m + n + r{A) — r 



ceTi 



min r(C) = 
ceTi 



A 
B 



-S 
A 





■ A 


-B " 




■ A ' 


r 


B 


A 


— r 


B 



iA, B]+r{A). 
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(b) The maximal and the minimal ranks of D in (25.17) are 



r{D) = min m, n, m + n + r{B) — r 



A -B 
B A 



min riD) 
DeT2 

(c) IfA = 0, then 





■ A 


-B ' 




■ A ' 


r 


B 


A 


— r 


B 



r[A, B]+r{B). 



r{C) = min { m, n, m + n — 2r{B) } . 

(d) IfB = 0, then 

max r(Z)) = min | m, n, m + n — 2r(A) } . 

(e) C R{N) andR{A*) C i?(iV*), then 



minr(C) =r(^), 



min rfl?) = r(B). 
DeT2 



Proof. Follows from replacing A, B and C all hy N = A + iB in Theorem 25.2. 

Corollary 25.8. LetN = A + iBe C™^" be given, Ti and T2 be defined in (25.17). 

(a) has a real generalized inverse if and only if 





■ A 


-B " 




■ A ' 


r 


B 


A 


= r 


B 





■ A 


-B ' 




■ A ' 


r 


B 


A 


= r 


B 



+ r[A, B]-r{B). 

(b) N has a pure imaginary generalized inverse if and only if 

■r[A, B]-r{A). 
Proof. Follows directly from Theorem 25.4(a) and (b). □ 

Theorem 25.9. LetN = A + iBe C'"^" be given, Ti and T2 be defined by (25.17). 
(a) The maximal and the minimal ranks of A — AC A are 



maxr{ A - ACA) = min^ r{A), r{A)+r 






B ' 


+ r 


■ A 


-B ' 




■ A 





B ' 




B 


A 


B 


A 


— r 





B 


A 


— r 



□ 






B " 




■ A 


-B ' 




B 


A 


— r 


B 


A 


} 






A ' 




■ B 


-A ■ 




A 


B 


— r 


A 


B 


} 



min r{A- AC A ) = r{A) + r 

CgTi 



(b) The maximal and the minimal ranks of B + BDB are 
max r{B + BDB ) = min | r{B), r{B) + r 



min r(B + BDB ) = r(B) + r 

-DGT2 



Proof. Follows from replacing A, B and C all by = A + iB in Theorems 25.4 and 
Corollary 25.10. LetN = A + iBe C"^" be given, Ti and T2 be defined by (25.17). 



A 








B 


B 


A 



' 


A ' 




■ B 


-A ' 




■ A 





B ' 




A 


B 


+ r 


A 


B 


— r 





B 


A 


— r 



A 








B 


B 


A 



25.5. 



□ 



(a) N has a generalized inverse with the form N = A +iD if and only if 

= r{A) + r 



A B 
B A 



A 
B 
B A 






B ' 




■ A 


-B ' 


B 


A 


+ r 


B 


A 
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(b) Ti C {A }, i.e., all the generalized inverses of N have the form N = A +iD if and only if 

A -B ] , 
B A 



A B 
B A 



+ r 



A 
B 
B A 



r{B) + r 






B ' 








B 


A 








iB- 


if 


nd only if 




' 


A 


+ r 


■ A 


-B ' 


A 


B 


B 


A 



(d) T2 C {—B }, i.e., all the generalized inverses of N have the form N = C — iB if and only if 

= r{B) + r 



A -B 
B A 



A 
A B 



Proof. Follows directly from Theorem 25.9. 



□ 



Chapter 26 



Ranks and independence of solutions 
of the matrix equation 

BiXCi + B2YC2 = A 



We consider in the chapter possible ranks of solutions X and Y of the matrix equation 
Suppose 

BiXCi + B2YC2 = A, 



(26.1) 



is a consistent linear matrix over an arbitrary field JF, where Bi, Ci, B2, C2 and A are m x p, q x n, 
m X s, t X n and m x n matrices, respectively. In this chapter, We consider the maximal and the minimal 
ranks of solutions X and Y of (26.1), as well as independence of solutions X and Y of (26.1). 

As one of basic linear matrix equation s , (26 . 1) h as been well examined in matrix theory and its appli- 
cations (see, e.g., |8[ |llO[ |ll6| , 131 , 155 1). Its solvability conditions and general solutions for 
X and Y are completely established by using ranks and generalized inverse of matrices. On the basis of 
those results and the rank formulas in the previous chapters, we now can give complete solutions to the 
above two problems. 

The basic tools for investigating the above problems are the following several known results on ranks 
and generalized inverses of matrices. 

Lemma 26.1. Let A e jr™x", Bi e B2 £ .F'"^'^^ Ci e .F'l^" and C2 G .F'^^" be given. Then 

(26.2) 



max r(A- BiXCi - B2Y - ZC2 

X,Y,Z 



min r(A- BiXCi - B2Y - ZC2 ' 

X,Y,Z 



C2 



A Bi B2 
C2 

A Bi B2 
Ci 
C2 



Bi 



B2 ' 



, r 


A 

c\ 


B2 





C2 





A 


B2 








c\ 











. ^2 











iB2) 


- KC2). 







(26.3) 



This lemma can be simply derived from the rank formulas in Theorem 18.4 and Corollary 19.5, and its 
proof is omitted here. 

Concerning the general solution of (26.1), the following is well known. 

Lemma 26.2. Suppose the matrix equation is given by (26.1). Then 

(a)|131| The general solution of the homogeneous equation BiXCi + B2YC2 — can factor as 



X — X1X2 



X. 



Y = YiY2+Y3. 
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where Xi — and Yi — are the general solutions of the following four simple homogeneous matrix 
equations 



B,X, = ~B2Yu X2Ci^Y2C2, B.X^C^O, B2Y3C2 ^ 0, 
Solving these four equations and putting their general solutions in X and Y yields 

X = SiFgUEhTi + Fb, Vi + V2EC, , Y = S2FGUEHT2 + Fg, Wi + Wa^c^ 



(26.4) 




It 



. G = [Bi, B2] and H = 



Ci 
-C2 



the 



where Si = [Ip, 0], 5*2 = [0, Is], Ti = , T2 = 

matrices U, Vi, V2, Wi and W2 are arbitrary. 

(b)[131| Suppose the matrix equation (26.1) is consistent. Then its general solution can factor as 

X ^Xo + XiX2 + X3, Y = Yo + YiY2 + Y3, 

where Xq and Yq are a pair of particular solutions to (26.1), Xi — X3 and Yi — Y3 are the general solutions 
of the four simple matrix equations in (26.4). Written in an explicit form, the general solution of (26.1) 
is 

X^Xo + SiFgUEhTi + Fb.Vi + V2EC,, (26.5) 
Y^Yo + S2FGUEHT2 + Fb, Wi + W2EC, ■ (26.6) 

V arious expressions of a pair of particular solutions of (26.1) can be found in |2|], j72|, |llO| and 



155 . However we only use Xq and Yq in form when determining possible ranks of solutions to (26.1), we 
do not intend to present their explicit expressions in (25.5) and (25.6). 
For convenience of representation, we adopt the following notation 



Ji={Xe T-P'"^ I BiXCx + B2YC2 = v4 }, J2 = { r e T'""' \ B^XCi + B2YC2 =A}. 



(26.7) 



The two expressions in (26.5) and (26.6) clearly show that the general solution X and Y of (26.1) are in 
fact two linear matrix expressions, each of which involves three independent variant matrices. In that case, 
apply Lemma 26.1 to obtain the following. 

Theorem 26.3. Suppose that the matrix equation (26.1) is consistent, and Ji and J2 are defined in (26.7). 
Then 

(a) The maximal and the minimal ranks of solution X of (26.1) are 



min r(X) = r\ A, B2] + r 

(b) The maximal and the minimal ranks of solution Y of (26.1) are 

max r(y) = min J s, t, s + t + r[A, Bi]-r[B2, Bi]-r{C2), s + t + r 
YGJ2 I 





A 








p + q + r 


. ^2 . 


— r 


. ^"2 . 



A 




A 


B2 ' 


. ^2 . 


— r 


C2 






(26.8) 
(26.9) 



A 

Ci 



C2 



A 




A 


Bi ' 




— r 


. ^1 






min rlY) = r\ A, Bi\ 
YeJ2 

Proof. Applying (26.2) and (26.3) to (26.5) yields 

maxr(X) = max r{Xo + SiFgUEhTi + Fb.Vi + V2EC,) 



-r{B2) 
(26.10) 

(26.11) 



mm \ p, q, r 



Xq Fbi SiFg 

Eg, 





^0 




r 









ErTi 
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min r(X) 
xeJi 

= min r{Xo + SiFGUEHTi+FB,Vi+V2Ec, 



= r 



Xq Fbi SiFq 

Ec, 



+ r 



Xn Fbi 
Ec, 
EhTi 



Xq Fbi SiFg 

Ec, 
EhTi 



-r{FB,)-r{Ec,). 



By Lemma 1.1 and BiXqCi + B2Y0C2 = A, we find that r(FBi) =p- r{Bi), r{Ec^) = g - r(Ci), and 

Xq Fbi SiFg 

Ec, 



= r 



= r 



Xo 

Iq Ci 



Ip Si 



Bi 
G 



- r(Bi) - r(Ci) - r{G) 



/p 









'BiSi BiXqCi 
G 









1 






r 




B2 

















Xq 










r 
































' Xo 


Ip 













Ci 









r 







H 









Bi 











" 






























r 










TiC 









BiXqC 















Ci 










r 











+ 






BiXqCi 










- r(Bi) - r(Ci) - r(G) 
+ p + g-r(Si)-r(Gi)-r(G) 



r(Bi) - r(Gi) - r(i?) 



r{Bi) - r{Ci) - r{H) 



+ p + q-r{Bi)-r{Ci)-r{H) 



= r 



C2 
BiXqCi 



+ p + q - r{Bi) - r{H) =r 



C2 
A 



+ p + q-r{Bi)-r{H), 



Xo Fbi SiFg 

Ec, 

EhTi 

Xo Ip Si 

Iq Gi 

Ti H 

Bi 

G 

/„ 



r{Bi) - r{Ci) - r{G) - r{H) 



= r 



I<t 







-TiC H 

-B-iSx BiXqC-i 

G 



r{Bi) - r(Gi) - r(G) - r{H) 
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-Ci Ci 

-C2 

-Bi BiXoCi 

Bi B2 

-Ci 

-C2 

-Bi 

B2 A 

A B2 



+ p + q- r(Bi) - r(Ci) - r(G) - r(iJ) 



+ p + g - r(Bi) - r(Ci) - r(G) - r(i?) 



C2 



+ p + q-r{G)-r{H). 



Thus we have the two formulas in Part (a). By the similar approach, we can establish Part (b). □ 

Furthermore, we can also find the maximal and the minimal ranks of B\XC\ and B2YC2 in (26.1) 
when it is consistent. 

Theorem 26.4. Suppose that the matrix equation (26.1) is consistent, and Ji and J2 are defined by 
(26.7). Then 



max r(BiXCi) = min <^ r[A, B2]-r[Bi, B2] + r{Bi), r 



min r{BiXCi) = r[A, B2 ] + r 



YeJ2 



A 




'A B2' 




— r 


C2 


i]-r[B2, Bi]+r{B2) 


A 




'A Bi ' 


Ci 


— r 


Ci 



A 
C2 



A 



Ci 
C2 



C2 



+ r(Ci) 



+ r(C2) 



min r{B2YC2) = r\A, Bi ] + r 
Proof. Putting (26.4) to BxXCx and then applying (18.5) and (18.6) , we find that 



(26.12) 

(26.13) 
(26.14) 

(26.15) 



max riBxXCx) 

= maxr( BiXqCi + BiSiFgUEhTiCi ) = min <| r[BiXoCi, BiSiFa], r 

min riBiXCi) 
xeJi 

= nunr( BiXqCi + BiSiFqU EhTiCi ) 



BiXqCi 
ErTiCi 



= r[BiXoCi, BxSiFG]+r 



BiXqCi 




ErTiCi 


— r 



BiXqCi BiSiFg 
EhTiCi 



SimpUfying the ranks of the block matrices in them by Lemma 1.1 and BiXqCi + B2Y0C2 = A, we get 
that 



r[B,XoCi, B.SiFg] 



BiXi)Ci BiSi 
G 



r{G) 
-r{G) 



B\ Xq Ci Bi 
Bi B2 

r[BiXoCu B2]+r{Bi)-r{G)=r[A, B2] + r{Bi) - r{G), 



BiXqCi 
ErTiCi 



= r 



BiXoCi 
TiCi H 

BiXoCi 
Ci Ci 
-C2 

BiXqCi 
C2 



-r{H) 
-r{H) 
+ r{Ci) - r{H) = r 



A 
C2 



+ r{C,)-r{H), 
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EhTiCi 



BiXqCi 







TiCi 





H 





G 






BiXqCi Bi 
Ci 







Ci 

-C2 

B2 

Bi 



C2 

B2 BiXoCi 

A B2 
C2 



r{G) - r{H) 
-r{G)-r{H) 



Ci 




- r(G) - r{H) 
+ r{B,)+r{Ci)-r{G)-r{H). 



Therefore we have (26.12) and (26.13). Similarly we can show (26.14) and (26.15). □ 
Contrasting (26.9), (26.11), (26.13), (26.13) with (18.5), we find the following relations 

min r(X) = min r(BiXCi) = mmriA- B2YC2), 
xeJi xeJi Y 

min rCY) = min r(B2YC2) = minr( A - B^XCx ). 

Theorem 26.5. Suppose that the matrix equation (26.1) is consistent, and consider Ji and J2 in (26.7) 
as two independent matrix sets. Then 

max r(A-BiXCi-B2YC2)=m.m\r(Bi) + riB2)-r[Bi,B2], r{Ci) + r(C2) - r 
xeJi,YeJ2 1^ ^ ' ^ ' ^ ' J' ^ ' ^ ' 1^ 62 

(26.16) 

In particular, 

(a) Solutions X and Y of (26.1) are independent, that is, for any X £ Ji and Y £ J2 the pair X and 
Y satisfy (26.1), if and only if 

R{Bi)nR{B2) = {0}, or R{Cl) D R{Cj) = {0}, (26.17) 

where R(-) denotes the column space of a matrix. 

(b) Under (26.17), the general solution o/(26.1) can be written as the two independent forms 

X = Xo + SiQgUiPhTi + Fb.Vi + V2EC, , Y = Ya + S2QGU2PHT2 + Fb.Wi + W2EC,, (26.18) 

where Xq and Yq are a pair of special solutions of (26.1), C/i, U2, V\, V2, Wi and W2 are arbitrary. 

Proof. Writing (26.5) and (26.6) as two independent matrix expressions, that is, replacing U in (26.5) 
and (26.6) by Ui and U2 respectively, and then putting them in ^ — BiXCi — B2YC2 yields 

A- BiXCi- B2YC2 = A- BiXoCi- B2Y0C2- BiSiFgUiEhTiCi- B2S2FGU2EHT2C2 

= -BiSiFgUiEhTiCi - B2S2FGU2EHT2C2 

= -B.SiFgUiEhTiCi + BiSiFgU2EhTiCi 

= BiSiFci -Ui + U2 )EhTiCu 



max r{A- BiXCi- B2YC2) = max r[BiSiFGi-Ui + U2)EhTiCi] 

X^Jl,Y^J2 f/i,t/2 



where Ui and U2 are arbitrary. Then by (18.5), it follows that 

max r\ - 

Ul,U2 

min{ r{BiSiFG), r{EHT^C^) } , 
r(G)=r -r{G)=r{B^) + r{B2)-r{G), 



where 



r{B^S^FG) 



BiSi 
G 
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r{EHT,Ci) = r[T,C,, H] - r{H) = r 



-C2 



'■{H)=r{C^)+r{C2)-r{H). 



Therefore, we have (26.16). The result in (26.17) follows directly from (26.16) and the solutions in (26.18) 
follow from (26.5) and (26.7). □ 



Chapter 27 



More on extreme ranks of 

A - BiXiCi - B2X2C2 and related 
topics 



In Chapter 19 we have presented extreme ranks of a matrix expression 
X2)=A- BiXiC'i - B2X2C2, 



(27.1) 



with respect to Xi and X2 under some restrictions on the given matrices in it. In this chapter we get rid 
of the restrictions to determine the maximal and the minimal ranks of p{Xi, X2) with respect to Xi and 

X2. 

In the two papers p7| by Johnson and | 154 | by Woerdeman, maximal and minimal rank completions of 
partial banded block matrices were well examined. Two general methods for finding maximal and minimal 
ranks of partial banded block matrices were established in these two papers. According to the general 
methods, we can simply find the following two special results for a 3 x 3 partial banded block matrix. 

Lemma 27.1[|3|jl5||. Let 



M 



where e jF™.x" 



An 


A12 


X 


A21 


A22 


^23 


Y 


Az2 


Az-i 



' <i, j < 3) are given, X G jrmix«3 Y € J'" 



(27.2) 



are two variant matrices. 



The 



max r(M) 

X, Y 



mm < TO3 + Us 



All A12 
A21 A22 



mi + ni + r 
TOi + ma + r[yl2i, ^422, ^23] 



^22 ^23 
A32 A33 



ni +n3 + r 



' A12 ' 




A22 


j 


A32 





(27.3) 



and 



min r(M) = r\A2i, 

X, Y 



A 



22, 



123 J 



^12 
A22 
A32 



max 



All 


A12 ' 




' A12 ' 


A21 


A22 


— r 


A22 



-r[A2i, A: 



22 





' A22 


A23 ' 




' A22 ' 


r 


A32 


A33 . 


— r 


A32 



rlA. 



A. 



(27.4) 



Notice that the block matrix M in (27.2) and the matrix expression in (27.1) have two independent 
variant matrices, respectively. This fact motivates us to express the rank of (27.1) as the rank of a block 
matrix, and then apply (27.3) and (27.4) to determine extreme ranks of (27.1) with respect to Xi and X2- 
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It is easy to verify by block elementary operations of matrices that the rank of p{Xi, X2) in (27.1) 
satisfies the equality 



r[p{Xi., X2)]=r 














-X2 








C2 










Bi 


A 


B2 





I,. 





Ci 










Ipi 












P1-P2- qi- q2- 



(27.5) 



Applying Lemma 1.1 to the block matrix in (27.5) and simplying, we obtain the main result of the chapter. 
Theorem 27.2. Let p{Xi, X2) be given by (27.1). Then 



max r[p(Xi, X2)] = min r[A, Bi, B2], r 
and 

min r[p{Xi, X2)] 

^1 , ^2 



A 

Ci 
C2 



r[A, Bi, B2] + max < r 



A 
G2 



A Bi 
C2 





A 


Bi ■ 




A 


B2 ' 


r 


C2 













(27.6) 



A Bi B2 
C2 



A Bi 
Ci 
C2 





A 


B2 ' 




A 


Bi 


B2 ' 




r 


Ci 





— r 


Ci 








— r 



A B2 
Ci 
C2 



(27.7) 



The two rank equalities in (27.6) and (27.7) can help to reveal some fundamental properties of the 
matrix expression p(Xi, X2) in (27.1). For example, let 

max r[p{Xi, X2)] = min r[p{Xi, X2)] ^r{A), 

X\ , X2 Xi . X2 

one can immediately establish a necessary and sufficient condition for the rank oip[Xi^ X2) to be invariant 
with respect to Xi and X2- Notice that two matrices M and N have the same column space if and only 
if r[M, N] — r{M) ~ r{N). Thus the column space of p{Xi, X2) is invariant with respect to Xi and X2 
if and only if 

r[p(Xi, X2), p{Y,, Y2)]^r[p{X,, X2)] =r[p(Fi, Y2)] = r{A) 
holds for all Xi, X2, Yi, Y2, where 
[p{X,,X2), piY,,Y2)] 



[A- BiXiCi - B2X2C2, A - BiYiCi - B2Y2C2] 

Ci 
Ci 



[A, A]-Bi[X^, yi] 



B2[X2, Y2] 



C2 
C2 



Thus applying Theorem 27.1 to the equality, one can also establish a necessary and sufficient condition for 
the column space of p{Xi, X2) to be invariant with respect to Xi and X2. Moreover let (27.7) be zero, 
we can trivialy obtain a solvability condition for the matrix equation BiXiCi + B2X2C2 — A, which has 
been established previously by Ozgiiler in |11C|. 

Corollary 27.3. There exist Xi and X2 such that BiXiCi + B2X2C2 = A if and only if 



r[A, Bu B2] = r[Bu B2], 

] =r(i?i)+r(C2), r 



A 

Ci 
C2 



C2 



A B2 
Ci 



r(B2)+r(Ci). 
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Combining the two formnlas (27.6), (26.7) and those in Chapter 19, we can also cstabUsh some more 
general results for linear matrix expressions with four two-sided independent variant matrices, which, in 
turn, will apply to determine extreme ranks for some more general matrix expressions. 



Theorem 27.4. Let 

p{Xi, X2, X^, X4) = A — BiXiCi — B2X2C2 — B^X^Cz — B4X4C4, 



(27.8) 



be a linear matrix expression with four two-sided terms over an arbitrary field JF, and suppose that the 
given matrices satisfying the conditions 



Then 



R{Bi) C R{B2), and R{Cf) C R{Cl), 
r[A, B2], r 



1, 3, 4, j = 2, 3, 4. 



(27.9) 



niaxr[p(Xi, X2, X3, X4)] = min < 



A 



A Bi 

C2 

C3 

C4 



A Bi B3 
C2 



B4 




A Bi B3 
C2 
C4 



A Bi B4 
C2 
C3 



(27.10) 



imnr[p{XuX2, Xs, X4)] 



A Bi 

C2 

= T 

C3 

C4 



+ max < r 



A 


Bi 


B3 


B4 ' 




A 


C2 











+ r 





r[A, B2]-r 





A 


Bi ' 




A 


B2 ' 


r 


. ^1 





— r 


C2 






A 


Bi 


B3 ' 




A 


Bi 


B3 


B4 


C2 








— r 


C2 











C4 










C4 














A 


Bi 


B4 




A 


Bi 


B3 


B4 




r 


C2 








— r 


C2 











— r 




C3 










C3 














A Br B3 

C2 

C3 

C4 

A Bi B4 

C2 

C3 

C4 



> . 



(27.11) 



Proof. We only show (27.11). Under (27.9), we apply (19.4) to the two variant matrices Xi and X2 in 
(27.8) to yield 



min r[p(Xi,X2, X3, X4)] 

Al , ^2 

= r[A- B3X3C3 - B4X4C4, B2]+r 



A — B3X3C3 — B4X4C4 Bi 
Ci 



= r[A, B2]+r 
Notice that 



A — B3X3C3 — B4X4C4 



A — B3X3C3 — B4X4C4 B\ 
C2 



A — B3X3C3 — B4X4C4 B2 
C2 



A 




A 


Bi ' 




A 


B2 ' 


+ r 




— r 







— r 


C2 






A — B3X3C3 — B4X4C4 Bi 
C2 



(27.12) 



A — B3X3C3 — B4X4C4 Bi 




'A Bi' 




■ B3 ' 


C2 




C2 








X3[C3, 0]- 



B4 





X4[C4, 0]. 



In that case, applying (27.7) to it and then putting the corresponding result in (27.12) yields (27.11). 
□ 
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Corollary 27.5. Let 

p{Xi, X2, X^, X4) = A — BiXi — X2C2 — -B3X3C3 — -B4X4C4 



(27.13) 



he a linear matrix expression over an arbitrary field T with two one-sided terms and two two-sided terms. 
Then 



ma.xr[p{Xi, X2, X^, X4)] = min < to, n, 









A 


Bi ' 










A 




C2 







A 


Bi 


r 


Ci 


, r 


C3 







C2 











. C4 













A 


Bi 


B3 ' 




A 


Bi 


Bi 


r 


C2 










C2 










Ci 










Cs 









-D3 




Bi 




(27.14) 



and 



minr[p(Xi, X2, X3, Xi)] 



A 


Bi 


C2 





C3 





Ci 






+ max < r 



A Bi B3 
C2 
C4 



A 


Bi 


B3 


Bi 


C2 











A 


Bi 


B3 


Bi 


C2 











Ci 












r{Bi)-r{C2) 



A Bi B3 



C2 
C3 
Ci 



A Bi Bi 
C2 
C3 



A Bi B3 
C2 
C3 



Bi 





A 


Bi 


Bi 


C2 








C3 








Ci 









(27.15) 



In particular, the matrix equation 

BiXi + X2C2 + B3X3C3 + BiXiCi = A 
is consistent if and only if 



(27.16) 





A 


Bi ' 







Bi ' 






























C2 







C2 











A 


Bi 


B3 


Bi ' 







Bi 


B3 


Bi ■ 




r 


C3 





= r 


C3 







r 




C2 











= r 


C2 















. Ci 







Ci 

































A 


Bi 


B3 ' 







Bi 


B3 








A 


Bi 


Bi ' 







Bi 


Bi ' 


r 


C2 








= r 


C2 












r 


C2 








= r 


C2 










Ci 










Ci 














C3 










C3 









(27.17) 



(27.18) 



Based on (27.10) and (27.11), we can determine extreme ranks of Ai — BiXCi subject to a pair of 
consistent matrix equations B2XC2 = A2 and B3XC3 = A3. From them we can find lots of valuable 
results related to solvability and solutions of some matrix equations. We shall present them in the next 
chapter. 

Some more general work than those in the chapter is to determine extreme ranks of a linear matrix 
expression A — BiXiCi — B2X2C2 — B3X3C3 with respect to Xi, X2 and X3, as well as A — BiXiCi — 
■ ■ ■ — BkXkCk, k > 3 with respect to Xi — Xk without any restrictions to the given matrices in them. 
According to the method presented by Johnson in |75 , the maximal rank oi A — BiXiCi — • • • — B^XkCk 
can completely be determined. Here we only list the case for fc = 3 without its tedious proof. 



Theorem 27.6. Let 



p{Xi, X2, X3) — A — BiXiCi — B2X2C2 — B3X3C3 
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be a matrix expression over an arbitrary field T. Then 



maxr[p(Xi, X^, X3 ) 1 = min < 



A By B2 
C3 



A 
Ci 
C2 

C3 

A Bi Bs 
C2 





A 


Bi ' 




A 


B2 ' 




A 


B3 ' 


r 


C2 





, r 


Ci 














C3 














C2 






A B2 B3 
Ci 



, r[A, Bi, B2, B3]|. (27.19) 



IFtoui the eight block matrices in (27.19), the reader can easily infer the maximal rank of A— ByXiCi — 
• • • — BhXkCk, in which, the 2'^ block matrices are much similar to those in (27.19). 

As to the minimal rank of A — BiXiCi — • • • — BkXi-Ck when fc > 3, the process to find it becomes 
quite complicated. We do not find at present a general method to solve this challenging problem. However, 
as we have seen in Theorem 27.4 and Corollary 27.5, if the given matrices in a matrix expression satisfy 
some restrictions, then we can still find its minimal rank. Here we list two simple results. 



Theorem 27.7. Suppose Aij{l < i, j < 3) are all nonsingular matrices of order m. Then 

r{A)/2 if r{A) is even 

[r(^) + l]/2 if r{A) is odd 

where 







X 


A12 


Ai3 


min 


r 


A21 


Y 


A23 


X,Y,Z 




A32 


Z 






- 


-A12 


-Ai3 


A = 


A21 





-^23 




A31 


A32 






(27.20) 



(27.21) 



Proof. According to (27.4), we first find that 

■■r[A2i, Y, A23] + 



mmr 
X, z 



X A12 Ai3 
A21 Y A23 
A31 A32 Z 

A12 Ai3 

Y A23 




A12 
Y 
A32 



+ max <^r 
2m + max < r 



A12 
Y 



Y - Ao3A7M^ 



-r[Y, A23] 
2m, r 





A31 



Ai3 

123^13 ^12 

m + max { r{Y - ^as^fs^^is )> r{Y - ^21^3^^ ^32 ) } 
m 



' A21 Y ' 




A31 A32 


— r 


Y - A2iAji^ 


A32 " 








Y 

A32 

- 2m 



■r[A2i, Y] 



, + max{r(y), r(y-M)}, 
where Y = Y - A23A^^Ai2 and M = ^21^:^1^ ^32 - ^23^r3^^i2- Thus 



mm r 

X,Y,Z 



X 


A12 


Ai3 


A21 


Y 


A23 


A31 


A32 


Z 



m + rninmax I r(K), r(M — y)|. 



Notice that r{M -Y) > r{M) - r{Y) for all Y. We see that 

max{r(y), r( M - F ) } > max { r(y), r(M) - r(y) } 



and 



mm max 

Y 



I r(f), r(M-y) I > min max I r(f), r{M) - r{Y)^ . 



[M -Y 

Since Y is arbitrary, we easily get that 

:{r{Y), r{M)-r{Y)} = l J 



mm max ■ 

Y 



r{M)/2 if r{M) is even 

r(M) + l]/2 ifr{M)isodd 
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Consequently, 



mm max 
Y 



{ r(F), r(M-y)|> 



r{M)/2 if r{M) is even 

[r(M) + l]/2 ifr{M)isodd 



(27.22) 



We next show that the lower bound in the right side pf (27.22) can be reached by the left hand side of 

4 



(27.22) by choosing some Y. In fact, suppose M can factor as M = P 
nonsingular. If fc = r(M) is even, we take Y = P 
If fc = r(M) is odd, then we take Y = P 







4/2 




Q, where P and Q are 
Q. In that case, r{M -Y)= r{Y) = k/2. 

In that case, r{M -Y) = (fc - l)/2 and 





r{Y) = {k + l)/2. There two cases show that the left hand side of (27.22) can be reached by the right 
hand side of (27.22). Hence we have 



rninmax I r(F), r{M — Y)^ 



Consequently, 



mm r 

X,Y,Z 



X 


A12 


Aiz 




A21 


Y 


A23 


= m 


A31 


A32 


Z 





r{M)/2 if r{M) is even 

[r(M) + l]/2 ifr{M)isodd 



r(M)/2 if r{M) is even 

[r(M) + l]/2 ifr{M)isodd 



(27.23) 



On the other hand, it is easy to verify that 






-A12 


-^13 










--4l3 


A21 





--423 


— r 





^23-4^3^.412 - ^21-431^-432 





A31 


A32 







-431 









= 2m + r{M). 



Hence r(M) = r{A) - 2m. Putting it in (27.23) yields (27.20). 



□ 



Clearly the 3 x 3 block matrix in (27.20) is a special case of A - BiXiCi - B2X2C2 - B^X^C-a. If A'^^s 
are singular or are not sqTiarc, the formula (27.20) is not valid. But we guess that its minimal rank can be 
expressed through the ranks of A and its submatrices. 

Theorem 27.8. Let 

p{Xi, • • • , Xq ) = A — B\XxC\ — B2X2C2 — B3X3C3 — B4X4C4 — 
be a matrix expression over an arbitrary field T with the given matrices satisfying the conditions 
R[B2, B3]CR{Bi), and R[Cj, Cj]CR{Cf[). 

Then 

m\nr[p{Xi, X5)] 

= min r[A- B4X4C4 - B5X5C5, Bi ] + min r 
X4 , X2 , x^ 



A — B2X2C2 — B^X^Cs 





A 


Bi ' 


— r 








. (27.24) 



Clearly the two minimal ranks in (27.24) can further be determined by (27.7). We leave it to the reader. 

It should be mentioned that although failing to give the minimal rank of the matrix expression A 
—BiXxd — B2X2C2 — B3X3C3 in general cases, we can still express consistency condition using rank 
equalities for the corresponding linear matrix equation 



BiXiCi + B2X2C2 + -B3X3C3 = A. 



(27.25) 



Here we only list the result, its proof will presented in chapter 28. 
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Theorem 27.9. The matrix equation (27.25) is consistent if and only if the following nine rank equalities 
hold 



r[A, B,, B2, B3]=r[B„ B^, B^] , 



A 


Bi ' 











o. 







A 


B3 ■ 


















A 


Bi 


S3 


C2 









C2 
C3 



+ r(Bi), 



C2 



+ r{B3), r 
= r[Bi, B3]+r{C2), r 



A 
C\ 
C2 
C3 

A B2 
C\ 
C3 

A Bi B2 
Cs 

A B2 B3 
Ci 



C2 



Ci 



+ r{B2), 



A Bi Bs 

-A B2 Bs 

C2 

Ci 

Ca Cs 



= r 



C2 
Ci 
Cs Cs 



= r[Si, B2]+r{Cs), 
= r[B2, Bs\+r{Ci), 



Bi Bs 
B2 Bs 



Of course, those rank equalities can also equivalently be expressed by equivalence of matrices, column 
or row spaces of matrices, generalized inverses of matrices, and decompositions of matrices, and so on. 
The reader can easily list them according to Lemma 1.2. 

Solvability and solutions of linear matrix equations have been one of principal topics in matrix theory 
and its applications. Based on the well-known Kronecker product of matrices, one can simply transform 
any kind of linear matrix equations to a standard form Mx = b, and then solve through it. Nearly all 
characteristics of the original equations, however, arc lost in this kind of transformations. So one has been 
seeking various feasible methods to solve linear matrix equations without using the Kronecker product. 
As far as the author knows, Theorem 27.9 could be regarded as one of the most general conclusions on 
solvability of linear matrix equations up to now. 

Just as what we did in Chapter 21, the two results (27.6) and (26.7) can be used to establish various 
types of rank equalities for generalized inverses of matrices. We next list some of them. 

Theorem 27.10. Let A e J^'''' and B e JF'^™ be given. Then 

(a) The maximal and the minimal ranks of AA~ + B~B with respect to A~ and B~ are 



max r( AA~ + B~B ) = min{ m, r{A) + r{B) }, 

A- , B- 

min riAA-+B-B)=r{A)+r{B)-r{BA). 

A-,B- 



(27.26) 
(27.27) 



(b) There are A and B such that AA + B B is nonsingular if and only if r{A) + r{B) > m. 

(c) The rank of AA'^ + B^ B is invariant with respect to the choice of A~ and B^ if and only if 
BA = or r{BA) = r{A) + r{B) - m. 

(d) The rank of AA^ + B~ B is invariant with respect to the choice of A~ and B~ if and only if the 
rank of AA^ — B^ B is invariant with respect to the choice of A~ and B^ . 



Proof. Note that 



AA- + B-B = AA^ + B^B + AVxEa + i=s ^2-8. 



This is a matrix expression with two independent variant matrices. Applying Theorem 27.2 to it and 
simplify we can get Part (a). The detailed is omitted here. Parts (b) and (c) are direct consequences of 
Part (a). Contracting Part (c) and Theorem 21.16(d) we get Part (d). □ 



Applying (27.27), (1-11) and (1-12), we can get the following 

A)-(/„ - A) ] = r(A) + r(/„ - A) - r(A - >12) 



min r\AA~ ^(1, 
A-,{i„,-A)- 



■ m, 



(27.28) 
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min r[{Im + A){Im + A)- + {Im-A)-{Im-A)]=r{Im + A)+r{Im-A)-r{Im-A'^) = m, 

{Im+A)-,{I,n-A)- 

(27.29) 

which imply that the matrices AA^ + {I,n - A)~{Im - A) and + A){Im + A)~ + {1^ - A)~{Im - A) 
are nonsingular for any A~ , (/„ — A)~ and (/,„ + A)~ . 

By the similar approach, we can obtain the following. 

Theorem 27.11. Let A e :P'"X" and B e be given. Then 

(a) The maximal and the minimal ranks of AA~ + BB~ with respect to A~ and B~ are 

max riAA- + BB-) = r[A, B], (27.30) 

A-,B- 

min r{AA~ + BB~) =masi{r{A), r{B)}. (27.31) 

A- , B- 

(b) The maximal and the minimal ranks of AA~ — BB~ with respect to A~ and B~ are 

max r(AA- -SB") =min{r[A, B], r[A, B]+m- r{A) - r{B)}, (27.32) 

A- , B- 

min r{AA- - BB-) =m.&x.{r[A, B]-r{A), r[A, B]-r{B)}. (27.33) 

A- ,B- 

(c) There are A~ and B~ such that AA~ = BB~ if and only if R{A) = R{B) . 
The rank equality in (27.30) can be extended to 

max _r{AiA:[+--- + AkA^)=r[Ai, ■■■,Ak]. (27.34) 



Notice that AiA^ + • • • + A^A'^ is in fact a matrix expression with k independent variant matrices. Hence 

we have no rank formula at present for determining the minimal rank of AiA'^ H \-AkA'^ . Nevertheless, 

we can guess from (27.31) the following 



min r(AiAi H \- AkA^) = max.{r{Ai), ■ ■ r{Ak)}. 



(27.35) 



Theorem 27.12. Let A e J/^^™ and B e JF'^^^™ be given. Then 

min r\A-, 1 = min rlA'A, B' B] = max{ r(A), r(B)}. 

A-,B- A-,B- 



(27.36) 



In general, we can guess from (27.36) the following 

min r[A'^ , ■ ■ ■ , A'^] = min r[ A]; Ai, A'^Ak] = max{r{Ai), r{Ak)}. 



A7.-.A: 



Theorem 27.13. Let A G jr^x", B e T"'"'"'' and C G T'^"" be given. Then 



-Ixr 



min r(A-BB"A-AC-C) 
B-,c- 





■ A 


B ' 


max -j^r 


C 








r{B)-r{C), r 



A B 
C 



+ r{A)-r[A, B] 



A 
C 



(27.37) 

(27.38) 
(27.39) 



In particular, there are B and C such that BB A+AC C = A, i.e., the matrix equation BX + YC = A 
has a a solution with the form X = B~ A and Y = AC~ , if and only if 



A B 
C 



r{B) + r(C) = r 



A 
C 



+ r[A, B]-r{A). 



(27.40) 



Moreover, one can also find extreme ranks of matrix expressions A^A'^ + B^ B^ , A'^A^ ± B^B^ , 
A~ A^ ± B~B'^, a — BB~ ± C~C, and so on. The reader can try them and establish some more general 
results. 



Chapter 28 



Extreme ranks of A — BiXCi subject 
to B2XC2 = A2 and BsXCs = A3 



This chapter considers extreme ranks of the matrix expression A — BiXCi subject to a pair of consistent 
matrix equations B2XC2 = Ai and B3XC3 = A3 over an arbitrary filed J^. A direct motivation for this 
work comes from considering consistency of the triple matrix equations B\XC\ = Ai, B2XC2 = A2 and 
B3XC3 = A3. To do so, we need to know expression of general solution to the pair of matrix equations 
B2XC2 = Ai, B3XC3 = A3. 

Lemma 28.1. Suppose that 

B2XC2 = A2, B3XC3 = A3 (28.1) 

is a pair of matrix equations over an arbitrary filed T . Then 

(a) The general common solution of the pair of homogeneous matrix equations B2XC2 = and 
B3XC3 = can factor as 

X = Xx+X2+X3+ X4, (28.2) 

where Xi, X2, X3 and X4 are, respectively, the general solutions of the following four systems of homo- 
geneous linear m,a,trix equations 

/ ^2X1=0 / X2C2=Q { 82X3=0 / ^4^2=0 

\ =0, \ X2C3 =0, \ X3C3 = 0, \ B3Xi = 0. ^^^■'^> 

Written in an explicit form, it is 

X = FbVi + V2Ec+ Fb, V3EC, + Fb, V^Ec, , (28.4) 



where B 



, C = [C2, C3], and Vi — V4 are four arbitrary matrices. 



B2 
B3 

(b) Suppose that the pair of matrix equations B2XC2 = A2 and B3XC3 = A3 have a common solution. 
Then the general common solution can be written as 



X = Xo + FbVi + V2EC + Fb, V3Ec^ + Fb, VaEc^ , (28.5) 

where Xq is a particular common solution to B2XC2 = A2 and B3XC3 = A3. 

(c) Suppose that the pair of matrix equations B2XC2 = A2 and B3XC3 = A3 have a common solution, 
and the given matrices satisfy 

R{Bl) C R{Bl), R{C3) C R{C2), 

or equivalently 

R{Fb, )CR{Fb,), R{e^,)c R{E^^ ) . 
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Then the general common solution B2XC2 = A2 and B3XC3 = A3 can be written as 

X = Xo + Fb,Vi + V2EC, + Fb,V3Ec„ 
where Xq is a particular common solution to B2XC2 = A2 and B3XC3 = A3 . 
Proof. According to Lemma 18.1, the general solution of B2XC2 = can be written as 

X = Fb,Wi + W2Ec„ (28.6) 

where Wi, W2 are arbitrary. Substituting it into B3XC3 = yields 

B3XC3 = B3Fb,WiC3 + B3W2Ec,C3 = 0. (28.7) 

Observe that R{B3Fb^) C R{B3) and R[{Ec^C3Y] C -R(Cj). We can find by Lemma 26.2(a) that the 
general solutions for W\ and W2 of (28.7) can be written as 

= UEc, + FgVi + V3EC,, 
W2 = -Fb,U + V2EH + Fb^Va, 

where H = B3FB2, G = EC2C3, and U, Vi — V4 are arbitrary. Substituting both of them into (28.6) 
produces the general common solution of B2XC2 = and B3XC3 = as follows 

X = Fb2 FgVi + V2EHEC2 + Fb2 V3Ec^ + Fb, V^Ec^ • (28.8) 

It is easy to verify that the four terms in (28.8) are, in turn, the general common solutions of the four pairs 
of homogeneous equations in (28.3). Thus we have (28.2) and (28.4). The result in Part (b) is obvious 
from Part (a). □ 

Putting (28.5) in Ai - BiXCi, we get 

Ai - BiXCi =Ai- BiXoCi - BiFbViCi - B1V2ECC1 - BiFb2V3Ec,Ci - B^Fb^V^Ec^Ci. (28.9) 

Thus the maximal and the minimal ranks of the matrix expression A — B\XCi subject to B2XC2 = A2 
and B3XC3 = A3 can be determined by the matrix expression (28.9). For convenience of representation, 
we write (28.9) as 

Ai - BiXCi =A- GiViHi - G1V2H2 - G3V3H3 - GiViHi, (28.10) 

where 

A = Ai — BiXoCi, Gi = BiFb, G2 = Bi, G3 = BiFb2, G4 = BiFb3, (28.11) 
Hi = Ci, H2 = EcCi, H3 = EC3C1, H4 = EC2C1. (28.12) 

Observe that (28.10) involves four independent variant matrices Vi — V4. Moreover it is not difficult to 
derive that the above matrices satisfy the following conditions 

i?(Gi) C R{G,) C R{G2), and R{H^) C R{hI) C R{H^), i= 3, 4, (28.13) 

Thus (28.10) can be regarded as a special case of the matrix expression in Theorem 27.4. In that case, 
applying the two formulas in (27.10) and (27.11) to (28.10), we get the main results of the chapter. 

Theorem 28.2. Suppose that the pair of matrix equations B2XC2 = A2 and B3XC3 = A3 have a 
common solution. Then the maximal rank of A\ — B\XG\ subject to A2XB2 = G2 and A3XB3 = C3 is 

max r{Ai - BiXCi) = mm<r[Ai, Bi], r ^ , si, S2, S3, S4 i , (28.14) 

B2XG2 = A2 y \ J 

B3XG3 = A3 

where 
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Ci 



















C3 



















Bi 












^2 





S2 =r 

















. C'l 




Cs 















Si " 






S3 = r 





-A2 


B2 


- r{B2) 




Ci 


C2 










B2 
B3 



- r{C2) - r(C3), 



r[C2, C4]-r{B2)-r{Bs), 



Ai Bi 
-A3 B3 
Ci C3 



- r(B3) - r{Cs). 



Proof. Under (28.13), wc first find by (27.10) that 

max r( Ai - BiXCi ) = maxr( A - GiViHi - G1V2H2 - G3V3H3 - GiViHi ) 
B2XC2 - A2 {^^> 
B3XC3 = A3 



min < r[y4., G2 ], r 



A 
Hi 



A Gi 
H3 
Hi 





G3 


G4 ■ 




A 


G3 ■ 




A 


G4 " 


^2 










//4 





, r 


. 






(28.15) 

Simplifying the ranks of the block matrices in (28.15) by (1.2) — (1.4), as well as B2XQG2 = A2, B3X0G3 = 
A3, we have 



r[A, G2]^r[Ai~BiXoCi, Bi]=r[Ai, B^], 



A 




. Hi . 


= r 



Ai — BiXqCi 





' Ai ' 


= r 







A 


Gi ' 




Ai — BiXqCi 


BiFb 


r 


H3 





= r 


EC3C1 







Hi 







EC2C1 






= r 



Ai 


— BiXqCi 


Bi 







Ci 




C3 




Gx 







C2 









B2 












B3 





Ai 


Bx 










Ci 





C3 







Ci 








G2 


— r 





B2 





-A2 







B3 


-A3 







Ai 








Bi ' 







-A2 





B2 










-A 


3 B3 


— r 


Ci 


G2 















C3 








B2 
B3 



r{C2) - r{G3) 



B2 
B3 



B2 
B3 



r{G2) - r{G3) 



r{G2) - r{G3). 



Similarly we can get 



A G3 Gi 
H2 





A2 




A G3 
Hi 



Ai 



Ci G2 

Ai Bi 
-A2 B2 
Gi G2 






-A3 
C3 



Bi Bi 

B2 

B3 





r[G2, G4]-r(B2)-r(B3), 



- r{B2) - r(G2), 
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A 
H3 







Ai 
-A3 
Ci C3 



Bi 
B3 




r{B3)-r{C3). 



Putting them in (28.15) yields (28.14). □ 

Theorem 28.3. Suppose that the pair of matrix equations B2XC2 = A2 and B3XC3 = A3 have a 
common solution. Then the minimal rank of Ai — BiXCi subject to B2XC2 = A2 and B3XC3 = A3 is 



min r(Ai 
B2XC2 = A2 
BsXCs = As 



BxXCi 



Ai 








Bi 





-A2 





B2 










B3 


Ci 


C2 








Ci 





C3 






Ai 








Bi 


Bi 





-A2 





B2 











-A3 





B3 


Ci 


C'2 


C3 









A 
Ci 





Bi 



B3 








A 


Si 








+ 


■ Ax ' 


B2 


— r 







C2 


C3 . 





+ r[Ax, Bx] 



- max < 



Ax 


Cx 





-A2 
C2 



Bi 
B2 




Ax 


Cx 





-A3 
C3 



Bi 
B3 




" Ax 





Bx 


Bx 








' Ax 





Bx 










-A2 


B2 
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B3 _ 
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> 
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Cx 


C3 










_ J. 




Cx 


C3 








> 











B2 








Cx 








C2 





(28.16) 



Proof. Under (28.13), applying (27.11) to (28.10) yields 

min r( Ax - BxXCx ) 
B2XC2 = A2 
B3XC3 = A3 

= minr( A - GxVxHx - GXV2H2 - G3V3H3 - G4V4H4 ) 

{Vi} 



= r[A, G2]+r 



A 
Hx 



+ r 



A 

H3 
Hi 



Gx 





A 
H2 



G3 




Ga 




+ r[A, G2] +r 



A 




A 


Gx ' 


. Hi . 


— r 


. Hi 








A 


G2 ' 




A 


G3 ' 




r 


H2 





+ max < r 


Hi 





— r 



A 
H3 



G3 




G4 






A 


Ci ■ 




A 


G-, 


Gx ' 




r 


H3 





— r 


H3 








— r 



S3 
S4 

H3 

Hi 



G3 



Ci 





(28.17) 



Simpliiying the ranks of block matrices in (28.17) by (1.2) — (1-4), as well as B2X0C2 = A2, B3X0C3 = A3, 
we can eventually get the rank formula (28.16). But we omit here the tedious steps. □ 

Corollary 28.4. Suppose that the three matrix equations BxXCx = Ax, B2XC2 = A2 and B3XC3 = A3 
are consistent, respectively. Also suppose that any pair of the three matrix equations has a common solution. 
Then 



mm 
B2XC2 = A2 
B3XC3 = A3 



r{Ax- BxXCx) 
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' Bi 


Bi ' 




' Bi ' 


r 


B2 





— r 


B2 







B3 




B3 



Ci C2 
Ci C3 



r[Ci, C2, C3]. 



(28.18) 



Proof. Under the assumption of the corollary, we know by Corollary 20.3 that the given matrices in the 
three equations satisfy the conditions 

R{Ai) C R{Bi), R{Af) C R{Cf), i = 1, 2, 3, . 

B, 



A, 




-A, B, 







B^ 
B, 



■r[Ci, Cj]. i = l, 2, 3. 



In that case, the formula (28.16) reduces to (28.18). □ 

Based on the formula (28.18), one can easily verify that under the assumption of Corollary 28.4, the 
following identity holds 

min r( Ai - BiXCi ) = min r( A2 - B2XC2 ) = min r( A3 - B3XC3 ). 
B2XC2 = A2 BiXCi = Ai BiXCi = Ai 

B3XC3 = A3 B3XC3 = A3 B2XC2 = A2 

One of the most important consequences of (28.18) is concerning the consistency of a triple matrix 
equations. 

Corollary 28.5. The triple linear matrix equations BiXCi — Ai, B2XC2 = A2 and B3XC3 — A3 have 
a common solution if and only if any pair of the three equations has a common solution, meanwhile the 
given matrices satisfy the two rank equalities 
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■r[Ci, C2, C3], 



Bi 
B2 
B3 



(28.19) 



(28.20) 



This result can also be alternatively stated as follows. 

Corollary 28.6. The triple matrix equations B\XC\ = A\, B2XC2 = A2 and B3XC3 = A3 have a 
common solution if and only if the following eight independent simple matrix equations are all solvable 



BiXiCi = Ai, B2X2C2 = A2, B3X3C3 = A3, 



Bi 
B2 



X4 + Y4C1, C2] = 



Ai 




■ Si " 
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B3 _ 



X5 + Y5[Ci, C3] = 



Ai 
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Of course, one can also equivalently write the consistency condition for BiXCi — Ai, B2XC2 = A2 
and B3XC3 = A3 in Theorems 28.5 and 28.6 in term of equivalence of matrices, column or row spaces of 
matrices, generalized inverses of matrices, and so on. 

As a simple consequence of Theorems 28.2 and 28.3 we can also get the maximal and the minimal ranks 
of common solutions to a pair of linear matrix equations. This problem was examined by Mitra |103|. 

Corollary 28.7. Suppose that the pair of matrix equations B2XC2 — A2 and B3XC3 — A3 have a 
common solution, where X is a p x q matrix. Then the maximal rank of common solutions to the pair of 
equations is 



where 



max r(X)=min{p, q, si, 
B2XC2 = A2 
B3XC3 = A3 



si = r{A2) - r[B2) - r[C2) +P + q, 

52 - r{A3) - r{B3) - r{C3) +p + q, 
A2 

53 ^ r 



S2, S3, Si}, 



(28.21) 



Si = r 
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— r 
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B3 . 


— r 


. B3 _ 



r{B2)-r{B3)+p + q. 



The minimal rank of common solutions to the pair of equations is 
r{X) = r 



mm 
B2XC2 = A2 
B3XC3 = A3 
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(28.22) 



Corollary 28.8. Let A, B, C e T'" 

only if 



be given. Then A, B and C have a common inner inverse if ana 



r{A-B)=r 
r{A-C)^r 
r(B-C) =r 



A 
B 

A 
C 

B 
C 



+ r[A, B]-r{A)-r{B), 
+ r[A, C] -r(v4) -r(C), 



r[A-B, A-C]^ 



+ r[B, C]-r{B)~r{C), 

+ r[A, B, C]-riA)-r{B)-r{C), 



A A 
B 

c 



A-B 

A-C 



A 
B 
C 



+ r 



ABO 
A C 



-r{A) -r{B) -r{C). 



In particular, if 



A 
B 
C 



= r[A, B, C]=r{A)+r{B)+r{C), 



then A, B and C have a common inner inverse. 
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Proof. Consider the three matrix equations AX A = A, BXB = B and CXC = C. Then the result in 
the corollary follows directly from Theorems 21.10(a) and 28.5. □ 

When the matrices A, B and C are all idempotent, they have identity matrix as their common inner 
inverse. Thus the five rank equalities in Corollary 28.7 are all satisfied, the first three occurred in Theorem 
3.1, the fourth and the fifth are two new rank equalities for idempotent matrices. 

Another work related to a triple matrix equations BiXCi = Ai, B2XC2 = A2 and B3XC3 = A3 is to 
determine 

max riX-Y), min r{X -Y). (28.23) 

BiXCi = Ai BiXCi = Ai 

B2YC2 = A2 B2YC2 = A2 

BsYCs = As B3YC3 = A3 

Based on Lemma 28.1 and Corollary 27.5, one can routinely find the two ranks in (28.23). From them one 
can also establish Corollaries 28.5 and 28.6. We leave this work to the reader. 

A more general work than those for a triple matrix equations is to consider common solution to a 
quadruple of matrix equations 

BiXCi=Au B2XC2 = A2, B3XC3 = A3, BiXCi = Ai. (28.24) 

Clearly, the quadruple matrix equations have a common solution if and only if 

min r{X-Y) = 0. (28.25) 
BiXCi = Ai 
B2XC2 = A2 
B3YC3 = A3 
B4YC4 = Ai 

If the two pairs BiXCi = Ai, B2XC2 = A2 and B3YC3 = A3, B4YC4 = A4 are consistent respectively, 
then the deference X ~Y in (28.25), according to Lemma 28.1(b), is a linear matrix expression with eight 
independent variant matrices, four of them are one-sided and other four arc two-sided. Unforturnately we 
can not find in general the minimal rank of such a matrix expression. However if the quadruple matrix 
equations satisfy some restrictions, and the expressions for X and Y are reduced to some simple forms, 
then we can find (28.25). One such a case is when (28.24) satisfy the conditions 

R{B'[) C R{B^), R{C2) C i?(Ci), R{Bl) C R{Bl), R{C4) C R{C3). (28.26) 

or equivalently 

R{Fb,)CR{FbJ, R{E'S,)CR{E'S,), R{FbJCR{Fb,), RiE^J C R{E^J. (28.27) 

In that case, the general common solution to B^XCi = Ai and B2XC2 = A2, according to Lemma 28.1(c), 
is 

X = Xa + Fb.Vi + V2EC, + Fb.VsEc,, 

where Xq is a particular common solution to the pair BiXCi = Ai and B2XC2 = A2, Vi — V3 are arbitrary; 
the general common solution to B3YC3 = A3 and B4YC4 = A4 is is 

Y = Yo- Fb.Wi - W2EC, - Fb.WsEc,, 

where Yq is a particular common solution of the pair B3YC3 = A3 and B4YC4 = A4, W\ — W3 are 
arbitrary. Hence 

X-Y = Xo-Yo + Fb,Vi+ Fb, Wi + V2EC, + W2Ec^ + Fb, V3EC, + Fb, WsEc, 



Z + [Fb,, Fb,] 



+ [V2, W2] 



Fb.VsEc, + Fb.WsEc,, 



where Z — Xq — Yq. Applying (27.15) to it, one can determine (28.25), we leave the routine work to the 
reader. Furthermore, we have the following useful consequence. 
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Theorem 28.9. Suppose that the quadruple matrix equations (28.24) satisfy the condition (28.26). Then 
they have a common solution if and only if the following fourteen rank equalities are all satisfied 



r[Bi, Ai]=r{Bi), 








Bi 





-A2 


B2 


Ci 


C2 





As 





B3 





-Ai 




C3 


C4 





A, 





B, 





'A, 


B, 


Ci 


Cj 






= r 



= r 



Ci 
Ai 

Bi 
B2 

B3 
Bi 

B, 
B, 



= r{Ci), i = 1, 2, 3, 4, 
+ C2], 

+ r[C3, C4], 

+ r[Ci, Cj], 



i = l, 2, i = 3, 4. 



(28.28) 
(28.29) 

(28.30) 

(28.31) 



In fact, it is obvious that (28.24) has a common solution if and only if the two pairs B\XCi 
Ax, B2XC2 = A2 and B3YC3 = A3, B4YC4 = A4 are consistent, respectively, and the equation 



[Fb2, Fb^] 



Wi 



+ [V2, W2] 



Fb.VsEc^ + Fb^WsEc, =Yo-Xq 



(28.32) 



is consistent. According to corollary 20.3, the consistency conditions for the two pairs BiXCi — Ai, 
B2XC2 = A2 and B3YC3 = A3, B4YC4, = Ai arc the ten rank equalities in (28.28)— (28.30). Next 
applying the four rank equalities in (27.17) and (27.18) to the equation (28.32) and simplifying, we can 
eventually find that (28.32) is consistent if and only if the four rank equalities in (28.31) hold. Based on 
Theorem 28.9, we are now able to establish a consistency condition for the matrix equation 



BiXiCi + B2X2C2 + B3X3C3 = A, 
which was presented in Theorem 27.9. 
The Proof of Theorem 27.9. Write first (28.33) as 

BiXiCi + B2X2C2 = A — B3X3C3. 



(28.33) 



(28.34) 



Then by Corollary 27.3 we know that this equation is solvable if and only if there exists an X3 satisfying 
the following four rank equalities 



r[Bx, B2, A-S3X3C3] =r[5i, B2], 

r{B,)+r{C2), 



A — B3X3C3 B\ 
C2 



C2 

A — B3X3C3 

A — B3X3C3 B2 
Ci 



Ci 

C2 



(28.35) 

r{B2) + r{Ci). (28.36) 



Applying (1.2) — (1.5) to the right hand sides of these four rank equalities, we see that they are equivalent 
to the following four matrix equations 

EPB3X3C3 = EpA, EB1B3X3C3FC2 = EbiAFc2, 
EB2B3X3C3FC1 = EB2AFC1, B3X3C3FQ — AFq, 



where P = [Bi, B2 ] and Q 
G\XH\ = L\, 



C2 



, which can be simply written as 
G2XH2 = L2, G3XH3 = L3, GsAXHi = L4, 



where 



Gi = EpBs, G2 = EbiBs, G3 = EB2B3, Gi = B3, 

Hi = C3, F[2 = C3Fc2, H3 = C3Fc^, Hi = C3FQ, 

Li = EpA, L2 = Eb,CFb2, L3=Eb2AFc„ L4=AFq. 



(28.37) 

(28.38) 

(28.39) 
(28.40) 
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It is not difficult to deduce that the given matrices in (28.37) satisfy the following four range inclusions 

R{G^)CR{Gl), R{H2)CR{Hi), R{G^) C R{Gj), R{Hi) C R{H3). (28.41) 

Thus by Theorem 28.9 we know that the four equations in (28.37) have a common solution if and only if 
the following fourteen rank equalities all hold 



i, Li 


] = r 




Li 





Gi 





-Li 


Gi 


Hi 


Hi 





u 










-Li 


Gi 


Hi 


Hi 





L2 





G2 







Gg 


H2 


Hz 






= r 



H, 
Li _ 

Gi 
Gi 

Gi 
Gi 

■ G2 

Ga 



= r{Hi), i = 
+ r[Hi, Hi], 

+ r[m, Hi], 

+ r[H2, H3]. 



1, 2, 3, 4, 



i = 2, 3, 4, 



2, 3, 



(28.42) 
(28.43) 

(28.44) 

(28.45) 



Substituting the explicit expressions of Gi, Hi and Li{i = 1, 2, 3, 4) into the eight rank equalities in 
(28.42) and simplifying by (1.2) — (1.4), we can find that they are equivalent to the first eight rank equalities 
in Theorem 27.9, respectively. Next substituting (28.38) (28.40) into the five rank equalities in (28.43) 
and (28.44) and simplifying by (1.2) — (1.4), we can also find that they are equivalent to the first eight 
rank equalities in Theorem 27.9, respectively. We omit the routine processes here for simplicity. As for 
(28.45), we have by (1.2)— (1.4) that 





L2 





G2 ' 




' Eb.AFc, 










-L, 


G3 


= r 







CFci 


H2 


H3 











GaFc, 










A 


Bi 


B3 










-A 





B2 i?3 








= r 


C2 
















Ci 
















G3 C3 











' Bi 







' C2 





r 





B2 


— r 





Gi 



G2 
G3 



+ r[H2, H3] 



Ebi B3 

Eb2 B3 



rlC^Fc,, GsFcJ 



= r 



Bi 




B3 
B2 B3 



+ r 



C2 
Ci 
G3 C3 





■ Bi 







■ G2 





r 





B2 


— r 





Gi . 



Thus (28.45) is equivalent to the last rank equality in Theorem 27.9. Summing up, we find that (28.37) has 
a common solution, or equivalently (28.33) is consistent, if and only if the nine rank equalities in Theorem 
27.9 all hold. □ 



Chapter 29 



Extreme ranks of A — BX — XC 
subject to BXC = D 



As a simple application of the rank formulas in Chapter 27, we determine in this chapter extreme ranks of 
a linear matrix equation A — BX — XC subject to a consistent matrix BXC = D. This work is motivated 
by factoring a matrix £> as ^4 = BB~ ± B~C, and some related topics. Another motivation is from 
considering extreme ranks of ^ — BX — XC subject to X. Quite different to the matrix expressions in 
the previous chapters, the same variant term X occurs two places in ^4 — BX — XC. Although it is quite 
simple in form, we fail to establish a general method for expressing its extreme ranks except some special 
cases. An interesting exception is that when X is restricted by a consistent matrix equation BXC = D, 
extreme ranks of A — BX — XC can completely be determined. 

Theorem 29.1. Let A, D € ^™x", B e ^'"x™ and C e .F"^" be given, and the matrix equation 
BXC = D is consistent. Then 



max r{A- BX - XC) =m.m.\m + r[BA- D, B'^]-r{B), n + r 



AC-D 
C^ 



A B 
C 



-r{C), 

m + n + r{ BAC -BD-DC)- r{B) - r{C) 



and 



min r(A- BX - XC) =r\BA- D, B'^]+r 

BXC=D ^ / L ; J 



AC-D 
C^ 



+ max{si, S2}, 



(29.1) 
(29.2) 



where 





■ A 


B ' 




C 







B 


AC ' 


si = r 


C 





— r 


BA 


B^ 


— r 


C^ 






S2 = r{BAC - BD - DC) - r[BAC - DC, B'^]-r 



BAC - BD 

C' 



Proof. Putting the general solution X = B'DC' + FbVi + V2EC of BXC = D in A- BX - XC we 
first get 



A- BX - XC = A~ DC-B-D - FbViC - BV2EC = piVi, V2), 



(29.4) 



Clearly, this is a linear matrix expression involving two independent variant matrices Vi and V2. In that 
case, we get by (27.6) and (27.7) that 



max r[p{Vi, V2)] = min < r[Ai, B, Fb, ], r 



Ai 
C 
Ec 



Ai B 
C 



Ai Fb 
Ec 



(29.5) 



and 
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min r[p{Vi, V2)] 

Vi, V2 



C 
Ec 



+ r[A, B, Fb]+ max < r 



" Ar 


B ' 




C 





— r 



Ai B Fb 
COO 



Ai Fb 
Ec 



Ai Eb B 






' A, 


B 


— r 


C 







Ec 







Eb 




Ec 







C 








(29.6) 



r[Au B,FB]=r 



where Ai = A — DC — B D. Simplifying the ranks of the block matrix in them by Lemma 1.1, we have 

A-B'D B Im 
OB 

A - DC- 
C 

/n C 



^1 

c 

Ec 
Ai B 
C 



-r{B)=r[BA-D, B'^]+m-r{B), 
+ n-r{C), 



C 



Ai Fb 
Ec 



r(C) = 


r 




C^ 


D B ' 






' A B 







r 


C 


A Im 


" 




In 


C 


-r{B) 


B 







Im 









In 












BAC - BD 



- riB) - r{C) 
m + n + r{ BAC -BD-DC)- r{B) - r{C), 



Ai B Fb 
Ec 



= r 



A B Im 

coo 

B 



C 
BA 52 



Ai 


B ' 




' A 


B 


" 


C 





= r 


C 








Ec 







. In 





c _ 











B 


AC 






= r 








C2 








In 









r{B) 

— r{B) = m + r 

-r(C) 

r(C) = n + r 



C 
BA 52 



-r{B), 



B AC 
C2 



-r{C), 



Ai Fb B 
Ec 





■ A- 


- B- 


D Im B " 






= r 




In 


00c 




r{B) - r(C) 









BOO 











I'm 









= r 


In 










-r{B)-r{C) 










52 BAC - DC 





Ai 


Fb 


Ec 





C 






r[B2, BAC -DC]- r{B) - r(C) + m + n, 



r{B)-r{C) 



ADC- 







In 





c 


c 











B 
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Im 

In 

C2 

BAC - BD 

BAC - BD 



r{B) - r(C) 



Putting them in (29.3) and (29.4) yields (29.1) and (29.2). 



r{B) - r{C) + m + n. 
□ 



Corollary 29.2. Let A, D G ^™x", B e ^™x™ and C G .F"^" be given, and the two matrix equations 
BX + YC = A and BXC = D are consistent, respectively. Then 



AC -D 
C^ 

r{B) + r(C), m + n + r( BAC -BD-DC)- r{B) - r(C)} 



max r{A- BX - XC) =mm<m + r[BA- D, B-'j-riB), n + r 

BXC=D 



(29.7) 



and 



min r{A- BX - XC) ^r[BA- D, B^ 



BXC=D 



AC-D 
C^ 



{- 



+ masi\-r{B^)-r{C^), r{BAC - BD - DC) - r[BAC - DC, B^]-r 



BAC - BD 
C^ 



(29.8) 



Proof. The consistency of BX + YC = A imphes that r 
(29.2) reduce to (29.7) and (29.8) □ 



A B 
C 



r{B)+r{C). Thus (29.1) and 



Corollary 29.3. Let A, D e jc-"ix«^ ^ g ■pmxm (j g jrnxn g^^^^^ qxC = D is consistent. 

Ifr{B^) = r{B) and r{C^) = r{C), then 



max r{A- BX - XC) =mm\m + r[D, B]-r{B), n + '. 



BXC=D 



and 



D 
C 



ic), 



r{B) + r{C), m + n + r{ BAC -BD-DC)- r{B) - r{C)} , 



min r(A- BX - XC) =r[D, B]+r 

BXC=D ^ / L ' J 



D 

C 



( BAC -BD-DC)- r{B) - r{C). 
Proof. Under r{B^) = r{B) and r{C^) = r{C), there are 

r[BA-D, B^]=r[D, B], r \ ^^^^ ^ ] = r\ ^ ] , r[BAC - DC, B^] = r{B), 

r{B)+r{C). 



(29.9) 
(29.10) 





" BAC - BD ■ 


= r{C), 


' BA £2 ■ 




B 


AC ' 


r 


C^ 


C 










Thus we have (29.9) and (29.10). 



□ 



Corollary 29.4. Let A, D e jF™xn^ ^ ^ jrmxm q g jrnxn giyen, and the two matrix equations 
BX + YC = A and BXC = D are consistent, respectively. Then the pair of matrix equations 

BX + XC = A BXC^D (29.11) 

have a common solution if and only if the following three conditions hold 

R{BA-D)CR{B'^), R[{AC-D)'^]CR[{C'^)^], BD + DC = BAC. (29.12) 

Proof. Letting the right hand side of (29.8) be zero and simpliiying yield (29.12). □ 

If BX + XC = A and BXC = D have a common sohition, their general common solution can be 
simply found by the following two steps: First solve the matrix equation 



FbViC + BV2EC =A- DC- - B'D 



(29.13) 
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for Vi and V2. Then put Vi and V2 in X = DC^ + FbVi + V2EC to yield the general common solution 
to the pair of equations. Based on the results in Lemma 26.2, we find that their general common solution 
can be written as 



X = Xo + [Fb, 0]FgUEh 



[0, Im]FGUEH 





Ec 



where X{) is a particular common solution to (29.11), G = [^s, —B], H 



FbSEc, 



C 

Ec 



(29.14) 



U and S are 



arbitrary. From Corollary 29.4 and (29.14) we also see that (29.11) has a unique common solution if and 
only if both B and C are nonsingular and BD + DC = BDC. In that case, the unique common solution 
is X = B-'^DC-'^. 



Theorem 29.1 can apply to determine extreme ranks of the matrix expressions A — BB 
A - BB~ + B~B with respect to B~ . In fact 

maxr(A-SB" = max r{A - BX - XB), 

B- BXB=B ^ ' 



B-B and 



mmr{A- BB~ 



B-B)= min riA- BX - XB), 

' BXB=B ^ ' 



maxr(A-BB-+B-B)= max r\ A - BX - X(-B)], 

B- BX{-B) = -B 

mmr(A-BB-+B-B)= min r\ A - BX - X(-B)]. 

B- BX(-B) = -B 

Applying Theorem 29.1, one can easily get the maximal and the minimal ranks of the matrix expressions, 
as well as necessary and sufficient conditions for the factorization A = BB~ + B~ B or ^ = BB~ — B~ B 
to hold. 

As we mentioned in beginning the chapter, it is a quite difficult problem to find in general extreme 
ranks of the linear matrix expressions A—BX~XC as well as A — BiXCi — B2XC2- However, if the given 
matrices in them satisfy conditions, we can find their extreme ranks. Here we present two special results 
related to the minimal ranks of A — BX + XC and A — X + BXC when both B and C are idempotent. 



Theorem 29.5. Suppose that B and C are mx m and n x n idempotent matrices, respectively. Then 

(29.15) 
(29.16) 



mmr{A-BX + XC)= max{ r{BAC), r{Im - B)A{In - C)}, 



7mnr{A-X + BXC) = r(fiAC). 

In particular, 

(a) The matrix equation BX—XC = A is consistent if and only if ABC = and r( Im—B )A{_ In—C ) 

0. 

(b) The matrix equation X — BXC = A is consistent if and only if ABC = 0. 
Proof. Observe that 

B{A-X + BXC )C = BAG - BXC + B'^XC^ = BAG. 



We first see that r{A- X + BXC) > r{BAC) holds for ah X. On the other hand, let X 
A- A + BAG = BAG. The combination of the above two facts yields (29.16). 
To prove (29.15), we use the simple result 



mmr 

X,Y 



M X 
Y N 



max{ r(M), r{N)}. 



A, then 



(29.17) 



Since both B and C are idempotent, we can factor them as 



B 



h 




P, G = Q 



h 




30. EXTREME RANKS OF SOME QUADRATIC MATRIX EXPRESSIONS 



223 



where k = r{B) and I = r{C). In that case, 



A- BX + XC = P-'^ PAQ 



Let Y = PXQ = 



Yi Y2 
Y3 Yi 



and PAQ 



h 




Si S2 
S3 S4 



PXQ + PXQ [[ 
Then from (29.18) we get 



Q- 



(29.18) 



r{A-BX + XC)=r 
Applying (29.17) to it we find 





" Si 


S2 ' 




■ Yi 


Y2 ' 




■ Yi 


■ 




( 


. S3 


Si 










+ 










min r ( A — BX + XC ) — min r 



Si S2 —Y2 

S3 + ^3 "54 



Si 
S3 + Y3 



:min{r(5i), riS^) }, 



S2-Y2 
Si 



where 



r{Si) = r 



h 




PAQ 



k 




h 




PAQ 



h 




g-i = r{BAC). 



and 



r{SA) = r 

= r(^p-' 
Thus we have (29.15). □ 





Im-k 



Im-k 



PAQ 



PAQ 







/„-; 



Q-M =riIm-B)A{In-C). 



Finally we present another interesting result related to the minimal rank of a complex matrix with 
respect to its imaginary part. It could also be regarded a special case of a matrix expression A — BiXCi — 
B2XC2- We leave it as an exercise to the reader. 

Theorem 29.6. Suppose that A and X are two real matrices of the same size. Then 

min r(A + iX) = - min r 
X 2 X 



' A -X ' 




r{A)/2 


if r{A) is even 


X A 


-{ 


[r(A) + l]/2 


if r{A) is odd 



The problem can also reasonably be considered for a quaternion matrix. Here wc list a conjecture. 

Conjecture 29.7. Let A + iX + jY + kZ be a quaternion matrix, where = = = —1 and ijk = — 1, 
the matrices A, Xi, X2 and X3 are real. Then 



min r(A + iX+jY + kZ) 

X,Y,Z 



r{A)/4 if r{A) = (mod = 4) 

[r(A)+3]/4 i/ r(A) = 1 (mod = 4) 

[ r(A) + 2 ] /4 if r(A) = 2 (mod = 4) 

[r(A) + l]/4 z/ r(A) = 3 (mod = 4). 



Chapter 30 

Extreme ranks of some quadratic 
matrix expressions 



Without much effort, the work in previous chapters can be easily extended quadratic matrix expressions 
involving two independent variant matrices. In this chapter we first present the maximal and the minimal 
ranks of a matrix expression 



q{Xi, X2)=A-{Ai- BtX^Ci )D{A2 - B2X2C2 ] 



(30.1) 



subject to Xi and X2, and then present their various consequences. The fundamental tool used for coping 
with (30.1) is the following rank formula 



r{A- PNQ) = r 



A PN 
NQ N 



r{N). 



(30.2) 



Applying (30.2) to (30.1), we can get 

r[q{X,,X2)] 
= r 



A 




{A 


D{A2-B2X2C2) 


A AiD ' 




■ Bi " 


DA2 D 








D 

^i[0, Ci£>] 



-r{D) 





DB2 



X^[C2, 0] -r(£>). 



(30.3) 



Evidently the matrix expression in the right hand side of (30.3) is linear with two independent variant 
matrices. Applying the rank formulas (27.6) and (27.7) to (30.3) and simplifying, we get the following. 



Theorem 30.1. Let q{Xi, X2) be given by (30.1). Then 



max r[q{Xi, X2)]=inm{ r[A- A1DA2, A1DB2, Bi], r 



A1DA2 -A Bi 
C2 



" A - A1DA2 
C1DA2 
C2 

A1DA2 - A A1DB2 
C1DA2 C1DB2 



(30.4) 



and 



min r[q{Xi, X2)] =r 

^1 ) ^2 



A - A-1DA2 
C1DA2 
C2 



+ r[A-AiDA2, A1DB2, Bi] 



+ max < r 



A1DA2 -A Bi 
C2 



A1DA2 -A Bi A1DB2 
C2 



AiDA2 -A Bi 
C2 
CiDA2 
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A1DA2 - A A1DB2 
C1DA2 C1DB2 



A1DA2 - A A1DB2 Bi 
C1DA2 C1DB2 



A1DA2 - A A1DB2 
C1DA2 C1DB2 
C2 



. (30.5) 



The formulas (30.4) and (30.5) can further simphfy when the given matrices in them satisfy some 
conditions, for example, the two equations BiXiCi = Ai and B2X2C2 = A2 are solvable, respectively; or 
some of them are identity matrices or zero matrices. 

Two nice results are given below. 

Corollary 30.2. Let q{X, Y) = XAY + XB + CY + D, where where A, B, C and D aremxn, I x n, 

m X k, and I x k matrices, respectively. Then 

(a) The maximal and the minimal ranks of q{Xi, X2) are 



(30.6) 
(30.7) 

(30.8) 

(30.9) 





■ A 


B ' 






, r 


C 


D 


}• 




' A 


B ' 




■ A ' 


-r[A, B]| 


C 


D 


— r 


C 



X,Y 

mmr[q{X, Y)] = max 0, r 
x,Y [ 

(b) Let m = n. Then there are X and Y such that q{X, Y) is nonsingular if and only if 

> m. 

(c) There are X and Y such that XAY + XB + YC + D = if and only if 



A B 
C D 



A B 
C D 



< r 



A 
C 



+ r[A, B\. 



The matrix expression q{X, Y) = XAY + XB + CY + D occurs in an elementary operation for a 2 x 2 
block matrix 



(30.10) 



Clearly the lower right block in (30.10) is the matrix expression q{X, Y). If we let X = —CA and 
Y = —A~B, where A~ is an inner inverse of A, then q(X, Y) = D — CA~B, the well-known Schur 

A B ^ 

. Corollary 30.2 acctually gives possible ranks of the lower right block 





■ 




■ A 


B ' 




■ /„ 


Y ' 




A AY + B 


X 


ii . 




C 


D 







h . 




C + XA XAY + XB + CY + D 



complement A in M = 



G D 



of (30.10) after the block elementary operation, including necessary and sufficient conditions for the block 
to be nonsingular or null. 

Corollary 30.3. Let q{Xi, X2) = A — BX1DX2C, where A, B, C and D are mxn, m x k, I x n, and 
px q matrices, respectively. Then the maximal and the minimal ranks of q{Xi, X2) are 



max r[q{Xi, X2)] = min 

Xi , X2 



A 
C 



min r[q{Xi, X2) ] = max \ r{A) - r{D), r 

X\ , X2 



, r[A, B], r(A)+r(£>)|, 

+ r[A, B\-r 



A 
C 



A B 
C 



(30.10) 
(30.11) 



Theoretically one can express rank of any nonlinear matrix expression through rank of a linear matrix 
expression. A basic transformation formula for this is 



r{A- B1X1B2X2 ■ ■ ■ BkXkBk+i ) 

B1X1B2 ••• 
B2 £2^2-83 • • • 



= r 



{-If A 




Bk-iXk-iBk 

Bk BkXkBk+i 



r{B2 



r{Bk). 



(30.12) 
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The block matrix on the right side of (30.12) is obviously a linear matrix expression. 
As an important application we next consider extreme ranks of the Schur complement D — CA^B with 
respect to an reflexive inner inverse A~ of A. A reflexive inner inverse of ^ is a solution of the pair of 
matrix equations AX A = A and XAX = X. The general expression of reflexive inner inverse of A can be 
written as A~ = A~AA~ = ( A"" — FaVi )A{ A~ — V2EA ), where A"" is a particular inner inverse of A, Vi 
and V2 are arbitrary. Therefore, we have 

D - CA-B = D-{ CA-- - CFaVi )A{ A^B - V2EAB), 

Applying (30.4) and (30.5) to it wc get the following. 

Theorem 30.4. The maximal and the minimal ranks of the Schur complement D — CA~ B with respect 
to A~ are given by 



and 

mm.r{D -CA-B) =r 



+ max < r 





■ A ' 




' A B ' 


-r(A)| 


r 


C 




CD 



(30.13) 



B 
D 



+ r[C, D]+r{A) 



' A 


B ' 


— r 


■ A 





B ' 


C 


D 





c 


D 



A 
B 
C D 



, r{D) - r 





' A 







■ A 


B ' 


r 


C 


D 


— r 





D 



. (30.14) 



Remark. Just as what wc did in Chapters 21, 22 and 23, one can further find many consequences from 
(30.13) and (30.14), such as, the rank invariancc of _D — CA^B with respect to the choice of A^; various 
special cases of (30.13) and (30.14) and their interesting consequences when A, B, C and D satisfy some 
conditions; reverse order laws for reflexive inner inverses of products of matrices, rank equalities for sums 
of reflexive inner inverses of matrices, and so on. The reader can easily list them and apply them to find 
some more interesting results. 

Through (30.4) and (30.5) we cal also derive various rank equalities for matrix expressions involving 
products of inner inverses of matrices. We next list several of them without detailed proofs. 



Theorem 30.5. Let A e JT^X", B e 

{I„-BB-)A{Ir,-C-C) 



max r\A 
B-,c- 





■ A ' 




■ A 


B ' 


r 


C 










and 



min r\A — ( I„ 

B-,c- 



+ r{A)-r{B)-riC)Y 
BB-)A{Ir,-C-C)]=r{A)+r{B)+r{C) 



A 
C 



B 




(30.15) 
(30.16) 



Proof. Notice the two general expressions BB' = BB~ + FbViB and C~C = CC~ + CV2EC, where 
B"" and C~ are two particular inner inverses of B and C, respectively, Vi and V2 are arbitrary. Put them 
in A — {Im — BB~ )A{ In — C~C) to yield a quadratic matrix expression. In this case applying (30.4) and 
(30.5) to it and then simplifying we may trivially give (30.15) and (30.16). □ 



Theorem 30.6. Let A e JT^X", B e J^^^™ and C e J^"^« he given. Then 

B-B)A{In-CC-)]=m.m{r{A), m-r{B), n-r(C)}, 

B^B)A{ In - CC- ) ] = max{ 0, r{A) - r{BA) - r{AC) }. 



max r[(7„ 

B-,c- 



min r\{I„ 

B-,C- 



(30.17) 
(30.18) 



In particular, there are B and C such that {1^ — B B )A{ In — CC ) = 0, if and only if r{A) < 
r{BA)+r{AC). 
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Some special cases of (30.17) and (30.18) are listed below: 



m&x_r[{Irn- B-B){Irn-CC-)]=mm{m-r{B), m-r(C)}, 
mm_r[{Im - B-B){Im-CC- )]=max{0, m - r{B) - r{C)}, 

B , C 

ra&yir[{Im - A- A){Ira - AA- )] =m-r{A), 

A- 

ininr[(/r„ - A"A)( - AA~ )] = max{0, m - 2r{A) }. 

A- 

Theorem 30.7. Let A e jP^x™ he given. Then 
m&iLr[A-{I,n-AA-){Irn-A-A)]=m.mr[A-{Irn-AA-){Irn-A-A)] = m + r{A^)-r{A). (30.19) 

A- A- 



Theorem 30.8. Let A G jF™x™ he given. Then 
maxr[ A - ( - A' A){I^ - AA' ) ] = m + r{A^) - r{A), 



(30.20) 



mmr[A -{Im- A' A){I^ - AA' ) ] = niax{ 2r{A^) - r{A^), m - 2r{A) + 2r{A^) - r{A^) }. (30.21) 

A- 



Theorem 30.9. Let A, D e 7"" 



B er 



7U X k 



and C G ' be given. Then 



max 

B-,c- 


r{A- 


BB- 


DC-C) = 


-- min 


and 












min 

B-,c- 


r{A- 


BB- 


DC- 


C) = 


: min{ si, 


where 












si=r 


A, B 


+ r 


■ A ' 
C 


— r 


' A B' 
C 



A 
C 



A B 
-D B 

ceo 



r{B) - r{C) ) , (30.22) 
(30.23) 



S2 = r{B)+r{C)+r[A, B]+: 



A 
C 



A 





B 




A 





B 








-D 


B 


— r 





D 





B 


C 


C 







C 


C 









A B 
D B 
COO 
C 



Some useful consequences of (30.22) and (30.23) are listed below: 
Theorem 30.10. Let A e JP"^", B e JP"^^ and C e JF'^" be given. Then 



max r( A - BB~AC~C) = min -Ir 
B-,c- ' 

and 



A 
C 



r[A, B], 



A 
C 



A ' 




■ A 


B ' 


C 


— r 


C 






+ r[A B]-r{B)-r{C)) , (30.24) 

(30.25) 



min r{A- BB'AC'C) =r\A, B]+r 
B-,c- 

Contrasting (30.25) with (18.6), we see that 

min r(A-BB-AC~C) = TamriA-BXC), 
B-,c- ' X ^ ' 

which can be stated that there is a matrix X with form X = B~AC~ such that A — BXC reaches 
to its minimal rank. We can call this X a minimal rank solution of BXC = A. In that case, X = 
B~AC~ + FaVi + V2EB is also minimizing r{ A — BXC), where Vi and V2 are arbitrary. 

Theorem 30.11. Let B, C e jT^x™ be given. Then 

max r(BC - BB-C'C) = min{r{B), r(C), m + r{C - CBC ) - r{C)}, (30.26) 

B-,C- 
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min r{BC-BB-C-C)=ma^{0, r{C - CBC) + r{B) - m), 

B , C 

and (30.27) 

maxr{B'^ - BB-B-B) =min{r{B), m + r{B - B^ ) - r{B)}, (30.28) 

minr(B2 -BB-B-B) =niax{0, r(B - B^) +r(B) - m}. (30.29) 

B- 

In particular, there are B~ and C~ such that BC can factor as BC = {BB^){C^ C) if and only if 
r{C - CBC) < TO - r{B). There is B' such that B'^ can factor as B'^ = {BB-){B-B) if and only if 
r{B -B^)< m.-r{B). 

Theorem 30.12. Let A e :P'"X'» be given. Then 

majir{A- AA'A'A) = maji{r{A), r{Im-A)}, (30.30) 

A- 

m.mr{A- AA- A- A) =m.ax{0, r{Im - A) +2r{A) - 2m}. (30.31) 

A- 

In particular, there is an A~ such that A can factor asA= {AA~){A~ A) if and only if r{Im — A) < 2m — 
2r{A). Moreover, when r{A) < m/2, there must exist an A~ such that A can factor as A = {AA~){A~ A). 

Theorem 30.13. Let B, C e jr™x™ be given. Then 

max_r(BB~C~C) =max{r(B), r(C) }, (30.32) 
mm_r{B-C-) = niin_ r(BB-C-C) = max{ 0, r{B) + r{C) - m}. (30.33) 

In particular, there are B~ and C~ such that B~C~ =0 if and only if r{B) + r(C) < m. 

Moreover one can also find extreme ranks of matrix expressions A — {Im — BB~ )D{In — C~C), 
A-{Im- B-B)D{In - CC- ), A- B-BDCC-, A - B^B-DC-C^'. and so on. Based on them more 
consequences can be derived. We leave them to the reader. In addition, we present another interesting 
result for the reader to prove 

min r{AA-BB-CC')=dim.[R{A)r\R{B)r\R{C)]. (30.34) 

A- , B- , C~ 

Finally we present a conjecture on the minimal rank of multiple product of inner inverses. 
Conjecture 30.14. Let Ai e :r™'+ix™*, f = i, 2, • • • , fc. Then 

min r{A^A2 ■■ -AT) =max{0, r{Ai)+r{A2) + \- r{Ak) - m2 - ms }. (30.35) 

A7,-A7 



Chapter 31 



Completing triangular block matrices 
with extreme ranks 



Suppose that An and X„ are triangular block matrices with the forms 

Xi2 



All 
All A22 

Anl An2 



An 







(31.1) 



where Aij {n > i > j > 1) is a given Si x tj matrix, Xij (1 < i < j < n) is a variant Si x tj matrix. 
Further let S(Xn) be the collection of all matrices Xn in (31.1). In this article we consider how to choose 
Xn e S{Xn) such that 



(31.2) 



and 





' All 


Xl2 


Xln 


r( An + X„ ) = 


A21 


A22 










Xn — 1 , n 




_ Anl 


An2 ■ 


4 




' All 


Xl2 


Xln 


r( An +Xn)^ 


A21 


A22 










Xn^l^n 




_ Anl 


An2 ■ 


A 



(31.3) 



hold, respectively. 

These two problems are well known in matrix theory as maximal and minimal rank completion 
problems, which ha v e be en previously examined by lots of authors from different aspects (see, e.g., 
[3^ , ^t\ , Its] , 76, 152, 153|). In this chapter, we wish to give a new investigation to the two problems 



by making use of the theory of generalized inverses of matrices. 



Lemma 31.1. Suppose that 
M{Xi2) = 



All X12 
A21 A22 



(31.4) 



is a 2 X 2 block matrix, where An, A21 and A22 are three given si x ii,S2 x ti and S2 x ^2 matrices, 
respectively, and X12 is a variant si x t2 matrix. Then 

(a) The maximal rank of M{Xi2) with respect to X12 is 



max r[M (X12)] = min ■ 
X12 





■ All ' 




A21 



+ t2 



r[A2i, A22] + si 



(31.5) 
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and the matrix X12 satisfying (31.5) can be expressed as 

X12 = X12 + AnA^i^22 + AiiFa^,V + WEa^,A22, 
where V and W are two arbitrary matrices, X\2 is chosen such that 

r{EGXi2FH) = min{ riEa), r{FH) } 



(31.6) 



= min I si+ r{A2i) - r 



All 

-421 



where G = AhFa^i and H = Ea^iA22- 

(b) The minimal rank of M{Xi2) with respect to X12 is 



t2+r{A2i)-r[A2i, A22] \, 



min r[M (X12) 
X12 



All 
A21 



■r[A2i, A22] - r{A2i), 



(31.7) 



and the matrix X 12 satisfying (31.7) is exactly the general solution of the following consistent linear matrix 

equation 

Eg{Xi2 - AiiA^^A22)Fh = 0, 

which can be written as 

X12 = A11A21A22 + AiiFa2,V + WEa2,A22, 

where V and W are two arbitrary matrices. 

(c) The matrix X12 satisfying (31.7) is unique if and only if 



(31.8) 



All 
A21 



r[A2i, A2 



r{A2i). 



In that case, the unique matrix is X12 = AiiA2iA22- 

(d) The rank of M{X 12) is invariant with respect to the choice of X12, if and only if 



r(Aii)=si and i?(Afi) n ii(A|'i) = {0}, 



and 



r{A22) = t2 and R{A2i) n R{A22) = {0}. 
Proof. Applying (1.6) to M{Xi2) in (31.4), we first obtain 



(31.9) 
(31.10) 



r[M{Xr2)] = r 





' An 






■ An " 


r 


_ A21 


A22 


= r 


A21 



+r[A2i, A22]-r(A2i)+r[^G(^i2-AnA^iA22)i^H], (31.11) 



where G = AhFa-^i and H = Ea2iA22- Thus the maximal and the minimal ranks of M(Xi2) subject to 
X12 are, in fact, determined by the term Eg{Xi2 — AiiA2iA22)Fh- It is quite easy to see that 



maxr[i;G(Xi2- AnA2iA22)Fff] =min{ r(i;G), r(Fjj)}, 

and the matrix X12 is given by (31.6). Moreover 

minr[£;G(^i2- AnA^iA22)JH] =0, 

^12 



(31.12) 



(31.13) 



and the matrix X12 is given by (31.8). Putting (31.12) and (31.13) in (31.11) produces (31.5) and (31.7). 
The result in Part (c) is direct consequence of Part (b). The invariance of the rank of M{Xi2) subject to 
X12 is equivalent to the fact that (31.5) and (31.7) are equal, that is. 



An 
A21 



r(A2i) + si or r[ A21, A22 ] = r(A2i) + t2- 
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Finally applying Lemma 1.2 to both of them leads to (31.9) and (31.10). □ 

Notice that M{Xi2) is the simplest case of An + Xn in (31.1) corresponding to n = 2. Thus Lemma 
31.1 presents, in fact, a complete solution to the two problems in (31.2) and (31.3) when n — 2. Our work 
in the next two sections is actually to extend the results in Lemma 1.2 to n x n case. 

31.1. The rricLximal rank completion of An + Xn 

For convenience of representation, we adopt the following notations for the block matrices in (31.1), 



Mi = [Aa, Ai2, 
An 



) 1 ]) i — 2, 3, • • • , ??., 

' ) -^ii ]) * — 1) 2, • • • , Tl, 



A, = 



Qij — 



A^l 

Ail 

Anl 



Aj' 



1, 2, n. 



i < i < j < n, 





An 




Xii 








X2i 


Ni = 


Yi = 






A 




Xi-i^i 




' Xi2 


Xii 













Xi = 




i 






Xi-i.i 














2, 3, 



n, 



(31.14) 
(31.15) 

(31.16) 



(31.17) 



(31.18) 



2, 3, n-1. 



(31.19) 



^Prom (31.17) and (31.18) we see that 

[Qi+i,i, Ni+i] = Qi+i,i+i, i = l,2,---, n-1. (31.20) 
Besides, we use 

Si — { Xi,i+i, X2,i+2, ■ ■ ■ , Xn-i.n }, Z = 1 , 2, • • • , n — 1 

to denote the set of the n — i variant block entries in the zth upper block subdiagonal of Xn in (31.1). 

Theorem 31.2. Let An+X^ be given by (31.2). Then the maximal rank ofAn+Xn subject to Xn € S{Xn) 
is 

max r( A„ + X„ ) 
x„eS(Xn) 

= mm{r{Qn) + {s-ki) + {t-h), r{Q22) + [s - ki) + {t - h), r(Q„„) + (s - A;„) + (t - ;„) } , 

(31.21) 

where s and t are the row number and column number of An + X„, respectively, ki = J2^=i '^'^^ h — 
^'''^ ™™ number and column number of Qii{i = 1, 2, ■ ■ ■ , n) in (31.17), respectively. 

Proof. By induction on n. When n = 2, An +Xn in (31.2) has the same form as M{Xi2) in Lemma 31.1, 
and the result in (31.5) is exactly the result in (31.21) when n = 2. Hence (32.21) is true for n — 2. Now 
suppose that (31.21) is true for + Xn-i- Then we next consider n. According to (31.14) — (31.19), 
An + Xn in (31.2) can be partitioned as 



An-1 + Xn-1 Yn 
Qn,n—1 
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In that case, the maximal rank of An + Xn subject to X„ e S{Xn) can be calculated by the following two 
steps 



max r{An+Xn)= max maxr(^n+X„). 



applying (31.5), we first find that 



roax r ( An+Xn ) = niax r 



An-l + Xn-1 Yn 
Qn,n—1 



mm < r 



An-l + Xn-1 
Qn,n—1 



(31.22) 



(31.23) 



and the matrix Yn satisfying (31.23) can be written as 

Yn = Yn + {An-l + Xn-1 )Qn,n-lNn + GVn + WnH, 

where Vn and W„ are two arbitrary matrices, G = [An-i + Xn-i)FQ^,^_^, H = EQ^^^_^Nn, and Yn is 
chosen such that 

riEoYnFH) = min{ riEo), r{FH) }• 

The next step for continuing (31.22) is to find the maximal rank of the block matrix in (31.23) subject to 
Xn-1- Observe that 



An-l + Xn-1 
Qn,n—1 



^11 Xi2 
A21 A22 

Bi B2 



X 



l,n-l 



Xn-2,n-l 
Bn-1 



(31.24) 



where Bi 



An-l,-, 
A ■ 



i = 1, 2, • • • , n — 1. Hence (31.24) is, in fact, a new (n — 1) x (n — 1) block matrix 



with the same form as An-i + Xn-i in (31.2). Thus by hypothesis of induction, we know that 



An-\ + Xn-1 
Qn,n—1 

= mm{r{Qii) + {t~li), r{Q22) + {s - k2) + {t - h), r{Qn-i,n-i) + {s - kn-i)}, 



max r 
x„_ies(x„_i) 



where t = J2^=i ■ Substituting it into (31.23) yields 

max r{An+Xn) = mm{r{Qii) + {i-li)+tn, r{Q22) + {s - k2) + {i - I2) + tn, 

) + {S - kn-l) + tn, r{Qnn) + {s-kn)}. 

Note that t = i+tn, s — fci = and t — In = 0, thus the above result is exactly the formula in (31.21). 
□ 

^From the proof of Theorem 31.2 we can also conclude a group of formulas for calculating the column 
block matrices Y2, Y3, Yn in the matrix X„ satisfying (31.21). 

Theorem 31.3. The general expressions of the column block entries Y2, I3, • • • , Y^ in the matrix Xn 
satisfying (31.21) can be written in the inductive formulas 



Y2 = Y2 + AiiQ^,N2 + G2V2 + W2H2, 

Yi=Yi + { Ai-i + Xn-1 )Qii-iNi + GiVi + WiH,, i = 3, • • • , n. 



(31.25) 
(31.26) 



where 



Ai-i + Xi 



Ai-2 + Xi-2 Yi-1 
Pi-i Ai-ii-i 



i = 3, • • • , n. 
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V2, V3, • • • , V„, W2, W3, ■ ■■ ,W„ are arbitrary matrices, G2 = AhFq^^, H2 = Eq^^N2 
Gi = +Xi_i)FQ,_._,, Hi = EQ, ._,Ni, i = 3, 

meanwhile Y2, Y3, ■ ■ ■ , Yn are chosen such that 

r{EGY,FH,) = miri{ r{Ec„). r{FH,)}, z = 2, 3, • • • , n. 

Substituting (31.25) and (31.26) into the matrix X„ in (31.2) will produce a general expression for the 
maximal rank completion of A„ + X„ in (31.2). 

On the basis of Theorems 31.3 and 31.3, now we are able to consider the nonsingularity of An + Xn in 
(31.2) when it is a square block matrix. 

Corollary 31.4. Suppose that An + Xn in (31.2) is a square block matrix of size t x t. Then there 
exists an Xn € S{Xn) such that An + Xn in (31.2) is nonsingular, if and only if the block matrices 
Qii, Q22, ■ ■ ■ , Qnn in An Satisfy 

r{Qii) = h, r{Q22) > k2 + h - t, ■ ■ r{Qn-l,n-l) > kn-l + In-l - t, r{Qnn) = kn, 

where ki and k are, respectively, the row number and the column number of Qu{i = 1, 2, • • • , n). In that 
case, the column block matrices Y2, Y3, ■ ■ ■ , Yn in the matrix Xn such that An + Xn is nonsingular are 
also given by (31.25) and (31.26). 

If the matrix An in (31.1) satisfies some additional conditions, the results in Theorems 31.2 and 31.3 
can further simplify. In particular, when An in (31.1) is a diagonal block matrix, we have the following 
simple result. 

Corollary 31.5. Suppose that An in (31.1) is a diagonal block matrix, i.e., Aij = 0{i > j) in (31.1). 
Then 

max r{An+Xn) 
x„eS{x„) 

= min{ r{An) + {s- ki) + {t- h), r{A22) + (s - /ca) + {t- 12), r(^„„) + (s - A;„) + {t- In) }, (31.27) 

where ki and li{i = 1, 2, ■ ■ ■ , n) are as in (31.21). The column block entries Y2, Y^, ■ ■ ■ , Yn in the matrix 
Xn satisfying (31.27) are given by inductive formulas 

Y2 = Y2 + AiiVi + W1A22, 

Yi=Yi + {An-i + Xn-i)Vi + WiAu, i = 3, • • • , n, 

where 

Ai-2 + Xi-2 Yi-i 




Ai-i + X. 



i-l 



the matrices V2, V3, • • • , Vn, W2, W3, • • • , W„ are arbitrary, and Y2, I3, ■ ■■ , Yn in them satisfy 

r{EA^^Y2FA22) = min{r(^Aii), ''(^^22) }, 
r{EG,YiFAj = mm{r{EG,), r(F^«)}, i = 3, • • • , n, 

where Gi = Ai-i + i = 3, • • • , n. 

31.2. The minimal rank completion of A„ + Xn 

From the results in Lemma 31.1(b), we see that the variant entry X12 such that M{Xi2) has its minimal 
rank is, in fact, the general solution of a consistent linear matrix equation constructed by the given matrices 
All, A21 and A22 in ^2- It is not difficult to find by repeatedly using Lemma 31.1(b) that the column 
block entries Y2, Y^, ■ ■ ■ , Yn in the minimal rank completion of An + Xn are also the general solutions of 
n — 1 consistent linear matrix equations constructed by the given block entries in A„. 

Theorem 31.6. Let An + Xn be given by (31.3). Then 
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(a) il52| The minimal rank of An + Xn subject to Xn G S{Xn) is 



min r{A„ + Xn) ^y^riGii) - y2r{Qi+l^^). 



(31.29) 



(b) The general expressions of the column block entries Y2, I3, • • • , Yn in the matrix Xn satisfying 
(31.3) can be calculated by the inductive formulas 



Y2 = AnQ2iN2 + AnFQ,,V2 + W2Eq,,N2, 
Y, = ( + )Q-,^^N, + G^V, + W^H,, i = 3 



1 1 '"1 



(31.30) 
(31.31) 



where 



Ai-2 + Xi^2 Yi^i 
Pi-i Ai^i^i^i 



, i — 3, ■ ■ • , 71, 



^2, V3, • • • , Vn, W2, W'i, • • • , Wn are arbitrary matrices, and 

Gi = {Ai^i+Xi^i)FQ^^_^, Hi = EQ^^_,N„ i^3,---,n. 

Proof. According to the structure of Xn in (31.1) we determine the minimal rank completion of An + Xn 
by the following n — 1 steps 



min r( A„ + Xn ) = min min • • • minr(j4„ + X^)- 
Applying Lemma 31.1(b) we first find that 



(31.32) 



min r( An + Xn ) = min r 
Yr, Y„ 



An-l + Xn-1 Yn 
Qn,n — 1 Xn 



r{Qn.n~l, Nn) -r{Qn.n-l)+r 
r{Qnn) - r{Qn,n-l ) + r 



An-1 + Xn-1 



An-1 + Xn-1 



and the column block matrix Yn satisfying (31.33) is 

Yn = {An-l + Xn-1 )(9,T„_iiV„ + G„K + W„H„, 



(31.33) 



(31.34) 



where 



Gn ^{An+ Xn )i^Q,,,._ i iVn , and H„ = £;q„ „_,7V„, 



Vn and Wn are two arbitrary matrices. Clearly (31.34) is exactly the result in (31.31) when i = n. Observe 
that 



An-l + Xn-l 



An-2 + Xn-2 Yn~l 



Thus we find by Lemma 31.1(b) that 



mm r 



An^l + Xn-1 



ri^Qn— 1,71— 

1) — r{Qn-l,n-2) + r 



An-2 + Xn-2 
Qn-l,n-2 



and Yn-i satisfying (31.35) is 

Yn = {An-2 + Xn-2 )Qn-l n-2-^ri-l + Gn-lVn-1 + W„_ii?„_i, 



(31.35) 



(31.36) 



vhere 



Gn-l = {An-2 + Ar„_2 )^Q„_i,„_2i ^ud Hn-1 = EQ^_-^^_.^Nn-l, Vn 
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and Wn-i are two arbitrary matrices. Clearly (31.36) is exactly the result in (31.31) when i = n 
the same method, we can derive a group of inductive formulas as follows 



1. By 



and 



mmr 



mmr 

Y2 



Ai + X, 

Qi+l,i 

A2+X2 
Q32 



= r{Qii) - r(Qi,i_i) + r 
= r{Qii) + r{Q22) - r{Q2i) 



Ai-i + Xi-i 

QiA-l 



i = n — 1, 



3, 



The general expressions of F2, ^3: • ■ ■ , satisfying the above group of equalities are given in (31.30) and 
(31.31). Finally substituting the above n — 1 equalities into (31.32) results in (31.29). □ 

A particular concern for the problem (31.3) is the uniqueness of Xn satisfying (31.3), which was well 
examined in |152| and |15S]. 

Corollary 31.7. Let An + Xn be given by (31.2). 

(a) il52| The matrix Xn satisfying (31.1) is unique, that is, the matrix An + Xn has a unique minimal 
rank completion, if and only if 



r{Qu) = r{Q,,+i^i) = r((5j+i,i+i), i ^ I, 2, ■ ■ ■ , n ~ I, 
In that case, the minimal rank of An + Xn subject to Xn G S{Xn) is 
r{An+Xn)^r{Qii). 



mm 



(b) Under the conditions in (31.37), the column block entries Y2, is, 
rank completion of An + Xn are given by the group of inductive formulas 



vhere 



Y2 - AnQ2iN2 



Y,^{A^i+X,^i)Q~^_^N,, 



i — 3, 



(31.37) 
(31.38) 

Yn in the unique minimal 
n, 



Ai-2 + Xi_2 



A, 



Proof. Follows directly from (31.30) and (31.31). 



3, 



□ 



In general cases, the maximal rank and the minimal rank of An + Xn subject to Xn G S{Xn) are 
different. If they are equal, it implies that the rank of A„ + Xn is invariant for any choice of Xn G S{Xn)- 
The combination of Theorem 31.2 with Theorem 31.6 yields the following result. 

Corollary 31.8. Let An + Xn be given by (31.2). Then the rank of An + Xn is invariant with respect to 
the choice of Xn € S{Xn) if and only if 

n n — 1 

i=l i=l 

= min{r(Qn) + {s - ki) + {t ~ h), r{Q22) + {s - fcz) + (t - ^2), • • • , r(g„„) + (s - fc„) + (< - In)}, (31.39) 

where s and t are the row and the column numbers of An + Xn, respectively; ki and h are the row and the 
column numbers ofQii{i = 1, 2, • • • , n), respectively. In that case, any sum of of An + Xn can be regarded 
as a maximal or a minimal rank completion of the triangular block matrix An . 

The rank equality (31.39) can be written as some explicit equivalent expressions. When n — 2, the 
rank equality in (31.39) is Lemma 31.1(d). We next present a equivalent statement for (31.39) when n = 3. 
The proof is analogous to that of Lemma 31.1(d) and is, therefore, omitted. 

Corollary 31.9. Suppose that A3 + X3 is a 3 x 3 block matrix as follows 

A3 + X3= A21 A22 X23 , (31.40) 



All 


X12 


-'^13 


A21 


A22 


X23 


A31 


A32 


A33 



236 



YONGGE TIAN 



Then the rank o/ A3 + is invariant with respect to the choice of X12, X13 and X23, if and only if one 
of the following three groups of conditions is satisfied: 

(a) All and [A21, A22] have full row ranks, respectively, and 



R{A{^) n R[A'^i, A^i ] = {0}, and R 



^21 
^22 



(IR 



^31 
^32 



{0}. 



(b) All has full row rank, A33 has full column rank, and 

i?(Afi)nit![A^i, A^,]^{0}, and R[Asi, A32 ] n i?(A33) = {0}. 



(c) As3 and 



A22 
A32 



has full column ranks, respectively, and 



R 



A21 



nR 



A22 
A32 



{0}, and R[A3i, A32 ] n i?(A33) = {0}. 



Remark 31.10. Besides the partitioning method for X„ shown in (31.18) and (31.19), we can also 
inductively partition X„ in (31.2) into 



Zi 

Xn_i 



^„-2 

X2 



X2 



Xn_i^n 





where Zi = [Xi^i^i, Xi^i^2- ■ ■ ■ • ], i = 1, 2, • • • , n — 1. In the same method for deducing the results in 
Sections 31.1 and 31.2, we can also find general expressions of the row block matrices Zi, Z2, ■ ■ ■ , Zn-i to 
the two problems in (31.2) and (31.3). The corresponding results are much analogous to those in Theorems 
31.2 and 31.3, and are, therefore, omitted here. 

In addition to the two methods used or mentioned above, another method available for constructing 
maximal and minimal rank completions of An + Xn in (31.2) and (31.3) is inductively calculating the block 
entries in each upper block subdiagonal of X„. We next illustrate this method by constructing maximal 
and minimal rank completions of A3 + X3 in (31.40). 

According to Lemma 31.1(a) and (b), the maximal and the minimal ranks of A3 + X3 in (31.40) with 
respect to X13 respectively are 



max r ( A3 + X3 ) = min ^ r 
^13 



All X12 
Q21 N2 



and 



minr( A3 + X3) = r 
-^13 



All X12 
Q21 N2 



+ t3, r 



M2 X23 
Q32 A33 



M2 X23 
Q32 ^33 



r(Q22). 



Sl 



(31.41) 



(31.42) 



The general expressions of X13 satisfying (31.41) and (31.42) can respectively be derived from (31.6) and 
(31.8). Observe that the variant entries X12 and X23 occur in two independent block matrices in (31.41) 
and (31.42). Applying Lemma 31.1(a) and (b) to the block matrices in (31.41) and (31.42), we easily 
obtain 



max r(A3 + X3) 



mm <, max r 

X12 



All X12 
Q21 N2 



t3, 



niaxr 

^23 



M2 X23 

Q32 A33 



Sl 



min{r(Qii) +i2 +t3, r{Q22) + si + 13, r{Q33) + si + S2}, 



and 



min r(A3+X3) = minr 

X^eSiXa) X21 



All X12 
Q21 N2 



+ minr 
X23 



M2 X23 
Q32 A33 



- r{Q22) 



= r{Qii) + r(Q22) + r(Q33) - r(Q2i) - r(Q32). 



The matrices X12 and X23 satisfying the above two equalities can respectively be derived from (31.6) and 
(31.7). Clearly the above two equalities are exactly (31.27) and (31.29) when n = 3 in them. 
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It is easy to conclude from the above example that the two completion problems can also be constructed 
by inductively calculating the block entries in the upper block subdiagonals in X„. Speaking precisely, the 
first step of this work is to find the n — 1 block entries in the set = { X21, X23, ■ ■ ■ , Xn-\,n } of X„ 
such that 



and 



Ml X12 
Q21 N2 



Ml X12 
Q21 N2 



max, 



M2 X23 
Q32 N3 



M2 X23 
Q32 N3 



= max. 



M„_i 

Qn,n — 1 



= max. 



M 



n-l 
n,n — 1 



X, 



n—l,n 

N„. 



hold, respectively, where Mi, Qi^i-i and Ni arc defined in (31.14) — (31.17). The second step is to substitute 
the n — 1 given block entries in 5*1 into An + Xn and then to determine the n — 2 block entries in the set 
S2 = {Xi3, X24, ■■■ , Xn-2,n} of X„ such that 



and 



* Xi3 

* * 

* Xi3 



= max, 



mm. 



* X2i 



max. 



mm. 



* Xn-2,n 

* * 



max 



* Xn-2,n 



hold, respectively, where 



Xj. 



Xi 



denotes the submatrix in A„ + X„ as follows 
Ai\ ■ ■ ■ Xij 



Anl 



An 



i < i < j < n. 



Next substituting the n—2 given block matrices in 5*2 into An+Xn and repeating the analogous calculations 
produces inductively the block entries in the 3rd, 4th, (n— l)th upper block subdiagonals in X„. Finally 
substituting all the given entries in the n — 1 upper block subdiagonals of X„ into An + Xn yields maximal 
and minimal rank completions of A„ + X„, respectively. 

Summing up all the results and discussion given in Sections 31.1 and 31.2, we see that there are three 
kinds of general methods available for constructing maximal and minimal rank completions of a triangular 
block matrix: 

(i) Calculating inductively the unspecified column block entries I2, ^3, • ■ ■ • Yn in An + Xn- 

(ii) Calculating inductively the unspecified row block entries Zi, Z2, ■ ■ ■ , Zn-i in An + Xn- 

(iii) Calculating inductively the unspecified upper block subdiagonal entries in An + Xn- 



31.3. Extreme ranks of A — BXC when X is a triangular block matrix 



Let A — BXC be a matrix expression over an arbitrary field T, and suppose X is a variant p x p upper 
triangular block matrix. In that case, A — BXC can also be written as 



A- BXC = A-[Bi, B2 



B„ 



X 



11 



X12 
X22 



X2p 

Xrtr) 





' Ci ' 




C2 




Cp 



(31.43) 



where A e jr™^", B e jc-^x^, C e J^'^", Bi e jr^xfe,^ q. ^ -phxn^ ^ -pkixij^^ <i<j<p). 

In this section, we consider how to determine the maximal and the minimal ranks of the matrix 
expression (31.43) with respect to all variant blocks Xij- This work is motivated by some earlier work on 
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trian gul ar block solutions of matrix equations, and triangular block generalized inverses of matrices (see, 
e.g., Ill, H). 

It is easy to verify that the rank of A — BXC can be expressed as the rank of a block matrix as follows 



riA-BXC) =r 



Ik X 
C Ii 
-ABO 



-k-l. 



Putting (31.43) in it, we get 



"{A- BXC) = r 













... 


Xii 


Xi2 


Xip 






n 
u 


n 
u 


r, 


n 


n 
u 




X2p 















• • • hp 





••• 


Xpp 




r 


Ci 








... 


ih 


••• 





-k-l 




C2 








... 














Cp 








... 





••• 


lip 






_ -A 


Bi 


B2 


Bp 





••• 









Gil 




Xii 


X12 




Xip 






G21 




G22 


X22 




X2p 




r 














-k- 


I. 




Gpi 




Gp2 


Gp3 




Xpp 






Gp+i. 


1 


Gp+ia 


Gp+l,3 




Gp+i,p+i 





(31.44) 



This equality shows that the maximal and the minimal ranks of yl — BXC in (31.43) can completely 
determined by those of the block matrix in (31.43). Applying (31.27) and (31.29) to the block matrix in 
(31.44) and then simplifying, we obtain the following. 

Theorem 31.11. Let A - BXC be given by (31.43), and let 

\Bi, 



B^ = 
Then 

Taiar{A- BXC 
and 

mmr{A~ BXC] 



B, 



1, 2 





■ A ' 




A 


Bi 




I- 


. Gi . 




. ^2 





, ■ • • , r 



A B, 

Cn 



p-1 



r[A,Bp]), (31.45) 



A 

Ci 



A Bi 
C2 



A Bp^i 
Cp 



r[A, Bp]-r 



A 


Bi 




• — r 


A 


Bp 


. ^1 









Cp 






(31.46) 



In particular^ the upper triangular block matrix X satisfying (31.45) is unique if and only if 

r{Gu) = riG,+i,,) = r{G,+i,,+i), z = 1, 2, • • • , p, (31.47) 
where Gij is defined in (31.44). 

For simplicity, the steps for presenting (31.45) and (31.46) are omitted. Furthermore the upper trian- 
gular block matrix X satisfying (31.45) and (31.46) can respectively be determined by the three general 
methods presented in Sections 31.1 and 2. We also omit them here for simplicity. 

Two direct consequences of the formula (31.46) are given below. 
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Corollary 31.12. The matrix equation 
[Bi, B2, ■■■ , Bp] 



ip 

X22 ■ ■ ■ X2p 

Xiiri 









C2 







(31.48) 



is consistent if and only if R{A) C R{B), R{A'^) C R{C^), and 

Ci+i 



A Bi ■■■ B, 
Ci+i ••• 



Cp 







+ r[Bi, Bi], i = l,2 ■■■,p-l. 



(31.49) 



Proof. Let the right-hand side of (31.46) be zero and then simphfy to yield the desired result. □ 

The general expressions of Xij satisfying (31.48) can also be determined by the general method pre- 
sented in Sections 31.2. 

It is well known that an inner inverse of a matrix A is a solution to the matrix equation AX A = A. 
Thus applying Corollary 31.12 to the equation AX A = A, we obtain the following. 

Corollary 31.13. Let 



A = 



All A12 ■■■ Alp 

A21 A22 ■ ■ ■ A2p 



(31.50) 



^pl -^p2 ' ' ' -^pp 

Then A has an inner inverse with the upper triangular block form 



Su S12 
S22 



Sip 

S2p 



jpp 



(31.51) 



if and only if 



r{A) = r{Qik) + r{Qk+i,p) - r{Qk+i,k), k = 1, 2, ■ ■ ■ , p - 1, 



(31.52) 



where 



Qi 



A-ii • • • Ai- 



A . ... A ■ 



G^^■x*^ i<i,j<p. 



In particular, an upper triangular block matrix 



All A12 ■■■ Alp 

A22 ■ ■ ■ A2p 



has an upper triangular block inner inverse of the form (31.51), if and only if 

r{A) = r{Aii) + r{Aii), i = I, 2, ■ ■ ■ , p - 1. 
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where 



An ■■■ Au 

An 



, and An 



A 
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